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Compressible Flows in Aeronautics 


Prd, Bett | 


The Eighth Wright Brothers Lecture* 


JOHN STACK? 


National Advisory Committee for Aeronautics 


INTRODUCTION 


slg YEARS AGO the Wright Brothers per- 
formed the first flights by man in a heavier-than- 
air machine. Their success in achieving man’s oldest 
aspiration inaugurated an epoch in civilization. Like 
the few truly great achievements, it was but little re- 
garded at the time; yet since that day, only 41 years 
ago, the work of the Wright Brothers has produced 
most revolutionary effects. Clearly, the world was not 
prepared for this event and, had it not been for the 
sound engineering basis upon which the Wright Broth- 
ers had erected their achievement, it is indeed likely 
that the developments that have followed would have 
been much slower in coming. Not only did the Wright 
Brothers show us how to fly but they also showed us 
the methods through which flight by man has been de- 
veloped and expanded; for it has been by their meth- 
ods, the careful and thorough laboratory investigations 
establishing the basic principles and then the applica- 
tion to flight, that the aircraft of today have come to 
span continents and oceans overnight. 

In the development of the science and industry 
founded on their achievement serious problems have 
been encountered, but we who followed have not had to 
have their courage and conviction for they had shown 
us in their flights of 41 years ago that all these problems 
have a solution. Hence, it is only in retrospect that we 
can appraise the magnitude of their achievement and 
the appraisal, as we all know, has required a steady up- 
ward revision with each difficulty we, the followers, 
have overcome. 

It is indeed fitting, therefore, that we should com- 
memorate this event, and it is most appropriate that 





* Presented before the Institute of the Aeronautical Sciences 
in the U.S. Chamber of Commerce Auditorium, Washington, 
D.C., December 17, 1944. 

t Chief, Compressibility Research Division, Langley Me- 
morial Aeronautical Laboratory. 





the Institute of the Aeronautical Sciences has estab- 
lished as the form of this commemoration that we, the 
followers, should annually, on this occasion, take stock 
of our efforts and with our minds toward the future 
face the problems ahead, taking courage and convic- 
tion from the achievements of the Wright Brothers. 

In accepting the invitation of the Committee of the 
Wright Brothers Lecture, I am deeply grateful for the 
opportunity to honor the efforts and the achievements 
of the Wright Brothers. I am cognizant of the responsi- 
bility assigned me as well as appreciative of the honor 
conferred. It is with the utmost concern that I have 
proceeded to execute this responsibility, not only because 
of the oceasion but also because of the high standards 
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set by my predecessors and because of the duty to pre- 
sent properly the work of my colleagues whose contri- 
butions, even in such few parts of the research to be dis- 
cussed as is my own, have been of inestimable value. 

The subject of the Lecture ‘“‘Compressible Flows in 
Aeronautics” is perhaps most appropriate to the occa- 
sion for we have in the years past rather well exploited 
flight poss:bilities in the lower speed regions wherein air 
may be treated as an incompressible fluid. We are 
now entering a new phase of flight into which our ac- 
cumulated aerodynamic experience cannot be extrapo- 
lated. For this reason some of us have been all too 
ready to regard the phenomena encountered as wholly 
new and, as a consequence, have lost sight of applicable 
knowledge only a few years old. It is well, therefore, 
that we pause to consider the position of aerodynamics 
in the general aero-thermo-hydrodynamic field and to 
review briefly some of the earlier work. 


HISTORICAL 


The classic aerodynamic theory assumes a friction- 
less, continuous medium. Potential energy and kinetic 
energy within the medium are assumed to be freely con- 
vertible, one type to the other, without loss of energy to 
vorticity or heat. The process assumed in the theory is 
therefore a special case of thermodynamics and actually 
the simplest of all thermodynamic processes. It is 
described by a single vertical line on the temperature- 
entropy diagram. Moreover, the great body of the 
classic theory is even further simplified by the assump- 
tion of constant density or, in other words, the fluid is 
assumed incompressible. These assumptions are, of 
course, in disagreement with the actual physical nature 
of air and have, as a consequence, been the cause of ex- 
tensive investigation in special laboratory facilities. 
Compressibility phenomena and the manner in which 
they modify the flows described by the theory have 
come of great concern to aeronautical engineers only 
recently but they have been under investigation for a 
long period in anticipation of the coming needs. Bal- 
listic engineers have, of course, been familiar with cer- 
tain phases of the compressibility phenomena for a long 
time but, as their efforts have been largely in the super- 
sonic velocity region, practically none of this work is yet 
of value to the aeronautical engineer. Some work in 
the study of flow through nozzles by Prandtl and 
others in the essentially pre-aeronautical period and the 
work of Hugoniot on compression shocks near the end 
of the last century have been of great importance. 
Work of direct aeronautical interest, however, com- 
menced about 25 years ago. Rayleigh,' Bryan,’ and 
Prandtl’ appear to have been among the first to 
conceive of the compressible flow field as a distorted 
incompressible flow field. Prandtl is reported in 
N.A.C.A. Miscellaneous Paper No. 19 as stating that 
the compressible flow field about an airfoil is similar to 
the incompressible flow field for a thicker airfoil. This 
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concept is, of course, a physical representation of all of 


the theoretic work since. Important as this concept is, 


it does not have any bearing on flows above the critica] 
Mach Number and is applicable only when the speeds | 


everywhere in the flow field are less than the speed of 
sound. When the speed of sound is first attained ing 
flow field, a change to a new type of flow occurs and no 
adequate theoretic basis is yet available which de. 
scribes this flow. The problem is essentially an experi- 
mental problem, one of determining what forces are 
encountered and what happens in the flow to produce 
the changes found, in order to provide a basis for the es- 
tablishment of a theory. The first significant effort in 
this field related directly to aeronautics appears to have 
been the work done by Caldwell and Fales* at McCook 
Field, reported in 1920. Unfortunately, the air speeds 
attainable in this investigation of airfoils were limited to 
approximately 450 m.p.h. so that much of the signif.- 
cant compressibility phenomena could not be found, 
Nevertheless, important compressibility effects on the 
maximum lift coefficient were found at rather low speeds. 
The importance of the work and its implications were 
realized as evidenced by the further researches* 5’ 
instituted by the N.A.C.A. in 1922 and reported by 
Briggs, Dryden, and Hull in 1925, 1927, and 1929. The 
results obtained from this work showed that a large 
drag rise and a lift loss occurred at high speeds and that 
the Mach Number at which these aerodynamic char- 
acteristics changed is a function of both lift and thick- 
ness. The magnitude of the changes was alarming, but 
the speeds at which they occurred were so far beyond 
the range of any speeds then contemplated that the 
work did not attract the attention it so well deserved, 
except among the few propeller designers who were then 
becoming cognizant of tjp-speed limitations and a few 
foresighted aeronautical scientists. 

At about the same time the latter phases of this work 
were being performed, the N.A.C.A. had under active 
investigation at the Langley Memorial Aeronautical 
Laboratory certain types of thrust augmentors for jet 
propulsion which were reported a few years later by 
Jacobs and Shoemaker.* In reviewing these results in 
1927, Dr. George W. Lewis, N.A.C.A. Director of Re- 


search, who with great foresight actively sponsored this 
early research at high Mach Numbers, saw the possi- 


bility of what was then considered to be a large high- 
speed wind tunnel using the waste air of the variable- 
density wind tunnel as the motive power in an in- 
duction-jet arrangement. Experiments were imme- 
diately started with a 1-in. throat high-speed wind tun- 
nel, and early in 1928 this work was finished with the 
construction of the old 12-in. throat high-speed wind 
tunnel which was driven by a compressed air jet, 
utilizing the waste air of the variable-density wind 





tunnel. 


Numerous experiments were conducted in this tunnel § 


which, as originally constructed, was an open-throat 
tunnel. Violent flow disturbances were encountered at 
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COMPRESSIBLE 


high speeds with the open-throat tunnel, so that for 
certain speeds observations were impossible. These 
disturbances appear to have been similar to those later 
encountered by Ferri in Italy. The disturbances 
existed to some degree over the entire speed range but 
became particularly violent when what we now know 
as the critical speed was reached. In order to eliminate 
these disturbances so that observations could be made at 
and just above the critical speed, this tunnel was finally 
converted to a closed-throat type and late in 1928 and 
through 1929 pressure-distribution studies of airfoils 
were made in the closed-throat arrangement. The char- 
acteristic change of shape of the pressure diagram 
which occurs with the onset of compression shock was 
found. These results and the earlier results of Briggs 
and Dryden were in qualitative agreement as regards 
the changes in the forces and moments on airfoils but 
large quantitative disagreements occurred. It was 
considered that the quantitative disagreements were 
due to the differences in the test arrangements, as 
the earlier results were obtained on 1-in. chord models 
spanning a 2-in. jet discharging directly into the at- 
mosphere (except for the first experiments of the series 
which were made with 3-in. chord airfoils spanning a 
12-in. jet discharging directly into the atmosphere), 
whereas the experiments of 1928 and 1929 were made 
with 3-in. chord airfoils in a 12-in. closed throat. All of 
the results were difficult to explain as existing theory 
did not admit of the possibility of such pressure distri- 
butions as were found. A part of these results was dis- 
cussed with Prof. G. I. Taylor on his visit to the Lang- 
ley Memorial Aeronautical Laboratory in 1929. Pro- 
fessor Taylor had just finished his experiments with the 
electrical analogy to compressible flow’ and these ex- 
periments did not admit of the kind of phenomena be- 
ing found. It was, of course, appreciated that the exist- 
ing theories should fail but the flow differences found as 
the local velocities aver the airfoils exceeded the local 
speed of sound were so great that question as to the 
validity of the experiments arose, particularly because 
of the possibility of large air-stream boundary effects. 
Decision was then made to improve the experimental 
apparatus, eliminating certain known difficulties, and 
to check the results before publication of any of the 
data. In retrospect, most of the phenomena as origi- 
nally found now appear reasonable and, to a certain ex- 
tent, logical. While we had come to the point of dis- 
carding the usual theory as having any bearing on the 
flows being found, we placed too great significance on 
the electrical analogy results which were at first thought 
to give indication of the impossibility of such flows as 
were being found. It is easily recognized today that 


the electrical analogy results are exactly the same as the 
theory which we had come to the point of discarding, 
for the electrical analogy is essentially a computing ma- 
chine for potential flows. 

The decision to improve the facilities for investiga- 
ting the high-speed flows proved to be satisfactory, how- 
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ever, as the need for such information was not acute at 
the time and data much more consistent and more 
nearly of direct applicability were obtained well in ad- 
vance of any real need in aeronautical engineering. 
During this period of experimentation, the open-throat 
tunnel was again investigated because some of the 
earlier experiments indicated that higher speeds could 
be obtained with this arrangement than with the closed- 
throat tunnel. Practically all the objectionable unsteadi- 
ness of the flow was eliminated by shortening the dis- 
tance between the entrance cone and the exit cone, and 
by increasing the ratio of the exit cone area to the en- 
trance cone area. As a consequence of these modifica- 
tions, the resulting open-throat tunnel was quite un- 
conventional as compared to those found satisfactory 
for low speeds. Three significant difficulties remained, 
however, and these were the presence of some disturb- 
ances at supercritical speeds which made observations 
difficult and at times impossible with some airfoils, a 
large stream boundary effect which was evidenced by 
extremely low lift-curve slopes, and pronounced effects 
on the stream by the presence of objects unsymmetri- 
cally placed around the jet even when far outside the air- 
stream boundary. The latter effect was similar to that 
produced by air-stream misalignment. As a balance in 
which to mount the airfoils for test was, of course, vi- 
tally necessary, the possibility of unsymmetric shielding 
was present and, in fact, did occur with the balance 
used which had been previously constructed. To 
modify the balance so as to provide symmetric shielding 
around the jet was, of course, possible but the tunnel 
would then approach a closed throat. Because of this 
and the other two objections, it was finally determined 
to adopt the closed-throat type. The N.A.C.A. 1I1-in. 
high-speed wind tunnel, Fig. 1, evolved from this work. 
Airfoil experiments were continued in this tunnel and 
some of the first work, as well as a description of the 
tunnel, was presented in 1933.'!' While this work was 
going on, tests of full-scale propellers at high tip speeds 
were conducted in the N.A.C.A. propeller-research tun- 
nel.'? Thus, it was possible to effect a comparison be- 
tween calculated propeller characteristics based on air- 
foil section data obtained in the high-speed wind tunnel 
and actual measured characteristics of full-scale pro- * 
pellers working at supercritical tip speeds.'' Through 
the low-speed range and up to propeller tip Mach Num- 
bers of 0.75, surprisingly close agreement was found. 
The adverse effects on propeller efficiency at the high 
tip speeds was shown and in approximately the same de- 
gree in the calculations based on the high-speed wind- 
tunnel airfoil characteristics as in the full-scale pro- 
peller results. There was, however, a discrepancy in 
the Mach Number at which the adverse effects first ap- 
peared, the airfoil data indicating earlier compressi- 
bility effects. Two causes for the difference were rec- 
ognized at the time, a constriction effect in the high- 
speed wind tunnel due to the reduction of free-stream 
cross-sectional area by the model and scale effects be- 





130 JOURNAL OF THE 








11-in 


high-speed wind tunnel 


Fic la. The-N.A.C.A 


OMFUSER DISCHARGING THROUGH ROOF 







HIGH PRESSURE 
AIR JET 

“HIGH PRESSURE 
CHAMBER. 





Ga ee 














AIR FROM ROOM 


= 
Zo 























Schematic diagram of the ll-in. high-speed wind 


tunnel. 


Fic. ib 


cause of the lower Reynolds Number of the airfoil data. 
Lending credence to the latter cause were some earlier 
British model propeller tests'* which showed earlier 
compressibility losses than the full-scale tests. Later 
work seems to have eliminated the Reynolds Number as 
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a large contributing factor to the discrepancy and it ap- 
pears now that the constriction effect and the three-di- 
mensional flow at the tip account for the differences 
found. All of these studies, had, however, validated in 
large measure the high-speed wind-tunnel results we 
had been obtaining and we proceeded with the further 
research with some degree of confidence. Throughout 
this whole period, the first experiments were continu- 
ously studied and comparison with the nozzle phenom- 
ena found by Prandtl and others had given considerable 
credence to the results. It was during this period that 
potential flow considerations were disregarded insofar 
as supercritical flows were concerned. These studies 
taken with the other experiments®”'' led to the 
conclusion. that some improvements in airfoil shapes 
were possible. Accordingly, experiments were under- 
taken which led to the introduction of shapes having the 
maximum ordinate moved to the rear of the conven- 
tional location. Not only were important gains made 
through delay of the adverse compressibility effects but 
reduced drag over the whole speed range was found." 
The better airfoils of the family were known as the 
NACA 0000-34 and 0000-64 series. These shapes 
seem not to have been accepted here but they were used 
abroad, as evidenced by the propeller-blade sections 
found on Messerschmitt airplanes shot down in England 
in 1940. The British also seem to have made some use 
of these results. 

To those few of us then associated with the work, it 
was strikingly apparent that something more detailed 
than force measurements or even pressure-distribution 
measurements was necessary if we were to understand 
the flow phenomena. Further, as we had in the airfoil 
experiments!! temporarily exhausted our intuition as 
regards methods for improving aerodynamic shapes, 
necessity as well as curiosity turned our attention to a 
more fundamental approach. Accordingly, a schlieren 
apparatus was set up early in 1933 to observe the flow. 
This apparatus, though extremely crude, showed sur- 
prisingly new phenomena as the density variations in 
supercritical flows for airfoils and cylinders were ob- 
served for the first time. These flows, which we shall 
review later in the Lecture, left us, figuratively speaking, 
in the same state of mind as in 1928 and 1929. Simul- 
taneous recording of pressure distribution and schlieren 
photographs and later wake surveys was undertaken. 
The latter parts of this work were performed on an 
NACA 4412 airfoil in the N.A.C.A. 24-in. high-speed 
tunnel, Fig. 2, which had been erected and placed in op- 
eration in 1934. A part of this work was reported later” 
and a part was presented at the Volta Congress in 
Rome in 1935.'° “The major portion of the work was 
not reported until 1938. 

The long delay between the experiments and the re- 
search report was occasioned in part by the inspiration 
given by the experiments which led immediately to a 
new approach to the problem of developing better 
shapes to permit higher aircraft speeds and our efforts 
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ons Fic. 2a. The N.A.C.A. 24-in. high-speed wind tunnel 
and 

use were occupied accordingly. Much of this latter effort 

has had a pronounced influence on aeronautical engi- 

, it neering for war. this 
led Throughout this period, aircraft were attaining ever 
sais increasing speeds. With characteristic foresight, Dr. Fic. 2b. Schematic a 24-in. high-speed wind 
ind Lewis saw the forthcoming need for more intensive re- 

foil search and initiated the construction of the N.A.C.A, 

as 8-ft. high-speed tunnel, Fig. 3, which was placed in 

yes, operation early in 1936. This wind tunnel was a dis- 

Da tinct advance over any previously constructed aeronau- 

ren tical laboratory facilities. It combines high speed, low 

OW. turbulence,'* and reasonably high Reynolds Number. 

ur- This tunnel, based in part on experience with the smal- 

in ler equipment, operated satisfactorily and with excel- 

sb- lent success right from the beginning. Taken with the 

all two smaller tunnels that preceded it, these facilities 

ng, have had a most profound effect on American aeronau- 

ul- tical development. Applications of the research from } 
en these tunnels and other laboratory facilities have pro- 

-n. duced such marked effects on aircraft development that 

afi even larger and faster tunnels have been necessary. 

ed The later equipment, the N.A.C.A. 16-ft. high-speed 

p- wind tunnels at Ames Aeronautical Laboratory and at 

rl Langley Memorial Aeronautical Laboratory, illustrated 

in by Fig. 4, has proved equally successful. 

as While we in this country were conducting this work, 

other nations, notably Germany, England, and, 

e- somewhat later, Italy, were also active. With the inau- 

on guration of the Kaiser Wilhelm Institute for Flow Re- 

a search in 1925, the Germans under the direction of 

qr |} Prandtl instituted the construction of a high-speed F103 (TM i ae ae 
ts wind tunnel.’ This tunnel, however, was small, 2.36- high-speed wind tunnel. 
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Fic. 4a (top). The N.A.C.A. 16-ft. high-speed wind 
tunnel at the Langley Memorial Aeronautical Laboratory. 
Fic. 4b (bottom). Schematic diagram of the 16-ft. high- 
speed wind tunnel. 


by 2.36-in. throat, and its operating time was short, 10 
sec. The air stream was provided by means of an 
evacuated tank of 353.1 cu.ft. to which the discharge 
end of the tunnel was attached. Atmospheric air flowed 
through the tunnel proper to the evacuated tank. The 
tunnel appears to have been made ready for operation in 
1928." Much of the work known to us which was per- 
formed in this wind tunnel was in the supersonic flow 
régime, hence its influence is yet to be felt in aeronau- 
tical engineering. At about this same time, the late 
Sir Thomas Stanton”! had erected at the National Phys- 
ical Laboratory in England a 3-in. diameter closed- 
throat wind tunnel capable of speeds up to 1.7 times the 
speed of sound. Some few investigations of airfoils and 
cylinders were made in this equipment but the appara- 
tus appears not to have been extensively used. Stan- 
ton later inaugurated the development of a high-speed 
induced-flow wind tunnel similar to the original 12-in. 
tunnel of the N.A.C.A. at Langley Field. This work was 
prompted by Prof. G. I. Taylor who, on his visit to 
Langley Field in 1929, was sufficiently impressed with 
our earliest effort to urge the construction of a similar 
tunnel on his return to England. Certain design data 
were provided the British by the N.A.C.A. in response 
to their request in 1930. Stanton’s work on this equip- 
ment began with model tests. Following his death, 
this phase was carried on by Bailey and Wood”? and 
later culminated in the erection of a rectangular 
cross-section high-speed induced-flow wind tunnel.** *4 
At the beginning of the last decade, both in Switzerland 
and in Italy, research at high air speeds was initiated. 
At Zurich plans for a high-speed wind tunnel driven by 
an axial-flow compressor were announced in 1930.% 
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These plans culminated in the construction of the 15*/,. 
by 15%/,-in. supersonic tunnel in Zurich. At about 
this same time, or shortly after, the Italians erected a 
high-speed wind tunnel at Guidonia.® 


This wind tun. | 


nel was provided with arrangements to permit tests at | 


both subsonic and supersonic speeds. 

It is, of course, known that there has been a tremen- 
dous increase in research in this field in Germany since 
the outbreak of the war. A 9-ft. diameter high-speed 
wind tunnel of 17,000 hp., capable of attaining the 
speed of sound without a model in place, has been 
erected in Germany at the DVL. This tunnel was 
placed in operation in 1940. Numerous small high- 
speed wind tunnels have also been constructed by sey- 
eral of the German aircraft manufacturers. It is indeed 
likely that the Germans, whose principal efforts a few 
years ago seem to have been directed at wholly super- 
sonic flows, have, since the outbreak of the war, 
changed emphasis in a large degree to research in the 
transsonic region. In fact, until recently, most of the 
experimental research in other nations on compressi- 
bility phenomena was directed toward the wholly su- 
personic field, except for some work in Britain and the 
work at Guidonia which started so auspiciously but has 
since been interrupted by destruction of the laboratory 
at Guidonia and confiscation of much of its equipment 
by the Germans. Most of the American effort, how- 
ever, has been directed from the beginning to the prob- 
lem of transsonic flow. This was not accidental but 
was the result of a deliberated decision after considera- 
tion of, first, the fact that no adequate theory of mixed 
flow existed and still is lacking, whereas good theoretic 
basis existed for the wholly supersonic flow; second, the 
limited facilities and support that could be mustered for 
airflow research near the speed of sound for aeronautics 
16 to 20 years ago and, finally, any flight at supersonic 
velocity required passage through the transsonic region. 
The necessity for supersonic research was not ignored, 
however, for in the planning of the N.A.C.A. 11-in. 
high-speed wind tunnel two throat arrangements were 
designed, one for subsonic studies and one for supersonic 
studies. This equipment was replaced in 1940 by a 
new type of tunnel using the same motive equipment, 
the N.A.C.A. 4- by 18-in. high-speed wind tunnel, 
Fig. 5, better suited to the conduct of experiments near 
sound speed. The work conducted in these facilities has 
disclosed virtually a whole new research field in aerody- 
namics and in proceeding to the discussion of this field 
it is well to consider the elements of the theory in rela- 
tion to the phenomena to be expected. 


SYMBOLS e 


= distance along axis parallel to undisturbed stream 
distance along axis normal to undisturbed stream 
velocity along x-axis 

velocity along y-axis 

= stream velocity 

= rate of pressure propagation (speed of sound) 
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COMPRESSIBLE FLOWS 


M = Mach Number, M = V/a 
p = mass density 


p = absolute static pressure 
pr = absolute total pressure 
P = pressure coefficient P = (pf: — po) /(p0Vo?/2) 


q = dynamic pressure g = pV?/2 


Apr = total pressure loss in wake 

Cme/s = pitching-moment coefficient about quarter-chord 
axis 

Cmeg. = Pitching-moment coefficient about center-of-gravity 
axis 

Subscripts 

0 = stream conditions 

1 = conditions in front of shock 

2 = conditions behind shock 

cr = critical 

1 = local 


THEORETIC CONSIDERATIONS 


In an incompressible fluid, the influence of an applied 
change in pressure must be felt in all parts of the mass of 
fluid instantaneously. Ina compressible fluid, however, 
a similar change in pressure produces, first, a distortion 
surrounding the origin of the applied pressure change. 
Equilibrium within the body of fluid is thus locally dis- 
turbed and is re-established as the locally disturbed 
region extends its influence to adjacent regions pro- 
gressively through the whole body of fluid. Thus, the 
influence of a pressure change in a compressible fluid 
is transmitted in a finite time interval as distinguished 
from instantaneous transmission in an incompressible 
fluid. It is also apparent that after equilibrium is es- 
tablished in the compressible fluid the mass of the fluid 
occupies a volume different from that initially occupied; 
hence its density is changed. In the simple case, a 
compressible fluid is elastic if, in the absence of heat 
conduction or the conversion of mechanical energy to 
heat, it returns to its original volume upon restoration of 
the pressure to its original value. The resultant forces 
experienced on a body moving in such a fluid are there- 
fore determined by the elastic forces as well as the mass 
forces, whereas in the incompressible fluid the resultant 
forces are determined by the mass forces alone. Thus, 
an additional variable is introduced, the ratio of the 
mass forces to the elastic forces. The square root of 
this ratio is well known as the Mach Number, the ratio 
of the speed of flow to the speed of pressure propaga- 
tion. The Mach Number is, then, a similarity criterion 
for compressible flows in the same sense that the Rey- 
nolds Number is a similarity criterion for flows involving 
viscosity. 

The elastic forces, the rate of pressure propagation, 
and the change of density with pressure are a function 
of the density-pressure relation. It is important, there- 
fore, that this relation correspond to the principal char- 
acteristics of the air flows encountered. The relation 
ordinarily employed, p = Cp’—where p is the pressure; 
p, the density; , the specific heat ratio; and C, a con- 
stant—follows the adiabatic law. It is assumed, thus, 
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Fic. 5a. The N.A.C.A. 4- by 18-in. high-speed wind tunnel. 

















Schematic diagram of the 4- by 18-in. high-speed 
wind tunnel. 


Fic. 5b. 


that the flows occur without the addition or subtraction 
of heat from an external source, without heat conduc- 
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tion as between elements of the fluid, and that the proc- 
ess is reversible; that is to say, that there is no conver- 
sion of mechanical energy to vorticity or heat. The 
first two assumptions are quite in order as the flows oc- 
cur in the atmosphere without communication with 
bodies of higher or lower temperature and the speed of 
flow is generally so great that heat conduction as be- 
tween elements of the fluid does not occur. There does 
occur, however, conversion of mechanical energy to 
vorticity or heat which is, of course, evidenced by the 
presence of drag. Hence, we are led immediately to the 
conclusion that the accuracy to which the theory de- 
scribes the general flow decreases as the drag increases. 
Thus, with the occurrence of high drag the theory be- 
comes invalid. It is with these considerations in mind 
that we should examine the theory to @etermine char- 
acteristics of the compressible flow and to indicate 
where possible the limitations of the theoretic rela- 
tions. 

For two-dimensional compressible flows the funda- 
mental equation in the x, y plane is 


=f -(“)'}+ OF -(°)'|- | ‘ =] =0 (1) 
ox a oy a a*Loy Ox 

where x and y are the abscissa and ordinate, u and v 
are the velocities parallel to the x and y axes, respec- 
tively, and a is the speed of pressure propagation—the 
speed of sound. The derivation of this equation is 
simple and proceeds directly from the equation of con- 
tinuity, the equation of motion after Newton's law and 
the assumed pressure-density relation. The real diffi- 
culties arise with attempted solution of the equation for 
particular flows. In some special cases, solutions have 
been attempted by iteration processes starting first 
with a particular solution for the incompressible flow 
for which the equation is very much simplified as a con- 
sequence of the infinite rate of pressure propagation a 
and is 


(Ou/Ox) + (Ov/Oy) = 0 (2) 
In a slightly different form this equation is recognized 
as the well-known Laplace equation. Substitution of 
the values obtained from solution of the simple form in 
the complete equation leads to a new set of values. The 
process, if repeated a sufficient number of times, may 
produce a sufficiently accurate answer. Rayleigh! ap- 
pears to have been the first to attempt solution of 
the general equation in this manner but after the second 
approximation the labor involved becomes so great as to 
be impracticable. 

The general equation may be simplified if it is as- 
sumed that the normal velocity component is small in 
relation to the velocity of sound a and the horizontal 
velocity u and that u differs from the stream speed by 
only a small amount. These assumptions are equiva- 
lent to those of the thin airfoil theory. The simplified 
form of the general equation is then 


AERONAUTICAL SCIENCES 


APRIL, 1945 


(Ou/Ox) (1 — M?) + (Ov/dy) = 0 (3) 


where .V/ is the Mach Number. 

The physical character of subcritical, subsonic com- 
pressible flows as compared to incompressible flows can 
be deduced directly from this equation. - Where compo- 
nents of velocity normal to the direction of motion 
exist, as must be the case for finite thickness or lift, 
these components vary with distance away from the 
body. The variation of the normal component of 
velocity 0v/Oy is by Eq. (3) a function of both 0u/Ox and 
M and decreases in value with increase of /. In an in- 
compressible flow field, the variation of the normal com. 
ponent of velocity is uninfluenced by .V/ for M is always 
zero aS a consequence of the infinite rate of pressure 
propagation. Hence, any normal component of velocity 
at points distant from the body exists in greater magni- 
tude when the flow is compressible. A principal effect 
of compressibility is, therefore, exhibited in the increas- 
ing intensity of the disturbances at points in the flow 
field with increase of Mach Number. This effect leads 
directly to the conclusion that the total force experi- 
enced by a body at a given attitude in the air stream— 
for example, the lift of an airfoil—increases at a rate 
greater than the square of the speed. Ackeret”’ and 
Glauert®* have shown that this increase is proportional 
to 1/+/1 — M?. When M = 1.0, the value of dv Oy, by 
Eq. (3), is zero. Thus, any normal component of veloc- 
ity existing at the surface of a body exists through the 
whole flow field to infinity. This gives rise to the con- 
clusion that infinite forces occur for the speed M = 1.0. 

Proceeding from Eq. (3) Prandtl?’ has shown that 
the compressible flow about a body is similar to the in- 
compressible flow about a thicker body. Thus, if we 
assume a given disturbance v occurring at a common 
point out from a body in compressible and incompres- 
sible flow fields, it is necessary because of smaller decay 
of normal velocity 0v/Oy in the compressible flow field 
that the normal velocity v at the surface of the body in 
the compressible flow be greater than the corresponding 
normal velocity at the body in an incompressible flow. 
A greater normal velocity at the surface implies directly 
a greater effective slope of the surface. Thus, for a given 
thickness of body, the length is effectively shorter in the 
compressible flow than in the incompressible flow; 
hence, the physical concept of the compressible flow for 
an airfoil or body being similar to the incompressible 
flow for the same body with its chord foreshortened. 
The shortening of the chord is approximately as the 
factor 1/1 — M?. 

The physical concept is illustrated by Fig. 6 where 
the solid lines represent the incompressible flow and the 
dotted lines the compressible flow. This physical con- 
cept is, of course, an approximation and is applicable 
to points in the flow field at a distance from the body. 
In the actual flow the body does not change shape but 
the streamlines do. This is illustrated by Fig. 7. The 
streamlines in the compressible flow, shown dotted, 
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Fic. 6. Simulation of effect of compressibility. 
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Fic. 7. Streamlines in incompressible and compressible flows. 
have greater curvature and correspondingly affect the 
pressures and forces experienced by the body. 

It was noted in the first examination of the funda- 
mental flow equation that infinite forces were indicated 
when the Mach Number attained a value of 1.0. As 
infinite force cannot be presumed to exist it is well to ex- 
amine again the physical basis for the flow relations. 
In the derivation of these relations it was assumed that 
the motion was steady, that the forces were balanced by 
change of momentum, and that the pressure-density 
relation was given by the thermodynamically reversible 
relation p = Cp’. Thermodynamically stated, the 
process is a constant entropy process. As the entropy 
is the sole remaining term considered invariable in the 
theoretic relations, the result indicating infinite forces 
can be presumed an error and that, actually, change of 
entropy occurs. A decrease of entropy is precluded by 
the second law of thermodynamics and thus the sole 
possible change is an increase of entropy. In the ab- 
sence of an external energy source, the increase of 
entropy can occur only at the expense of the mechanical 
energy available at any point in the flow. Thus, it can 
be presumed that the indication of infinite force is in er- 
ror and that a different type of flow, probably with dis- 
continuities, occurs which involves the conversion of 
mechanical energy of the flow to heat and, hence, in- 
volves losses. Such losses would be evidenced by drag 
rise. 


FLOWS AT SUPERCRITICAL MACH NUMBERS 


A consequence of the finite rate-of-pressure propaga- 
tion is that discontinuities can exist. Small disturb- 
ances originating at a point in the field are propagated 
upstream and downstream at the normal velocity of 
sound. If the velocity of the stream is equal to the local 
velocity of sound, the disturbance moving upstream 
becomes stationary. As related to an actual flow over 
an airfoil, disturbances originating downstream in a 
subsonic region will be propagated forward until they 
reach a station in the flow field where the local velocity 
of sound occurs. The disturbances would then be 
expected to be additive at this point producing a sta- 
tionary front involving rapid change of pressure. Any 
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flow changes occurring downstream of the stationary 
front would be expected to have no influence on the flow 
ahead of the front. 

This phenomenon is actually found and is illustrated 
by Fig. 8. The flow photograph shown in this figure 
was made by a schlieren method in the N.A.C.A. 4- by 
18-in. rectangular high-speed wind tunnel. The model 
is a 1'/s-in. chord NACA 0012 airfoil from which the 
rear 25 per cent has been cut off, leaving the tail blunt. 
The bulge shown in the photograph is not in the air 
stream. This bulge is the shadow cast by the trunnions 
in the glass plates which form the side walls of the tun- 
nel and support the model. The stream Mach Number 
is approximately 0.7 and was chosen to correspond to 
the attainment of the local velocity of sound at one 
point on the airfoil surface at approximately the maxi- 
mum thickness position. Disturbances are precipi- 
tated at the rear corners of the airfoil by alternating 
partial closure and separation of the flow at each corner. 
It is apparent from the alternate spacing of the dis- 
turbances on opposite sides of the airfoil that they are 
precipitated alternately at each of the back corners. 
Over the rear portion of the airfoil the disturbances join 
the airfoil surfaces approximately normal to the sur- 
face. As the successive disturbances move forward into 
the region of local sonic velocity on the airfoil surface 
their shapes change. There is a reversal of curvature 
close to the surface of the airfoil. In regions close to the 
surface of the airfoil no disturbances move ahead of the 
region of local velocity of sound and, hence, disturb- 
ances occurring downstream can have no influence on the 
flow over the forward portion of the airfoil. In regions 
outward from the airfoil surface in a direction normal 
to the chord the local velocities decrease and the dis- 





M = 0.704 


Fic. 8. Schlieren photographs of NACA 0012 airfoil with tail 
cut off, illustrating propagation of disturbances. N.A.C.A. 
rectangular high-speed wind tunnel. 
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Fic. 9. Schlieren photographs of NACA VO12 airfoil with tail 
cut off, illustrating propagation o iturbances. N.A.C.A. 
rectangular high-speed wiid tunnel. 


turbances can move forward in these outer regions. This 
is shown by the upstream slope of the wave fronts at the 
surface of the airfoil near the region of maximum thick- 
ness and by the disturbances ahead of the airfoil at a 
distance out from the chord extended. 

With increase of speed the stationary disturbance is 
swept back on the airfoil as shown by Fig. 9. The 
stationary disturbance becomes more intense and ex- 
tends further outward into the stream from the airfoil. 





Fic. 10. Schlieren photographs of flow. 
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NACA 23015 airfoil. 
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The disturbances originating downstream do not pro- 
gress ahead of the stationary front except in regions far 
out from the airfoil surface. These downstream disturb- 
ances, hence, have no effect on the flow over the forward 
portion of the airfoil. Great consequences are apparent. 
For example, a deflected aileron normally obtains its ef- 
fectiveness through changing the pressures acting over 
the whole airfoil surface. At these speeds, deflection of 
the aileron can have no effect on the flow over the for- 
ward portion of the airfoil. Its effectiveness may there- 
fore be markedly reduced. 

The general flow for an airfoil as the speed is increased 
is shown in Figs. 10 and 11. At the higher speeds sta- 
tionary shocks appear in the flow, first as small disturb- 
ances and then as marked fronts when the speed is fur- 
ther increased. Ahead of the sharp front is a lesser dis- 
turbance starting at the airfoil surface and inclined 
Pronounced separation of the flow is 
likewise shown. The separation phenomena are likely 
analogous to that which occurs at low speeds. The 
pressure behind the shock is much greater than that 
ahead of the shock. This high pressure acting on the 
reduced energy air of the boundary layer causes thick- 
ening of the boundary layer and finally arrests the 
downstream velocity component of the inner layers of 
the boundary layer and forces the air in the inner layers 
forward, producing actual reversal and the separation 
of the flow shown by the dark line issuing from the air- 
foil surface approximately parallel to, or inclined out- 
ward slightly from, the airfoil chord direction. This 
dark line which bounds the outer limit of the separation 
region at the base of, and immediately ahead of, the 


downstream. 








Rectangular high-speed wind tunnel. Airfoil chord, 2 in. 


Angle of attack, 3°. 
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Fic. 11. Schlieren photograph of separated flow for rear por- 
tion of NACA 23015 airfoil. N.A.C.A. rectangular high-speed 
wind tunnel. Airfoil chord, 5in. Angle of attack, 6°. 


shock forms a boundary of the high-velocity flow out- 
side the boundary layer. As this line is inclined out- 
ward from the airfoil it forms a contracting boundary 
for the outside flow which is supersonic. In accordance 
with well-known principles of supersonic flows the con- 
tracting boundary leads to compression in the outer 
flow which must occur along a Mach line. The inclined 
lesser disturbance ahead of the normal shock may be 
such a Mach line. 

The airfoil chordwiseé pressure distribution over the 
upper surface as it changes over the speed range is il- 
lustrated by Fig. 12. For the lowest Mach Number the 
diagram is of the familiar form and is in close agreement 
with theoretic calculations for incompressible flow. 
With increase of speed to a Mach Number of 0.634, the 
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Fic. 12. Upper surface pressure distribution NACA 23015 


Rectangular high-speed wind tunnel. 


airfoil, a = 0°. 
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pressure coefficients increase numerically. This in- 
crease is predicted by the theory when the effect of 
compressibility is included and is an evidence of the pre- 
viously discussed spreading of the flow field. At this 
value of the air-stream Mach Number the maximum 
local velocity over the surface of the airfoil correspond- 
ing to the peak negative pressure coefficient is approxi- 
mately equal to the speed of sound. The theory fails to 
give any solution above this speed. When the speed is 
further increased the shape of the diagram changes. The 
peak negative pressure moves to the rear and an abrupt 
change in the pressure-distribution curve appears. Cor- 
relation of these data with schlieren photographs shows 
that the abrupt change of pressure occurs at the shock. 
The shock is thus a severe adverse pressure gradient 
which, as previously discussed, separates the flow from 
the airfoil surface. 

The existence of the two phenomena, shock and sepa- 
ration, suggests the examination of the relative effect 
of each with regard to the losses in the flow which appear 
as drag rise. These are indicated by Fig. 13 which pre- 
sents the total-head loss across the wake of an NACA 
0012 airfoil at a position two chord lengths behind the 
trailing edge for two Mach Numbers. Intense shock 
has not occurred at the lower Mach Number. The 
shape of the diagram is familiar. The maximum total- 
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Fic. 13. Wake shape and total pressure defect as influenced 
by Mach Number. NACA 0012 airfoil, a = 0°. N.A.C.A. 
rectangular high-speed wind tunnel. 


head loss in the wake is not very great and the wake is 
narrow. At the higher Mach Number intense shock 
has occurred and precipitated the flow separation shown 
in the photographs. The maximum total-head loss in 
the wake becomes large and the wake width has in- 
creased from a fraction of a chord length to practically 
five chord lengths. The shape of the wake loss dia- 
gram has changed. In addition to the reg on of large 
loss at the center, which is usual at low speeds, regions 
of lesser total-head defect spread outward. The center 
region corresponds to the region of separated flow and 
the outer regions to the unseparated flow outside the 
turbulent wake but behind the shock. It is shown that 
a very large part of the loss is due to the separated flow. 
The direct shock loss is much smaller than the total loss, 
the maximum value being indicated by the more or less 
flat portions of the curve extending outward on either 
side from the central core. The large contribution of 
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the separated flow to the total losses suggests, of course, 
the application of boundary-layer control in much 
the same form as it has been applied at low speeds but 
with considerably increased difficulty because of the 
presence of shocks. 

The increasing intensity of the wake and its spread 
have consequences in airplane design beyond the drag 
rise problem. Tail buffeting at high speed can and does 
occur. It is, of course, obvious that the spread of the 
turbulent wake region can envelop the horizontal tail. 
Hence, the vertical distance between the horizontal 
tail and the wing must increase. It cannot be supposed, 
however, that the buffeting can be entirely eliminated 
by simply moving the tail a distance sufficient to clear 
the turbulent wake region. The outer boundaries of 
this turbulent region form a boundary of the flow out- 
side and, as the turbulent wake boundary is wavelike 
rather than straight and the wavelike contour changes 
with time as a result of nonuniformity in the shedding oi 
the eddies rolled up in the separated region on the air- 
foil surface, the air immediately outside the wake prob- 
ably oscillates in direction in correspondence with the 
wake boundary. These directional oscillations occur- 
ring as they do in a high-speed flow may tend to persist 
in accordance with the theoretic spreading of the flow 
field to fairly large distances. To insure absolute steadi- 
ness of the airflow into the tail may therefore require 
an impracticably large movement of the tail above the 
center of the wake. Hence, we seem to be faced with 
the problem of designing the tail to work in a somewhat 
oscillating airflow. Such design is, of course, far more 
critical than that heretofore encountered. Increase 
of tail weight may be required and more precise con- 
siderations will have to be given to the vibration prob- 
lem. 

The occurrence of large losses other than the direct 
shock loss was illustrated several years ago. This 
same work illustrates another interesting phenomenon. 
Typical results from this earlier investigation are illus- 
trated in Fig. 14. The curve on the left of the figure 
shows the pressure distribution over the upper surface 
of an NACA 4412 airfoil. The shock occurs in the re- 
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Fic. 14. Measured static pressure change through shock, as 
compared to theoretic calculation based on measured total head 
loss. NACA 4412 airfoil, a = —0.25°. N.A.C.A. 24-in. high- 
speed wind tunnel. M = 0.770. 
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gion of rapid pressure change at approximately SO per 
cent of the chord. The curve on the right indicates the 
total pressure loss in the wake at a station 20 per cent 
of the chord behind the trailing edge. Taking a value 
of the total-head loss outside of the deep part of the 
wake along the flat portion of the total-head loss curve 
and calculating the pressure coefficient change through 
the shock by the normal shock theory gives the value 
shown by the vertical line. The calculated value cor- 
responding to the measured total-head loss is very much 
greater than the measured value. This might be as. 
cribed to the assumptions of the normal shock theory 


which assume an infinitely thin shock and no velocity | 


components parallel to the front. As the actual shocks 
cannot be presumed to be infinitely thin and as velocity 
components parallel to the front may occur, the meas. 
ured pressure change could be smaller than normal 
shock theory shows. Because, however, a measured 
total-head value was taken as the basis in this calcula- 
tion and the difference between the calculated and 
measured pressure changes is so great it does not appear 
that the discrepancy can be wholly accounted for by the 
simplifying assumptions of the normal shock theory, 
A possibility is that the pressures measured on the sur- 
face of the airfoil which are those occurring in the 
boundary layer may differ from those outside the bound- 
ary layer. It is recognized that this possibility is con. 
trary to all experience obtained at lower speeds where 
the pressures occurring outside the boundary layer are 
transmitted through the boundary layer without 
change, but lending some support to this supposition 
are the schlieren photographs of Figs. 10 and 11. The 
schl'eren method shows regions of sharp density change, 
The normal and inclined shocks are such regions and it 
is known that sharp pressure changes occur in these re- 
gions. The dark lines that are shown in these photo- 
graphs issuing from the airfoil surface approximately 
parallel to or slightly inclined to the chord direction 
must be regions of sharp density change and hence 
there might be a pressure jump across this line. In re- 
gard to this possibility it must also be noted that the 
velocities in the inner layers of the boundary layer are 
considerably less than the local supersonic velocities oc: 
curring over the forward portion of the airfoil outside 
the boundary layer. The usual conception of the veloc- 
ity gradient in the boundary layer requires that Mach 
Numbers less than 1.0 occur within the boundary layer. 
Hence, while the high pressures occurring on the rear 
portion of the airfoil cannot be transmitted forward in 
the general flow they may be transmitted forward 
within the boundary layer and thus the dark line shown 
on the schlieren photographs may be an actual pressure 
discontinuity. 

The force and moment changes with Mach Number 
are illustrated for an NACA 23015 airfoil for one angle 
of attack in Fig. 15. As the schlieren photographs gen- 
erally show the occurrence of small disturbances first 
when the local speed of sound is reached in the flow lo- 
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Fic. 15. Force and moment coefficient variation with Mach 
Number. NACA 23015 airfoil, a = 0°. N.A.C.A. rectangular 
high-speed wind tunnel. 


cally over the airfoil the stream Mach Number corre- 
sponding to this condition is marked as .\/,, in the figure. 
This definition of critical Mach Number is, of course, 
the standard that has been used throughout aeronau- 
tical engineering for the last several years and is based 
on the mass of experimental data previously discussed 
as well as the indication from the theory of flow change 
at Mach Number 1.0. It is shown by the figure that 
force changes do not occur at the speed marked J/,, 
but rather at some speed above this value. Numerous 
attempts have been made at theoretic determination of 
the speed at which the force changes occur. In the 
main, these have been based on empiric modifications 
of the potential flow theory. Such empiric modifica- 
tions as have been developed are found to fit in perhaps 
one or two cases but are not general and general use of 
such relations not founded on assumptions in agree- 
ment with the actual physical phenomena including the 
entropy change in the flow can be expected to lead to 
serious difficulties. 

The basic reason for the difference in Mach Number 
between the defined critical and the Mach Number at 
which the large changes in the force and moment coef- 
ficients occur is shown by the schlieren photographs. 
With the first attainment of the critical Mach Number 
numerous small shocks of insignificant intensity occur. 
No extensive flow separation is shown. It is not until 
sufficiently high speeds are attained so that the smaller 
shocks combine to form a steep front that pronounced 
separation and the consequent flow changes occur. This 
is further illustrated by Fig. 16, which shows the theo- 
retic total pressure loss through a normal shock. The 
abscissa is the Mach Number in front of shock and 
the ordinate is the total pressure loss expressed as the 
ratio of the total pressure behind the shock to the total 
pressure in front of the shock. When the Mach Num- 
ber in front of shock is 1.0, no losses occur. With in- 


crease of Mach Number in front of shock, losses occur 
which, as shown by the curve, are insignificant until 


FLOWS 


IN AERONAUTICS 139 


wo 





PRESSURE RATIO, P;, /Py, 


1.6 


1.5 
MACH NUMBER IN FRONT OF SHOCK, M, 
Ratio of total pressure behind shock to total pres- 
sure in front of shock as a function of the Mach Number in front 
of shock. 


8 
OA 12 3 14 


Fic. 16. 


Mach Numbers in front of shock considerably greater 
than 1.0 occur. Because pronounced separation re- 
quires a rather definite and moderate loss, it cannot be 
expected to occur until the Mach Number in front of 
the shock has reached values sufficiently high to cause a 
significantly large loss of total head in the shock. As 
the loss of total head required to produce separation is 
dependent upon the boundary-layer thickness, the to- 
tal-head loss required to produce separation in any 
given case may depend upon the shape of the airfoil, 
the surface condition ahead of shock, the pressure gra- 
dients ahead of shock and the Reynolds Number, all of 
which affect the boundary-layer thickness. Hence, the 
difference in Mach Number between the defined criti- 
cal and the Mach Number for force discontinuities may 
be expected to differ with all of these factors. 


AERONAUTICAL ENGINEERING PROBLEMS AND 
DEVELOPMENTS 


As adverse force changes are precipitated with the at- 
tainment of the local speed of sound over the surfaces of 
bodies, improvements can be made by the development 
of forms having favorable pressure distributions to re- 
duce the local surface velocities. This approach has 
been employed most effectively. For airfoils, the prob- 
lem was considered to be composed of two parts: first, 
the development of a basic shape having minimum in- 
duced velocity for a given thickness and, second, the 
derivation of a camber line which produced a given lift 
with minimum induced velocity. The basic shape and 
the camber line could then be combined to give the op- 
timum airfoil for a given thickness and lift coefficient 
as related to critical speed. The selection of the cam- 
ber line is quite easy. The condition that the lift be 
uniformly distributed chordwise is the necessary crite- 
rion. The camber line is then directly calculated from 
the thin airfoil theory of Glauert, Munk, Prandtl, and 


others. The determination of the optimum basic 


7 
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shape was not quite so simple. Starting with the exper- 
imental work!‘ on basic shapes and the theory of air- 
foils of arbitrary shapes by Theodorsen,® a wide vari- 
ety of forms was investigated theoretically until an op- 
timum shape was found. Oddly enough, it was found 
that this basic shape fitted within the structure of the 
family of shapes studied in the N.A.C.A. 11-in. high- 
speed wind tunnel.'* In the designation system of this 
family the shape derived is, closely, an NACA 0009-45. 
Airfoils of this new family known as the NACA 16- 
series*! have found wide use over the last several years 
in applications to propellers where high tip speeds are 
attained. These airfoil shapes were later developed in 
Britain®? and Japan** also and it is not too surprising as 
the basic concept had been available from the earlier 
fundamental studies of compressibility phenomena.” 
The basic camber line corresponding to a lift coefficient 
of 1.0, the basic airfoil thickness form, and several air- 
foils designed for various lift coefficients which have 
been investigated over the last 8 years are shown in 
Fig. 17. 
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Fic. 17. N.A.C.A. 16-series high critical speed airfoils. 


Using the same approach, members of the compressi- 
bility research group at the Langley Memorial Aero- 
nautical Laboratory have developed a wide variety of 
aircraft components to give high critical speeds. The 
original N.A.C.A. cowling first tested in flight by the 
N.A.C.A. at Langley Field in 1928 had a critical Mach 
,Number in the range of 0.45 to 0.5. New forms de- 
veloped several years ago and given general publication 
recently*! raised the critical Mach Number to 0.64, 
nearly 500 m.p.h. at sea level. This particular form of 
cowling, known as the NACA C cowl, has found nearly 
universal application on all modern aircraft having ra- 
dial air-cooled engines. Fundamental research on the 
general problem of air-inlet openings in the nose of 
streamline bodies has led to further increase of the criti- 
cal Mach Number so that now cowling forms for ra- 
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Fic. 18. Static-longitudinal-stability curves as affected by 
increase of Mach Number through the critical range. 


dial air-cooled engine installations having critical Mach 
Numbers over 0.8 have been obtained. Similarly, other 
airplane components, as windshields and canopies, have 
been developed having critical Mach Numbers of 0.8 or 
slightly better. 

These developments are directly related to the im- 
provement of performance through delaying the onset 
of shock. The improvement of performance, however, 
is but one aspect of the problems encountered in air- 
plane design and operation. Regardless of how high the 
critical Mach Number may be raised, flight at super- 
critical speeds must eventually be solved. Stability 
and control problems will require considerable atten- 
tion. Some fighter aircraft are now capable of attaining 
supercritical speeds in dives and dive recovery from 
such speeds has required solution. 

The stability change that can be expected is illus- 
trated by the pitching-moment coefficient-lift coeffi- 
cient plot of Fig. 18, which is taken from tests of a 
model made in the N.A.C.A. 8-ft. high-speed tunnel. 
This curve is the usual criterion for static-longitudinal 
stability. The slope of the curve must, of course, be 
negative and the magnitude of the slope is a measure of 
the stick force required. The curve should cross the 
moment-coefficient axis once, and only once, as this is 
the trim condition. At subcritical Mach Numbers, this 
curve, for an approximately satisfactory condition, is 
shown by the solid line. For the same configuration at 
critical and at a supercritical Mach Number, the static- 
longitudinal-stability curves are shown by the other 
two curves. There is a large decrease in the trim-lift 
coefficient and thus a diving tendency is exhibited. 
There is also a very large increase in the slope of the 
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curve; that is, the stability of the airplane is increased 
enormously. Hence, the response of the airplane to a 
given elevator deflection is reduced greatly and a given 
normal acceleration requires an exceedingly large de- 
flection of the control. The stick force required thus 
increases greatly and with normally designed controls 
may be, and is in some instances, beyond the physical 
capacity of the pilot. 

The origin of the stability problem is in the change of 
lift-curve slope and angle of zero lift which has been 
found for airfoils at supercritical speeds. This is illus- 
trated by Fig. 19, taken from earlier work,'* which has, 
of course, been verified by the later work. With in- 
crease of speed above the critical, the lift-curve slope 
decreases and, finally, the angle of zero lift shifts to the 
right. Consider an airplane flying at a given attitude 
at a low lift coefficient as, for example, in a dive with 
increasing speed. As the critical Mach Number is ex- 
ceeded, there is a rapid drop in the lift coefficient as the 
lift curves shown in the figure change from the subcriti- 
cal type at the lower speed to the supercritical type. 
The drop in lift coefficient occurs in a very narrow speed 
range and is far greater than the dynamic-pressure in- 
crease corresponding to the gain in speed. The lift 
decreases and the airplane thus. tends to increase its 
rate of descent, except as modified by the drag-coeffi- 
cient increase that occurs, but, as a consequence of the 
loss of lift, the nose of the airplane drops and thus the 
airplane exhibits a diving tendency. The down-wash 
angle at the tail likewise decreases with the loss of lift, 
giving a change of real angle of attack of the stabilizer 
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Fic. 19. Lift curve variation with increase of Mach Number 
through the critical range. NACA 2409-34 airfoil from N.A.C.A. 
Report No. 492. 


in the positive direction. The consequent change of 
load on the tail produces a diving moment. 

Restoration of the attitude of the airplane requires, as 
shown by the sidewise displacement of the lift curves 
and the decrease of lift-curve slope, a large increase of 
angle of attack of the airplane. The angle of attack of 
the stabilizer is likewise increased. The angle of down- 
wash, however, is not correspondingly increased as, for 
a given lift coefficient, the down-wash angle remains 
sensibly constant. The increased angle of attack of the 
stabilizer gives a corresponding up load which can be 
offset only by up deflection of the elevator. Thus, very 
large control-surface deflections are required to restore 
the airplane attitude and, of course, very large stick 
forces. The increment elevator angle required over 
that for subcritical flows is the amount required to offset 
an increase of stabilizer angle equal to the sum of the 
change of wing angle of zero lift plus the change in angle 
of attack required to obtain the desired lift coefficient 
with the lower lift-curve slope. The larger elevator 
angle, of course, leads to very large stick forces. The 
change of angle of zero lift and the decreased slope of 
the lift curve thus cause the greatly increased stability. 
Contributing to this difficulty is the increased wing mo- 
ment that accompanies this change of lift characteris- 
tics, but this effect is definitely secondary. 

An airplane at such speeds, when excessive stick 
forces are encountered, may be flown on the tab which 
can produce the necessary boost. Use of the tab in dive 
pull-outs, however; must be done with great care. At 
the supercritical speed the airplane is very much less 
responsive to a given movement of the tab and, hence, 
large tab deflection is required. In the dive condition, 
however, the airplane is losing altitude rapidly and with 
lower altitude the combination of increased density and 
increased velocity of sound reduces the Mach Number 
attainable—the terminal Mach Number does, in fact, 
decrease with altitude. It is then not only possible, 
but indeed quite likely, that the reduction in Mach 
Number will be sufficiently great so that return to sub- 
critical values occurs. The airplane thus becomes nor- 
mally responsive to the control movement and, if prior 
to this stage the tab is deflected a large amount, the 
airplane will recover with excessive acceleration, suffi- 
cient to produce major structural failure. 

Control can, of course, be effected by having an ad- 
justable stabilizer. A decrease of the size of the stabi- 
lizer relative to the elevator will also help but this has 
certain disadvantages at subcritical speeds. The de- 
crease of relative size of stabilizer to the point of having 
special arrangements of all-moving tails is also a possi- 
bility that may bear considerable research. 

Another solution that was first proposed and investi- 
gated at the N.A.C.A. 8-ft. high-speed tunnel is the use 
of the wing flap. If the lift coefficient of the wing at any 
given angle at supercritical speed can be restored to its 
subcritical value, the, principal aeromechanics of the 
airplane are then the same as at low speeds. As flap 
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Fic. 20. Variation of aileron action with Mach Number. 
Two-dimensional pressure-distribution results. Symmetric air- 
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deflection produces the desired increase of lift coefficient, 
it was viewed as a possible solution. The original in- 
vestigation with an airplane model was based first on 
tests made on a wing alone with a simulated split trail- 
ing-edge flap in the N.A.C.A. 24-in. high-speed tunnel 
and these results were then applied to the complete 
airplane model in the N.A.C.A. 8-ft. high-speed tunnel. 
The results were as expected, the necessary increase in 
wing lift being produced. A disadvantage was, as 
could be expected, some increase of tail load. The in- 
vestigation was then pursued at Ames Laboratory and 
flaps forward on the lower surface of the wing were de- 
veloped which produce the desired lift increase without 
as large an increase in tail load as is obtained with trail- 
ing-edge flaps. The Army Air Forces carried this work 
to flight tests in high-speed dives at Wright Field and 
from all of this work the so-called dive-recovery flaps 
found their way to very practical use. 

The control problem is perhaps even greater and 
more difficult than the stability problem. All the usual 
problems, balance, hinge-moment characteristics, load 
distribution, and others, are made more complicated 
because of the speed squared effect on the forces, the 
possible change of load distribution, the effect of 
protruding edges, and the effects of sudden changes of 
surface curvature on peak pressures and shock stalling. 
It is even in full recognition of these problems that 
another and more fundamental problem must be noted. 
It was shown earlier, both by deduction from basic physi- 
cal considerations and by illustration with schlieren 
photographs, that at supercritical speed when super- 
sonic velocity extends over the forward portion of an 
airfoil, disturbances originating downstream cannot 


1945 


influence the flow over the forward portion of an airfoil. | 


Hence, it can be expected that aileron or flap deflection 
at these speeds will not act as at lower speeds and will, 
because any pressure field set up by their deflection 
cannot influence the flow over the forward portion of 
the airfoil, lose much of their effectiveness. This is il- 
lustrated by Fig. 20. The airfoil is a thick symmetric 
airfoil and was set at 0° angle of attack. With 0° aileron 
angle, the flow is symmetric and the pressure distribu- 
tion over both surfaces is the same, as shown by the di- 
agrams. With aileron deflection at low speeds, the flow 
over the whole airfoil is altered so that the upper and 
lower surface pressure distributions change, producing 
a lift over the whole airfoil. This is normal aileron ac- 
tion. With increase of speed, this condition maintains 
until supercritical speeds are reached, when, as is ap- 
parent from the diagrams, the flow over the forward 
portion of the airfoil ahead of the shock location be- 
comes identical over both upper and lower surfaces and 
deflection of the aileron produces no lift increment over 
the main portion of the airfoil. The only lift increment 
that can be produced is that acting directly on the ai- 
leron. The great reduction in effectiveness is apparent. 
This is a wholly new control problem. 

It is, of course, not possible to review in a single 
lecture all of the many interesting, important, compli- 
cated and new phenomena that the aeronautical en- 
gineer must understand and the problems he must 
solve. Thus, only in brief, has this been the history, 
the flows, and some of the problems introduced in aero- 
nautics by compressibility phenomena. Much remains 
ahead as the problem of increasing speed is solved to the 
achievement of clock-stopping speeds in east-to-west 
flight. 
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Discussion of the Lecture 


Edward P. Warner, Vice-Chairman of the Civil 
Aeronautics Board, presided as Chairman for the 
presentation of the Lecture. In a brief introduction, 
Mr. Warner recalled some of the contributions of 
early pioneers and paid tribute to the work of the 
Wright Brothers. 

At the conclusion of the Lecture the following pre- 
pared comments on the subject were given. 





Neil P. Bailey, Head, Department of Mechani- 
cal Engineering, Rensselaer Polytechnic Insti- 
tute; formerly of the General Electric Research 
Laboratory: ‘‘Mr. Stack has done a fine thing in 
focusing attention on the flow separation energy 
losses that can result from superacoustic compression 
shocks. In general, mechanical engineers have been 
prone to look only at the compression shock losses and 
to ignore the jet separation losses that may be induced 
by the shock. 

“A good example of the significance of the induced 
losses is shown by Curve No. 1. This shows the effi- 


ciency of a high-flow supercharger impeller plotted 
against the maximum inlet Mach Number. Since the 
Mach Number was calculated by using the maximum 
relative air velocity at the periphery of the inlet, the 
sudden serious loss in impeller efficiency shown can 
hardly be explained by the small fraction of the inlet 


airfoil subjected to compression shock. This is espe- 
cially true when it is remembered that only a portion of 
the total impeller work is done by the inlet airfoils, the 
major portion being done in the impeller passages. 
This would appear to be clearly a case where the jet 
separation and turbulence produced in the impeller by 
minor compression shocks in a portion of the inlet re- 
sulted in a serious efficiency loss. 
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“Mr. Stack has suggested the possibility that ina 
region of compression shock pressures measured inside 
the boundary layer may not be the same as those out- 
side. Curve No. 2 shows centerline and wall pressure 
traverses through a compression shock in a straight 
walled tube. 
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“After the angle shocks that resulted from the use of 
a re-entrant tube had culminated in a plane shock, the 
average Mach Number was 1.46. While the centerline 
pressure and the wall pressure check within an inch of 
mercury, this is in reality no answer to Mr. Stack’s 
question. Both traverses were made using an 0.0125- 
in. static hole in a 0.10-in. traversing tube, so both read- 
ings were inside a boundary layer. The important 
point is that either the wall or centerline pressures yield 
results that check well with classic theory. 

“The straight walled tube has no area diffusion to 
correspond to the flow over an airfoil, and, when a com- 
pression shock is induced in a diverging passageway, 
the results do not check classic theory at all. 

“Curve No. 3 shows normal diffusion and combined 
shock and diffusion in a conical passageway. When 
normal diffusion started at a Mach Number of unity 
and continued toa Mach Number of 0.50, the pressure 
rise was 0.70 as great as that corresponding to a re- 
versible compression. 

“However, when the first 0.40 in. of the diffuser 
acted as a nozzle to raise the Mach Number to 1.56, 
a combined shock and diffusing action changed the 
Mach Number to 0.67. The pressure rise realized was 
only 0.60 of that of a corresponding reversible compres- 
sion. A plane compression shock would have resulted 
in a final Mach Number of 0.68 and a pressure rise of 
0.86 that of a reversible change. 
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“Since the compression shock of Curve No. 2 in a 
straight walled tube gave a pressure rise 0.86 times a 
reversible compression, Mr. Stack’s conclusion that a 
compression shock in a diffusing region is a wasteful 
process would appear to be borne out. 

“Curve No. 4, which shows discharge traverses of the 
conical diffuser of Curve No. 3, reveals that in the case 
of shock and diffusion the losses are concentrated at the 
walls. For example, using only the Mach Number in 
the central portion, a diffusion from M = 1.56 to M = 
0.88 would result in an ideal pressure ratio of 2.43. 
Since the actual pressure ratio is 2.18, the central por- 
tion gives a pressure rise ratio of 1.18/1.438 = 0.825, 
which is a far cry from the average value of 0.60. 

“The turbulence that follows a compression shock in 
a diffusing region has not been given due consideration 
by mechanical engineers, and Mr. Stack deserves much 
credit for focusing attention on this phase of high ve- 
locity flow phenomena.” 


Dr. Hugh L. Dryden, Chief, Mechanics and Sound 
Division, National Bureau of Standards: ‘‘The con- 
fidence placed by the Institute in the Eighth Wright 
Brothers Lecturer has been fully justified by the time- 
liness of the subject selected and the fundamental 
manner in which it has been treated. Progress in 
those aspects of aeronautics for which a rational theory 
has not yet been developed proceeds by the recognition 
of the common features of complex flow patterns. 
Mr. Stack has indicated how the field of flow around 
airfoils at high speeds is built up of shock waves, 
boundary layers, and regions of flow separation, con- 
cepts that in themselves have come to be familiar 
when encountered in more familiar circumstances. 

“The lecturer’s review of the early exploratory meas- 
urements of Briggs, Hull, and myself brings recollec- 
tions of our early attempts to observe and understand 
the forces on airfoils at high speeds. That aspect ratio 
and constriction effects were so large as to make the 
results of little quantitative value was recognized at the 
time. That the qualitative results have been so com- 
pletely substantiated by the lecturer’s careful quanti- 
tative measurements with more adequate equipment is 
surprising. Pressure distribution measurements and 
observations of the behavior of oil films on the surface 
of the airfoils established at the time that ‘large 
changes in the force coefficients were associated with a 
breaking away of the air flow from the upper surface, 
similar to that which occurs at the burble point at or- 
dinary wind-tunnel speeds.’ 

“The following quotations summarize the conclusions 
of interest in connection with the present discussion. 

““A careful inspection of the pressure distribution 
curves, Figs. 4 to 9, shows the existence of regions char- 
acteristic of flow of the type described in which there is 
a separation from the surface. For example, in Fig. 6 


for airfoil 3 the distribution over the upper surface for a 


speed of 0.5c at 24° shows a sharply defined peak fol- 
lowed by a region of nearly constant decrease in pres- 
sure such as is found in the case of a cylinder or sphere 
where the flow breaks away from the surface. A simi- 
lar distribution may be observed at 0.65c at 20° and 
24°; 0.8c at 16°, 20°, and 24°; 0.95c at 4°, 8°, 12°, 16°, 
20°, and 24°; and 1.08c at all positive angles. In fact, 
it is possible to trace a rough locus of speeds and angles 
at which the change takes place. The steps in speed 
and in angles are unfortunately so far apart that the 
exact position cannot be plotted, but it may be seen 
that for thick airfoils at a given speed the break occurs 
at lower angles and at a given angle at lower speeds 
than for the thin airfoils. The location of the change in 
flow is facilitated by the fact that for the burbling type 
of flow the pressure at the trailing edge is lower than 
the static pressure, whereas for the smooth high lift 
type it is higher than the static pressure.’ 

“It should be emphasized that the flow at high 
speeds is of the same general appearance as burbling 
flow at low speeds and, just as no theory has been 
worked out for burbling flow, so no theory is available 
for the high-speed type of flow. Corrections for aspect 
ratio cannot be computed, and the estimation of inter- 
ference between blade elements of propellers cannot be 
based on the theory of induced drag.’ 

“We did not understand these results at the time. 
The lecturer and his associates have now given a com- 
plete interpretation. Shock waves appear at high 
speeds, constituting severe adverse pressure gradients. 
These gradients produce separation of the boundary 
layer, acting through that part of the boundary layer 
nearest the wall for which the flow is subsonic and, 
hence, in which pressure disturbances propagate up- 
stream. The direct shock loss is much smaller than 
that due to the flow separation. Many of the effects 
that we commonly regard as due to shock waves are 
in reality associated with the flow separation—.e., 
large loss of lift, unsteadiness of flow, etc. The term 
‘compressibility burble’ applied to this phenomenon by 
the lecturer in an earlier report is truly descriptive. 
The main effects are due to a separation analogous to 
that occurring at the stall at low speeds. Control prob- 
lems at high speeds are analogous to the control of 
stalled airplanes. The theoretic approach needed is 
not one primarily concerned with compressibility ef- 
fects per se but with flow separation. I believe the lec- 
turer has done a great service in so clearly outlining the 
fundamental aspects of transsonic flow.” j 





Dr. Norton B. Moore, Southern California Coopera- 
tive Wind Tunnel: ‘‘The subject, ‘Compressible Flows 
in Aeronautics,’ is most appropriate and timely. It is 
without doubt the highest priority basic problem in 
the engineering and experimental flight test depart- 
ments of manufacturers of high-speed and/or high- 
altitude airplanes and in those research laboratories 
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whose primary interest is better and faster airplanes; 
these groups look to the National Advisory Commit- 
tee for Aeronautics for the basic experimental work 
such as has been reviewed by Mr. Stack today. 

“T recall that it was my privilege also to discuss the 
Sixth Wright Brothers Lecture, at which time I said ‘.... 
it will not be very long before we will all be much more 
closely acquainted with compressibility effects ... .’ 
We are certainly getting acquainted, but more com- 
plete understanding is still much needed. The lecture 
today will help fill that need. 

“In the Historical Section, reference might well be 
made to the work of Molenbroek, and particularly 
Tchapliguine, in connection with distorted incompres- 
sible flow fields. Also, the statement: ‘This concept is, 
of course, a physical representation of all the theoretic 
work since’ (referring to the concept of similarity be- 
tween the compressible flow field about a given airfoil, 
and the incompressible flow field for a thicker airfoil), 
is subject to question—in the Rayleigh-Janzen ap- 
proximation method one deals always with the original 
profile (there is no distortion). 

“There might be some question directed also to the 
statement: ‘When the speed of sound is first attained 
in a flow field, a change to a new type of flow occurs and 
no adequate theoretic basis is yet available which de- 
scribes this fiow.’ The questioning depends on the se- 
verity of the word ‘adequate’—several exact solutions 
involving local supersonic flows are known. A familiar 
example is the compressible analogue of incompressible 
flow through a parabolic channel. 

“Again, it is appreciated that this lecture is de- 
livered from the experimental point of view, but the 
statement that ‘.... no theory of mixed flow existed 
and still is lacking . . . .’ might be questioned—there 
are theories of mixed flows. 

“In the Theoretic Considerations Section, it may 
be in order to remember that the equation of conti- 
nuity, Eq. (2), becomes Laplace’s equation only if irro- 
tational flow is postulated. 

“T am afraid that the lecturer has taken some liber- 
ties with Eq. (3), the equation for small perturbations, 
in putting / = 1 and drawing physical interpretations 
of infinite forces at JJ = 1, where the equation is defi- 
As M — 1,0v/0y may approach zero, 
Small perturbations 
A true physical 


nitely not valid. 
unless Ou/Ox approaches infinity. 
cannot be assumed at or near M = 1. 
explanation for entropy increase cannot then be merely 
that Eq. (3), illegally extended to J = 1, shows in- 
finite forces. 

“In connection with the section on Flows at Super- 
Critical Mach Numbers, it is wondered whether, in the 
explanation of formation of shock waves leading up to 
Fig. 8, it is really intended to give one the impression 
that shock waves are always to be expected in mixed 
flows. 

“There is a basic difficulty with schlieren photo- 


graphs. They show all irregularities in the flow, from 
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wall to wall. Accordingly, they may give misleading 
pictures. For example, some of the photographs here 
show shock waves extending through the separated re- 
gions, to or very close to the airfoil. I wonder if this is 
actually the case? A careful check of spanwise wake 
and pressure distributions would seem to be in order 
before general conclusions are drawn from these photo- 
graphs. Also, the presence of pressure discontinuities 
within the boundary layer may be similarly questioned. 

“In connection with the section on Aeronautical 
Engineering Problems and Developments, it is obvious 
that we are in a most interesting and challenging pe- 
riod of aerodynamic development. Much high-speed 
work is yet to be done on paper, in wind tunnels, and in 
flight, on wing sections and other airplane components, 
and on performance, stability and control for the air- 
plane as a whole. 

An example of the serious problem now being faced 
by designers is illustrated in Fig. 19, which shows de- 
crease in lift with increasing Mach Number. The 
problem is actually more serious than Fig. 19 indicates. 
The accompanying figure, showing flight test points of 
lift coefficient vs. angle of attack for a modern air- 
plane at Mach Numbers between 0.69 and 0.70, illus- 
trates the great loss in both lift and lift-curve slope, 
which leads to obvious difficulties in stability and 


control. 


‘In closing, I wish to acknowledge the assistance of | 


Messrs. Fred W. Geiger and Henry T. Nagamatsu in 
reviewing this comprehensive lecture in the short time 
that was available. 

“Our congratulations to the Institute of the Aero- 
nautical Sciences and to Mr. Stack, on this day of trib- 
ute to the Wright Brothers!” 


L. E. Root, Chief, Aerodynamics Section, El 
Segundo Plant, Douglas Aircraft Company, Inc.; 
Member N.A.C.A. Committee on Aerodynamics: 
“John Stack is to be congratulated not only for his 
admirable presentation of the Eighth Wright Broth- 
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and Mach Number on Boston and Havoc light bombers showing 
effect of adding oil cooler scoop fairings. 





Fics. 2a (top) and 2b (bottom). Original lines at inner wing-nacelle 
junction. 


ers Lecture but for his courage in choosing what is 
generally accepted as a difficult subject. From 








Fics. 3a (top) and 3b (bottom). Revised lines at inner wing- 
nacelle junction with fairing added. 


the standpoint of a design aerodynamicist, his treat- 
ment of the subject of Compressible Flows from a 
fundamental or physical point of view is appreciated. 
Mr. Stack has pointed out that aerodynamic improve- 
ments can be made through the development of shapes 
having favorable pressure distributions to reduce 
local surface velocities. In this respect it may be of 
interest to present a Douglas experience wherein this 
approach gave a satisfactory solution to a flow prob- 
lem associated with Mach Number. 

“Early in 1941, while attempting to demonstrate 
Boston Models II and III to an indicator air speed of 
400 m.p.h., test pilots reported a sudden change in 
heading without previous warning through either buf- 
feting or control surface movement. This yaw occurred 
either to the left or right and could be quickly elimi- 
nated by reduction in speed. When allowed to develop 
fully, the motion was oscillatory in character through 
approximate angles of +15°. After several dives had 
been made, it became apparent that the sudden yaw 
was occurring at different values of indicator air speed 
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dependent upon altitude. These altitude air-speed 
points, plotted in Fig. 1, show an interesting relationship 
with Mach Number. 

“After a fairing was added to the wing-nacelle junc- 
tion, additional dives were made without difficulty. 
Changes in body shape from the original conditions are 
shown by a comparison between Figs. 2 and 3. These 
satisfactory points, as well as those for other models of 
the Douglas light bomber series, are shown on Fig. 1. 
It is a reasonable assumption that the addition of the 
fairing in the critical nacelle-wing junction lowered the 
numerical value of the peak negative pressure below 
its critical value, which previously was exceeded with- 
out the fairing, thus resulting in flow breakdown at a 
given free-stream Mach Number.” 


Mr. John Stack: I quite agree with Dr. Moore that 
“reference might well be made’’ to Molenbroek and 
Tchapliguine. They concerned themselves with the 
solution of the fundamental flow equations at an earlier 
date than others referred to in the Lecture, and their 
work has been taken up and extended by mathemati- 
cians to the end of obtaining rigorous solutions of the 
fundamental equations. Rigorous solution still eludes 
us, however, and existing solutions still remain approxi- 
mations even in the mathematical view. More empha- 
sis was placed upon Prandtl’s work because from it 
stems a simple physical concept that is usually, found 
more acceptable to the ergineer and physicist. No 
claim is laid to completeness in the historical section, 
and, as inferred in the text, this section concerns itself 
principally with the work undertaken from an aero- 
nautical point of view rather than from a general 
physics or mathematics point of view. 

As to the existence of theories of mixed flows as 
questioned and stated by Dr. Moore, it is recognized 
that certain cases have been solved mathematically. 
However, search for the existence of these mathe- 
matically described flows in nature has so far proved 
unfruitful. One recent mathematical solution of a 
mixed flow involving adiabatic recompression from 
extremely large supersonic velocities has aroused the 
curiosity of many. Kantrowitz, of the Langley Memo- 
rial Aeronautical Laboratory, has pointed out that such 
flows are unstable and, hence, will likely fail, because 
disturbances are always present. On this whole ques- 
tion, it seems to me that Dr. Dryden has made the 
clearest statement in his comment: ‘The theoretic 
approach needed is not one primarily concerned with 
compressibility effects per se but with flow separation.”’ 
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Dr. Moore’s meaning when he states that schlieren | 


photographs ‘‘show all irregularities in the flow’’ is not | 


wholly clear. It is generally recognized that the | 
schlieren photographs can be expected to show all the | 
density variations in the flow. This does not mean, 
however, that the photographs may give misleading 
pictures but rather that incautious interpretation of the 
photographs may prove misleading. The question of 
whether or not shock extends through the boundary 
layer is an interesting one. A careful examination of 
the photographs indicates that the shock does not 


extend through the boundary layer or separated region | 


contraty to the inference drawn in Dr. Moore’s com- 
ment. There is but one photograph in the group which 
might be considered to indicate penetration of the 


boundary layer by the shock; that is Fig. 10 for a | 


Mach Number of 0.821. In this instance, for the flow 
over the upper surface two thin lines appear to extend 


into the region between the heavy dark line indicating | 


the separated region and the airfoil surface. It seems 
clear, however, that these lines do not extend into the 
airfoil surface. There is also apparent, when one 
examines this photograph closely, a second dark line 
issuing from the airfoil surface within the region 
bounded by the airfoil surface and the outer intense 
dark line. The two thin shock lines that penetrate the 
outer line appear to terminate in the region bounded 
by the inner dark line extended. Such a photograph as 
this might be obtained by exposure of the same plate 
at two different times. Actually, this is not the case 
here, however, but as the flow oscillates violently and 
with very. high frequency as shown by high-speed 
motion pictures, the probable explanation is that the 
spark that provides the illumination was discharged in 
the interval during which the flow was changing. The 
great mass of photographs indicates that the shock 
does not penetrate the separated region or the boundary 
layer. In this respect, the results are in agreement with 
the phenomena found in the divergent passages of 
supersonic nozzles. 

General conclusions have been drawn from these 
photographs and from much earlier photographs, as 
have general conclusions been drawn from similar 
experiments with nozzles. The careful check of span- 
wise wake and pressure-distribution measurements 
suggested by Dr. Moore as in order were, in fact, made 
a long time ago. Such experiments are more directly 
related to technique than to phenomena of concern to 
the aeronautical engineer and, hence, form no real 
part of the object at hand. The general conclusions 
drawn from these and earlier photographs have been 
borne out in flight experiments on aircraft. 
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The Effective Use of Aerodynamic Balance 
on Control Surfaces 


L. E. ROOT* 
Douglas Aircraft Company, Inc. 


SUMMARY 


This paper is concerned with (a) an analysis of wind-tunnel 
data obtained from a 2-ft. constant chord control surface model 
constructed so that the separate effects of variation in aerody- 
namic balance overhang and movable surface nose shape could be 
obtained, and (b) the presentation of design methods leading 
toward the effective use of aerodynamic balance on control sur- 
faces. The basic airfoil section used is an NACA 0012 modified 
to 10.7 per cent maximum thickness by 12 per cent chord exten- 
sion and straight-sided afterbody. These modifications were 
made in accordance with 1935 results from DC-2 flight tests 
which specifically indicated that flat-sided rudders or elevators 
were less subject to flow conditions causing undesirable oscilla- 
tions, particularly when control forces had been substantially 
reduced through the use of aerodynamic balance. The nature 
of the overhanging balance effectiveness in reducing hinge mo- 
ments is illustrated by presenting representative pressure distribu- 
tions over a surface with and without balance at various angles. 

Using theoretic control surface parameters for simply hinged 
flaps as a basis, hinge-moment data from the model were ana- 
lyzed to obtain emptric factors that correct for variations in 
aerodynamic balance and nose shape. Parameters are obtained 
for use in estimating three-dimensional control surface effective- 
ness and hinge moments with a degree ot accuracy corresponding 
to the similarity of airfoil sections taken along the span of any 
specific control surface to the section tested, particularly with 
respect to movable surface shape. This method of calculating 
hinge moments has been checked by measurements on scale air- 
plane models and was found to be reasonably accurate considering 
differences in hinge-line locations. Upon the basis of hinge- 
moment tests on sharp (A), medium (B), and blunt (C) noses, 
an intermediate shape, (B + C)/2, was chosen for design use. 
Comparison of control surface factors for this nose shape obtained 
from scale airplane model tests and from the basic model show 
good agreement. 

With particular respect to air-transport operation, an important 
factor affecting the design of the movable control surface section 
is the degree to which the balance nose is subject to critical icing 
when the surface is held at a trim angle, such as in the case of a 


rudder after engine failure. From 1937 tests in the Goodrich ice | 


tunnel using the 2-ft. chord model, an approximate relationship 
between balance nose shape and critical ice formation was sug- 
gested. Application of this limit to the (B + C)/2 nose-shaped 
tudders on present multiengined transports at best rate of climb 
with full asymmetric power indicates that the required rudder 
angles are not critical to dangerous icing conditions. 

Additional factors affecting the choice of aerodynamic balance 
are discussed, and practical design limits applicable to elevators 
are given. From the basic wind-tunnel data, relationships of 
maximum up-travel, horizontal surface stalling, and free-control 
longitudinal stability to variation in aerodynamic balance and 
nose shape are determined. Application of these limits to typical 
airplane designs, in relation to the amount of hinge-moment 
reduction desired and the amount of balance recommended, shows 
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the basic difficulty of reducing elevator control forces to accept- 
able magnitude and at the same time of providing enough elevator 
control for landing without exceeding the design limits. 

To illustrate the use of aerodynamic balance on control sur- 
faces, representative horizontal and vertical mean airfoil sections 
for eight Douglas airplanes are presented. Both the shape and 
amount of balance are clearly shown, as well as hinge location, 
maximum travel, control surface gap, and modifications to the 
basic airfoil. It is emphasized that proportionality of plan form 
and section will contribute to the more effective use of aerody- 
namic balance. To obtain maximum hinge-moment reduction 
for a given degree of unporting, it is necessary to avoid plan-form 
irregularities and movable control surface area aft of the hinge 
line which cannot be effectively balanced. 


INTRODUCTION 


Bene SATISFACTORY DESIGN of control surfaces on an 
airplane has always presented a fundamentally dif- 
ficult aerodynamic problem, particularly with respect 
to control force reduction. Although symmetric over- 
hang-type aerodynamic balance has been used on many 
movable surface designs, this use has been all too fre- 
quently associated with undesirable cut-and-try proc- 
esses during experimental flight tests leading toward 
an acceptable arrangement. Such was the experience 
of the Douglas Aircraft Company, Inc., during the final 
development of the Model DC-2 transport control 
surfaces in the first half of 1935. Upon the basis of 
flight-test results obtained with a number of variations 
in elevator and rudder plan form and section on the 
DC-2 airplane, a few basic principles of control surface 
design were indicated. As a step toward further clari- 
fication of these principles, extensive wind-tunnel tests 
were conducted in the 10-ft. circular wind tunnel at 
GALCIT in the early part of 1936 on a large-scale con- 
trol surface model so constructed that the separate ef- 
fects of variation in overhang and balance nose shape 
could be obtained. The results from these wind-tunnel 
tests, used in combination with the DC-2 flight experi- 
ence, have effectively contributed to the successful de- 
sign of control surfaces on Douglas airplanes. : 
This material is offered with the full realization that 
there are many ways to design control surfaces which 
are entirely satisfactory but do not necessarily incor- 
porate the features presented. With variation in air- 
plane size, it is possible that optimum aerodynamic 
balancing of control surfaces is not always necessary, 
although its consistent use will undoubtedly result in 
the most efficient arrangement for a large airplane, par- 
ticularly with respect to weight reduction. In the case 
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Definition of control surface chords, gaps, and angles 
associated with the use of aerodynamic balance. 


Fic. 1. 
of smaller airplanes, particularly those restricted in di- 
mensions, free-control stability considerations may pre- 
dominate, thus limiting the use of proportional aerody- 
namic balance to partial control surface span. Bearing 
in mind the compromising nature of control surface 
design and the many associated difficulties, this paper 
is presented with the thought that Douglas design prac- 
tice may be of general interest. 


SYMBOLS 


Chords, Gaps, and Angles (See Fig. 1) 


c = chord of control surface airfoil section 

é = mean geometric chord 

g = chord of movable control surface section aft of hinge 
line 

cB = chord of basic control surface airfoil section before 
chord extension 

Ac = chord of extension to give modified airfoil section with 
straight-sided afterbody 

Cb = chord of movable control surface airfoil section ahead 
of hinge line 

Cm = chord of movable control surface airfoil section includ- 
ing balance (cp + ¢) 

co/g = aerodynamic balance or overhang of movable control 


surface section 

c+/Cm = hinge-line location of movable control surface section 
from balance nose leading edge 

4 = minimum clearance gap between fixed and movable 
control surface sections 

Zo = overtravel gap for movable control surface section 

% = chordwise station of airfoil section 


disturbing ice formations are likely to occur (dyics js 


taken when 8 = 135°) 

a = control surface angle of attack for finite span in de. 
grees 

ao = control surface angle of attack for infinite aspect ratip 
in degrees 

ado = slope of control surface lift curve for infinite aspect 
ratio, 27, radian measure (in text, 7 = 0.875) 

v = angle of yaw in degrees 

Coefficients and Parameters 

Cx = control surface lift coefficient, (L/g¢S) 

ci = airfoil section lift coefficient, (1/gc) 

Cu = movable control surface hinge-moment coefficient, 

(H/acy Sy) 
Ch = movable control surface section hinge-moment co- 
efficient, (h/gc;?) 

Cra = 0CL/0a 

Cis = 00:/0a 

Cis = 0C1/06 

Cue = 0CxH/d0a 

Clie = 0¢;/0a 

Cus = 0Cx/06 

Chd = 0¢,/06 


Ny 15:2, = empiric control surface hinge moment and effec- 
tiveness factors used to correct for variations in 
balance nose shape and overhang 


AR = geometric aspect ratio, (b?/S) 

AR. = effective aspect ratio 

p = lift curve slope reduction factor without end plates 

r = lift curve slope correction factor with end plates 
Subscripts 

Cx, «1, 6 = variables held constant during differentiation 

f = movable control surface aft hinge line 

m = movable control surface including overhang 

b = balance or overhang 

r = rudder, chord aft hinge line 

e = elevator, chord aft hinge line 

WwW = wing 

H = horizontal control surfaces 

V = vertical control surfaces 


Capital letters used in designating forces, moments, and their 
coefficients and derivatives indicate finite aspect ratio characteris- 
tics, while lower case letters indicate section characteristics. 


CHOICE OF CONTROL SURFACE AIRFOIL SECTION 


In view of optimum lifting characteristics shown for 
the NACA 0012 section! this airfoil was chosen as basi¢ 
for control surface use and modified by a 12 per cent 
chord extension and straight-sided afterbody as showt 
in Fig. 2. Ordinates for this modified airfoil section 
are given in Table I. Although the maximum thick- 
ness was thus reduced to 10.7 per cent based on the et 
tended chord, it was considered that the desirable aero- 
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dynamic characteristics of the 0012 airfoil were main- 
tained for the most part. 

The afterbody modification to straight sides was a 
result of DC-2 flight-test experience with a number of 
control surface modifications. With flat sides, for ex- 
ample, the DC-2 rudder exhibited a marked reduction 
in the magnitude of oscillations, particularly in dis- 
turbed air. As a verification of this effect, a ‘‘bulged’”’ 
rudder with convexity purposely overemphasized gave 
an extreme increase in surface oscillations. Since this 
same phenomenon occurred in the case of an elevator on 
the DC-2, it was definitely indicated that movable con- 
trol surface sections should be modified to have straight- 
sided afterbodies for design use if the possibility of 
peculiar characteristics were to be minimized. The 12 
per cent chord extension was therefore chosen so that 
the amount of afterbody usually employed for a movable 
control surface would have flat sides aft of the hinge line. 


Basic WIND-TUNNEL TESTS 


GALCIT Model and Tests 


Using the symmetric airfoil section described above, 

2-ft. chord, 6-ft. span model with end plates was-con- 
structed so that the movable surface balance nose shape 
and amount of overhang could be systematically varied 
with one hinge-line position of 63 per cent c. The 
range of adjustments is illustrated in Fig. 3 where the 
miethod of construction for the different nose shapes is 
described. Balance noses are designated as sharp 
(nose shape A), medium (nose shape B), and blunt 
(nose shape C). Details of the model are shown in Fig. 
4. Removable cover plates made it possible to main- 
tain a constant gap of 0.45 per cent c with changes in 
balance overhang. 

The model was rigged in the GALCIT 10-ft. wind 
tunnel as shown in Fig. 5 so that lift and drag could be 
measured in the normal manner and hinge moments 
could be obtained directly from the pitching moment 


balance. For each run the fixed surface was set at a 





ft. chord model used to obtain the effects of 


Basic 2- 
variation in movable control surface nose shape and aerodynamic 


Fic. 4. 
balance. Test Reynolds Number 2.2 X 10°. 
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Fic. 5. Basic 2-ft. chord control surface model rigged in 
GALCIT 10-ft. wind tunnel. 
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Fic. 6. Basic hinge moment curves at a = 0° for model of Fig.4 
with changes in aerodynamic balance and nose shape. 


given angle of attack and the flap rotated through a 
series of positions. 

No attempt was made to correct data for tunnel-wall 
interference in view of the use of end plates, since inter- 
ference corrections for a wing with end plates were not 
known. Corrections were made, however, for tare 
moment. Tests were conducted at a wind speed o 
132 m.p.h. corresponding to a Reynolds Number based 
on total chord of 2,200,000. Hinge-moment data ob- 
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tained from the several balance nose shapes and 
amounts of overhang were plotted in the form shown in 
Fig. 6 (a = 0°) for angles of attack of 0°, 5°, 10°, 15°, 
and 20°. 


Control Surface Icing Tests 


Through the courtesy of The B. F. Goodrich Com- 
pany, refrigerated wind-tunnel tests were made in June, 
1937, on the 2-ft. chord control surface model of Fig. 4 
using various balance nose shapes and amounts of over- 
hang. Since the object of these tests was to determine 
where and how ice would form on the various movable 
surface noses, wax impressions were taken where ice 
became of appreciable thickness and plaster casts were 
made. By starting each run at the same tempera- 
ture and keeping the duration constant, compari- 
sons between various nose ice formations could be 
made. 

Photostats of the plaster casts have been reduced in 
size and are represented in Fig. 7 for a = 0°. Al- 
though it was originally intended to duplicate ice forma- 
tions obtained on the several nose shapes and to measure 
hinge moments in the wind tunnel, this was never done. 
The results from the ice tunnel, therefore, must neces- 
sarily remain qualitative in nature. 


Control Surface Pressure Distribution 


In connection with the structural design of one par- 
ticular airplane, it was necessary to obtain representa- 
tive pressure distributions over the vertical surface with 
and without rudder aerodynamic balance. Wind- 
tunnel tests were conducted at GALCIT on a complete 
scale model equipped to measure pressures on fin and 
rudder at various angles of rudder deflection and yaw. 
Pressure distributions for the mean vertical surface air- 
foil section are shown in Fig. 8 for a test Reynolds Num- 
ber of 870,000 based on the above chord. These data 
are presented as a matter of interest in showing the 
effect of aerodynamic nose balance upon the pressure 
distribution over a representative control surface sec- 
tion. 


ANALYSIS OF DATA 


Theory 


The equations for the lift and hinge-moment charac- 
teristics of a control surface with finite aspect ratio 
under the assumptions of the lifting-line theory and for 
an elliptic span loading may be written in the following 
differential form: 


dC, = Cr, da + Cr; dé (1) 
dCy = Cu, da + Cu; dé (2) 
From Eqs. (1) and (2) 
Ca, = (7) Cis x (#) Che (3) 
dC, 6 dq 6 ; 
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NOSE SHAPE 8B 
35% BALANCE 





NOSE SHAPE 8 
28% BALANCE 











NOSE SHAPE A 
35% BALANCE 


NOSE SHAPE C 
35 % BALANCE 

Fic. 7. Ice formations on a movable control surface with 
variations in aerodynamic balance and nose shape. Tests were 


made in the Goodrich ice tunnel using model of Fig. 4 at zero 
angle of attack. 


From Eq. (2) 
Cu; = (dCy/déi) — Cu,(da/dé) (4) 
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Fic. 8. Representative pressure distributions obtained from the GALCIT 10-ft. wind tunnel on the mean airfoil section of a 


vertical surface at various angles of yaw and rudder deflection with and without aerodynamic balance. 


Airfoil section and 


hinge locations shown in Fig. 18, Airplane No. 2. Test Reynolds Number 870,000. Gap = 0.0023C. 


Substituting Eq. (3) in Eq. (4) and fixing da/dé by the 
condition that C, be constant during the variation in a 
and 6, Eq. (4) becomes, 


Cu; = (4) _ (4) () CL (5) 
d6 Je de,/8\d6/ci 


(dCy/d5)c, => (dc,/d5)., (6) 


where 


under the above assumptions. 


Empiric Correction Factors 


Using the lift and hinge-moment data from the basic 
wind-tunnel model, necessary cross plots were made and 
slopes were measured so that empiric correction factors 
could be determined for variations in aerodynamic 
balance and nose shape. These slopes were read be- 
tween the limits —10° < 6 < +10° and 0° <a < 
+10°. The correction factors, designated as ,, 5, and 
m,, are applied to the section coefficients from thin- 
airfoil theory in the following manner: 


(da/d6)e, = m(da/dd) (7) 
CH, > Na(den/dc;)sCLe (8) 


“er (%*) | (2) | 
Cx; = a a G. 9 
” ( cl ™ db) . dc, t) . ( ) 


The section parameters, (da/dé),,, (dc,/dc;);, and 


(dc,/d6)., are obtained from Fig. 10. Correction fac- 
tors are given in Fig. 9 for various nose shapes and 
amounts of overhang. Since these factors are indepen- 
dent of aspect ratio only under the assumptions of the 
lifting-line theory and for an elliptic span loading, their 
use can be considered to give strictly accurate results 
only for the control surface configuration tested. De- 
sign experience, however, has indicated that 7,, 73, and 
m may be used with reasonable accuracy over the nor- 
mal range of aspect ratios for control surfaces having 
the airfoil section of Fig. 2 and proportional plan 
form. 

As an indication of the accuracy that can be expected, 
comparisons were made between calculations and scale 
airplane model tests where movable control surface 
hinge moments were measured. Agreement is shown 
in Fig. 11 where calculated values of Cu, and Cu; are 
compared with those obtained from complete model 
empennages with control surface aspect ratios ranging 
from 1.5 to 5.0. It is indicated that a reasonable ap- 
proximation of hinge-moment parameters may be ex- 
pected using the factors of Fig. 9. Cz, for the finite- 
span model surfaces was obtained from the relation 


ao T 
1+ waa HBS aa 


AR,, p, and r depend upon the type of control surface 
design as follows: 
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THREE DIMENSIONAL CONTROL SURFACE PARAMETERS USING ABOVE FACTORS: 
(1) CONTROL EFFECTIVENESS, 
[4 
($8)c, is "u(#)., 
(2 HINGE MOMENT VARIATION WITH ANGLE OF ATTACK, 
Ca = Ma (9S) Cry 
(3) HINGE MOMENT VARIATION WITH CONTROL SURFACE 


cu = leh ~ "oC Pete a) 


Fic. 9. Factors "a, %, and % used for obtaining control 
surface hinge moment and effectiveness parameters when aero- 
dynamic balance and nose shape are varied. 


PARAMETER 





0 10 20 30 40 50 60 70 .80 


" Fic. 10. Theoretic control surface parameters for simply 
hinged flaps. Multiplicative factors %, 5, and 7, give corrected 
parameters for the aerodynamic balance variations shown in 
Fig. 3 using the airfoil section of Fig. 2 
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Fic. 11. Comparison of hinge moment parameters CHa and 
Cus obtained from calculations and wind-tunnel tests showing 
the accuracy that may be expected using the factors a, 5, and 7). 


ARy, = ARzg, p variable with single vertical surfaces 

ARy, = ARg, r variable, p = 1.0 with double verti- 
cal surfaces 

ARy, = 1.55 ARy, p = 1.0 with single vertical sur- 
faces 


ARy, = ARy, p = 1.0 with double vertical surfaces 


Parameters p and r are found in Fig. 4 of reference 2 

The nose shape adopted for design and used in most 
cases on the various model control surfaces was inter- 
mediate between shapes B and C, designated as 
(B + C)/2. This shape is shown in Fig. 2 with ordi- 
nates given in Table II. Tests on the basic model 
(Fig. 4) were made with this nose shape and one value 
of aerodynamic balance, @/c; = 0.33. 

Correction factors for other values of overhang are 
taken intermediate between those for shapes B and C as 
shown in Fig. 9. Agreement between this interpolated 
curve and actual test points on complete models with 
control surfaces having nose shape (B + C)/2 is shown 
in Fig. 12. Considering variations in hinge-line loca- 
tion, the comparison is reasonably good. In determin- 
ing 7, and 7; from wind-tunnel tests on the complete 
models, it was assumed that the dynamic pressure at 
the tail equaled that in the free stream. 


DESIGN Factors AFFECTING THE CHOICE OF 
AERODYNAMIC BALANCE 


Control Forces 


Obviously, the primary purpose for using aerody- 
namic balance on movable control surfaces is to reduce 
control forces. Through choice of nose shape and 
amount of balance overhang, a considerable range of 
hinge moment adjustment is available, although defi- 
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Fic. 12. Comparison of hinge moment factors %¢ and 73 ob- 
tained from tests on the model of Fig. 4 and tests on scale airplane 
models having control surfaces with balance nose shape (B+C) /2. 


nitely restricted by other control surface design require- 
ments. In the case of modern airplanes characterized 
by relatively wide speed ranges, it will undoubtedly be 
impossible to solve all the control-force problems satis- 
factorily through the use of aerodynamic balance alone. 
Some hinge-moment reduction can be effected, however, 
thus resulting in a more efficient control system by 
virtue of lighter design loads. In the case of an ex- 
tremely large aircraft, hinge-moment reduction will add 
to flight safety in the event of power boost failure, since 
the pilot can more easily control the airplane directly 
through his own strength. 

As a means of presenting what can be accomplished, 
three representative airplane designs with gross weights 
varying from 15,000 to 60,000 Ibs. have been studied 
with respect to elevator stick force per unit normal ac- 
celeration in pull-outs. For each design the horizontal 
surfaces were chosen to satisfy the longitudinal stability 
and control requirements of the particular case, using 
the modified airfoil section of Fig. 2 and proportional 
horizontal surface plan form. Elevator aerodynamic 
balance overhang and nose shape were then varied, 
giving the force changes shown in Fig. 14. These 
changes were computed using the empiric correction 
factors of Fig. 9, a common c.g. location of 25 per cent 
M.A.C. (mean aerodynamic chord), and sea-level alti- 
tude. Based upon recent control-force requirements, 
values of stick force per unit acceleration should be 10, 
30, and 45 for the one-, two-, and four-engined cases, 
respectively. Although inspection of each example pre- 
sented in Fig. 14 shows that the above-required values 
of stick force per unit acceleration could be obtained 
with some combination of elevator nose shape and bal- 
ance overhang, certain design limitations exist and will 


be discussed below. 
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The aerodynamic balance designs recommended for 
the various cases incorporate the intermediate nose 
shape (B + C)/2, with values of @/¢,; = 0.33, 0.33, and 
0.37. From Fig. 14 these balance combinations give 
stick forces under acceleration of 20, 30, and 110 Ibs, 
per g, thus indicating that elevator control forces are 
in excess of requirements in the first and third cases. 
Since a common c.g. position of 25 per cent M.A.C. may 
not represent final comparative normal loading condi- 
tions for one-, two-, and four-engined airplanes, the 
relative magnitude of these forces may change. It may 
be concluded from Fig. 14, however, that difficulty can 
be expected in meeting elevator control-force require- 
ments for all cases through the use of balance overhang 
alone. Nevertheless, the effectiveness of the subject 
method in reducing forces can be clearly shown for the 
three examples through a comparison of elevator con- 
trol forces per unit acceleration with and without aero- 
dynamic balance. The values are 50, 80, and 600 with 
a radius balance nose in comparison with values of 20, 
30, and 110 which can be obtained with reasonable 
values of aerodynamic balance. 


Control Effectiveness 


In order to provide adequate control effectiveness, 
particularly at low air speeds, without an excess of mov- 
able surface area, it is considered best to use the highest 
allowable movable control surface angle consistent with 
a continuous increase in lift. This design consideration 
materially affects the choice of aerodynamic balance, 
since it is evident from the basic wind-tunnel data that 
for a given hinge-moment reduction the blunt-nose- 
shaped balance causes premature stall, while the sharp- 
nose-shaped balance gives hinge-moment reversal at 
high angles. The tendency to stall off the control sur- 
face nose at high angles is greatly affected by the surface 
angle of attack. At a = 0°, for example, as in the case 
of a rudder on a twin-engined airplane after engine 
failure when trimmed for zero sideslip, the stall occurs 
much earlier than when the angle of attack of the sur- 
face is opposed to the flap deflection as in the case of an 
elevator during landing or the rudder in a sideslip. 
This difference usually limits the amount of aero- 
dynamic balance which can be used on a rudder in com- 
parison with that on an elevator. 

‘In order to illustrate further the effects of this con- 
sideration on the choice of aerodynamic balance, curves 
of hinge moment and lift characteristics vs. control sur- 
face angle were analyzed from the basic data. The 
point at which the movable surface stalled was taken 
as that where either an abrupt increase in hinge moment 
or a break in lift occurred. Results of this study are 
given in Figs. 13a and 13b in the form of stall bounda- 
ries, limiting the values of elevator aerodynamic balance 
for the particular case of a horizontal surface in the 
landing attitude, a = 10°. A comparison of these 
figures indicates a required reduction in aerodynamic 
balance as the maximum up-travel of the elevator is in- 
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creased (Semar. from —25° to —30°). Although advan- 
tage may sometimes be taken of less maximum eleva- 
tor travel to effect a stick-force reduction through re- 
sulting increase in mechanical advantage as well as 
through increased aerodynamic balance, other design 
considerations usually demand that all available con- 
trol surface effectiveness from angular throw be ob- 
tained. 


Overtravel Gap 

If a control surface is deflected beyond a certain 
angle, unporting of the nose leading edge outside the air- 
foil contour will be sufficient to cause a sudden hinge- 
moment reversal, particularly when the angle of attack 
on the surface opposes that of the control. This brings 
another consideration into the picture, the amount of 
allowable overtravel gap (go). Whereas with a sharp- 
nose shape and high balance overhang, maximum throw 
will be severely limited by this consideration, a blunt- 
nose shape with less overhang will permit more angular 
travel. Although no quantitative data are available 
to establish a gap limit, design experience indicates that 
the value of go should be taken as £0.50 per cent c for 
satisfactory hinge-moment characteristics at full mov- 
able surface throw. The relationship of this limit to 
variation in balance overhang and nose shape is shown 
for the case of an elevator in Figs. 13a and 13b for limit- 
ing travels Of Semar, = —25° and —30°. It is apparent 
from these figures that a fixed value of overtravel gap 
limits particularly the amount of overhang which can 
be used as balance nose shape is sharpened. 

It is possible to increase the allowable overtravel gap 
by the use of a fabric seal between fixed and movable 
surfaces in cases where maximum control effectiveness 
has not been obtained. Here the difficulty of designing 
and manufacturing a satisfactory seal must be com- 
pared with the aerodynamic advantages gained. These 
will be discussed later in the paper. In order to pre- 
vent exceeding the limiting angular travel of a control 
surface once the allowable value of overtravel gap has 
been chosen, it is imperative that stops be furnished 
at the control surface rather than in the cockpit. 


Free-Control Stability 

A further consideration bearing directly upon the 
choice of aerodynamic balance is the degree to which 
control-free stability is adversely affected. The ratio 
of free- to fixed-control stability due to tail surfaces only 
may be expressed as 


F = 1 + (da/d6)c,(Cu,/Cu;) (11) 


The variation of F with aerodynamic balance is shown 
in Fig. 13c, where a pronounced decrease in free-control 
stability is evident with hinge-moment reduction. The 
factor, F, decreases both as the balance nose shape is 
changed from sharp to blunt and as the amount of 
balance overhang is increased. This loss in free-control 
stability with proportional balance overhang must be 
considered during the initial stages of control surface 
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design in relation to the advantages of control-force | 
For the study of balance limits applicable | 


reduction. 
to an elevator (Fig. 14) a value of F = 0.5 was chosen 


to represent the maximum loss in free-control longitudi- | 


nal stability which could be exchanged for desirable 
control force reduction on a large airplane. This limit 
is closely approached in the case of the four-engined 
airplane (Fig. 14c) where a high degree of hinge-moment 
reduction is required to bring control forces within the 
fixed limit of pilot strength. 


Icing 


Another factor entering into the design of a movable 
control surface is the degree to which the balance nose 
is subject to critical ice formation. The results of the 
Goodrich icing tests shown in Fig. 7 indicate that forma- 
tions of a critical nature can form on the various balance 
noses, particularly at high control surface angles. For 
example, with 6, = 20° the ice formations on all nose 
shapes with 35 per cent balance are such that the con- 
trol surface probably could not be returned to neutral. 
In order to evaluate the degree to which the various 
noses are subject to icing, the angle, 8, was measured 
for all cases. A purely qualitative inspection indicates 
that when this angle is greater than 135° a critical con- 
dition will probably result. Upon this basis the limit- 
ing control surface angles shown in Fig. 15 for balance 
overhang and nose-shape variations were obtained. 

The primary instance where icing possibilities must 
be avoided is in the case of the rudder of a multiengined 
airplane. After failure of an engine, the asymmetric 
thrust must be trimmed out for a considerable length 
of time well within the limits for critical ice formation to 
occur. In designing the rudder for such a case it is 
necessary that the effectiveness be adequate to trim 
for the most critical engine failure condition with a rud- 
der angle such that 6 < 135°. Using representative 
two- and four-engined airplane designs with rudders 
having the (B + C)/2 nose-shape and balance overhang 
values of 0.28 and 0.33, respectively, the rudder angles 
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Fic. 15. Limiting control surface angles for aerodynamic 
balance and nose shape variations to avoid undesirable ice for- 
mation. Control surface angles determined on basis of 8 = 135° 
{Examples are with (B + C)/2 nose shape. ] 
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for various conditions of engine failure are shown in 
Fig. 15. Although the twin-engined case after failure 
of one engine is the most critical, the rudder effective- 
ness has been chosen such that 6, does not exceed the 
icing limit. Because the rudder in the case of the four- 
engined airplane was necessarily designed for the critical 
condition of two engines inoperative on the same side, 
ample margin exists for the more usual case of only one 
outboard engine inoperative (6, = 6°). 


EFFECT OF MODIFICATIONS 


Although the factors given in Fig. 9 specifically apply 
only to control surfaces having the NACA 0012 section 
modified to 10.7 per cent c thickness by 12 per cent c 
extension with flat-sided afterbody and with hinge line 
at 63 per cent c, design applications have indicated that 
the data presented may be used with reasonable ap- 
proximation for cases varying from the above airfoil 
section. Since application of these data to other cases 
must be accompanied by good judgment and the full 
realization of possible errors, a brief discussion is in- 
cluded treating the effects of various modifications and 
their relative merits based principally upon Douglas 
testing and design experience. 


Airfoil Section 


Reasons for selecting the NACA 0012 airfoil as the 
basic section have already been discussed, Other than 
leading edge radius, which exerts a powerful influence 
upon the stalling characteristics, the most important 
airfoil section properties that may be altered are the 
maximum thickness and chordwise location of maxi- 
mum thickness. For a control surface without aero- 
dynamic balance, increasing the thickness or moving 
the maximum ordinate aft will generally reduce the 
factors 7., 3, and m. The principal effect of these 
changes is to increase the included angle at the trailing 
edge with resulting decrease in circulation and altera- 
tion in pressure distribution, particularly over the 
movable control surface afterbody. From DC-2 flight 
tests and later model tests, changes in airfoil contour 
forward of the movable surface appear to have minor 
effects on control surface parameters. It is reasonable 
to expect, however, that the effects of viscosity will be- 
come more pronounced as airfoil thickness is increased, 
making it necessary to interpret carefully wind-tunnel 
results on thicker surfaces. 

For an aerodynamically balanced surface the above 
reductions in factors n,, 75, and are partially offset by 
a decrease in balance effectiveness. Increasing the 
thickness of the balance nose section, whether by mov- 
ing the maximum ordinate aft or by increasing airfoil 
thickness, reduces the amount of balance which will 
project outside the airfoil contour for a given 6,, with 
the inevitable result that the balancing pressures are 
reduced. Thus, Fig. 9 cannot be used ¢to calculate ac- 
curately the effects of change in balance overhang or 
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nose shape for airfoil sections of different thickness ratio 
or distribution. Since, however, the loss in balance 
effectiveness is offset by a corresponding reduction in 
the factors for an unbalanced surface, it is considered 
that the use of Fig. 9 for estimating hinge moments on 
other airfoils can be used for a rough first approximation 
in the absence of more specific data on the correct airfoil 
section. 

In general, the use of airfoil sections of maximum 
thickness greater than 12 per cent ¢ is not recommended 
for control surface design, primarily because the thicker 
sections indicate a greater tendency to develop ‘‘flat 
spots” in the hinge moment vs. angle curve near neu- 
tral, particularly when the control surface is subject to 
the seemingly inevitable manufacturing irregularities 
that move the transition point forward. For a limited 
range of angle of attack and control surface deflection, 
Cu, may become positive and Cx, extremely small. 
With control system friction, the floating tendency of a 
control surface having this combination of parameters 
may give rise to objectionable oscillations. 


Afterbody Shape 


Considerable variation in the hinge-moment param- 
eters of a control surface may be obtained through 
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EFFECTIVENESS 


ELEVATOR(OR RUDDER) FOLLOWING 
BODY LINES ADDS AREA AFT OF 
THE HINGE UNE WHICH IS DIFFI- 
CULT TO BALANCE OUT. MORE 
DESIRABLE TO CUT PERPENDICU- 
LAR TO HINGE LINE 
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(Q) HORIZONTAL SURFACES 
UNSHIELDED BALANCE IS SUBJECTED 
TO ICING DIFFICULTIES. 
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MOVABLE TAIL CONE CAUSES CONTROL 
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AND INTERFERENCE WITH HORIZONTAL 
SURFACES. 


(b) VERTICAL SURFACES 


Design features to be avoided for maximum aero- 
dynamic balance efficiency. 
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alteration of afterbody shape. Data in Fig. 9 are 
specifically applicable to flat-sided control surfaces 
having a trailing edge angle of 10° and therefore cannot 
be applied with any degree of accuracy to control sur- 
faces with afterbodies convexed, concaved, thickened, 
bevelled, or stripped. In general, any modification 
that increases the trailing edge angle will decrease n,, 15, 
and », as in the case of an increase in thickness. AI- 
though a convex-sided afterbody may be effectively 
used to change hinge-moment parameters, particularly 
to reduce C#,, a movable control surface with this shape 
is considered more susceptible to undesirable oscilla- 
tions and to a loss in control ‘feel’ through neu- 


tral. 


Hinge Location 


The empiric correction factors, 7, 73, and 7, are used 
in conjunction with the theoretic parameters of Fig. 10 
to permit a variation in movable surface per cent chord 
to be taken into account in obtaining the parameters, 
(dcp/dc;)3, (de,/d6).,, and (da/dé).,. As c;/c is varied, 
a change in aerodynamic balance effectiveness is to be 
expected, since the thickness in the region of the balance 
nose is altered with hinge-line relocation. Since test 
points shown in Fig. 12 for scale models do not show 
any consistent trend within the range of hinge locations 
tested, it is believed that the present method can be 
used without appreciable error for Ac,;/c = +0.04. 
Rudder and elevator hinge lines used on conventional 
designs will probably lie within this range. 
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Gaps and Seals 


In addition to permitting an acceptable increase jp 
rudder or elevator angular travel, sealing the gap be. 
tween a fixed and movable control surface offers 4 
method of increasing the fixed-control stability through 
an increase in CL,. This increase, however, is usually 
obtained at the expense of a corresponding hinge. 
moment increase as illustrated in the auxiliary graph 
of Fig. 9. Here the effect of reducing control surface 
gap (g) is shown for (B + C)/2 nose shape and 33 per 
cent aerodynamic balance. 


Factors 7, and are not 


affected by gap size within the accuracy of the basic | 


test data. The empiric factor, 73, however, was in- 
creased from 0.39 to 0.49 with gap change from 0.5 per 
cent c to a complete seal. For the horizontal surface 
of the single-engined example previously used, these 
changes amount to increases in elevator stick force per 
unit acceleration from 20 to 30 in exchange for an ap- 
proximate 2 per cent M.A.C. rearward movement of 
the fixed-control longitudinal stability neutral point. 
Presumably some of this increase in stick force could 
be overcome through use of a smaller tail surface in the 
initial design stage. Loss in lift curve slope, Cz,, would 
be expected to increase with larger gaps and with for- 
ward chordwise movement of gap location into a lower 
pressure region. 


INFLUENCE ON DESIGN 


For maximum aerodynamic balance efficiency it is | 
considered advisable to use proportional control surface | 
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niece HORIZONTAL SURFACE SECTION CHARACTERISTICS , 
AIRFOIL SECTICN ELEVATOR ' 
BASIC AIRFOIL cK NG EDG! ANGLES (D: GAPS (%<) 
” so Sunie ICKNESS (%c)| TRAILI! E a . . (Degrees) 
F Included Nose lesign L.E. Un- Over Icing Miniaus Over 
Location! Balance 
usber Type Root Tip ‘cas Root | Tip Angle Radius z% rs is Shape Stops porting Trevel Liait Clearance Travel 
B (deg) | (S<) u is Se aax.° | Se,° 4¢ Ge ice? 3 & 
1 n-69 | 12.17 8.40] 12 10.87} 7.50] 13.7 0.12 | 0.300 0.302 calioate -30 + 20 26.3 3.7 16.0 0.68 0.05 
2 “waca | 0012 | 0012 2 10.7 | 10.7 | 10.2 0.06 | 0.390 0.333 Bec /2 2 +18 19.8 1.2 1.7 0.46 C) 
3 waca | 0012 | CO12 | 12 10.7 | 10.7 | 10.2 0.12 | 0.370 0.351 BeC/2 -29.5 + 11.75] 19.3 | 10.2 10.7 0.40 0.56 j 
4 waca | 0012 | Ocl2 12 10.7 | 10.7 | 10.2 0.10 | 0.400 0.29% Modified |_59 + 20 2.3 8.7 14.8 0684 0.56 
Elliptic 
5 w-69 | 11.10 9.32] 23.3 10.40] 5.85 | 9.2 | 0.08 | 0.338 0.323 — -30 ° 20 16.1 | 13.9 eS 0.57 0.78 
° waca | 0013.5 | 0013.5 | 12 12.0 | 12.0] 1.3 0.07 | 0.390 0.306 Bec /2 -35 + 20 2bel | 10.9 14.7 1.19 0.50 
7 waca | OOLA | 0012 12 12.5 | 10.7] 12.3 0.15 | 0.350 0.37% BeC/2 -25 +15 20.7 bed 10.7 0.51 0.06 
8 waca | OO15 | OOl2 12 13.39] 10.7 | 1.8 0.10 | 0.400 0.367 BeC/2 “25 + 20 2.7 3.3 1.3 0.53 0.06 | 
TABLE IV VERTICAL SURPACE SECTION CHARACTERISTICS 
AIRFOIL SECTION RUDDER 
airpl DSi’ AInPOR, Chord [THICKNESS (fc) | TRAILING EDGE | Ringe | Aerodynanic ANGLES (Degrees) GAPS (%<) ' 
% Extension poy Radius | Location; Bal — Sesign LE. Un- Over Icing Miniaua Over i 
Nuaber Type Root Tip ‘ Root | Mp Angle > [ey Saag Shape Stops porting Trevel Liait Clearance Travel 
(% <p) (deg.) | (%<) m r/*r Soo? Ty? a | Sr ice? ; & 
ial 
1 N-69 1.20 11.20 12 10.0 | 10.0 u.7 0.12 0.427 0.210 BeC/2 230 27.0 3.0 16.0 1.08 ° 
2 NACA | 0012 0012 12 10.7 | 10.7 | 10.2 0.0% | 0.398 0.299 BeC/2 220.5 22.0 | -1.5 13.7 0.2% C) 
3 waca | 0009 0009 9 8.26] B.S] 8.2 0.17 | 0.4210 0.302 BC/2 “19.5 16.5 3.0 10.0 0. 2b 0.09 
4 waca }OM2 | ool2 | 12 10.7 | 10.7 | 10.1 | 0.07 | 9.457 0.2m Medi fied 222.5 20.5 | 2.0 15.7 0.68 0.06 
Elliptic 
5 NACA 0012 0012 12 10.7 | 10.7 10.1 O.l4 0.398 0.329 BeC/2 230 20.3 9.7 11.9 0.43 0.79 
6 NACA | 0012 0012 lw 10.7 | 10.7 10.1 0.06 0-426 0.281 Bec /2 225 22.5 2.5 13.7 1.20 0.0 
' 
7 aca | 0012 ool2 12 10.7 | 10.7] 10.2 0.13 | 0.350 0.33h BeC/2 220 2b | 0.4 11.0 0.49 ° 
2 | Naca | 0015 oo12 12 13.39] 10.7] 12.8 0.08 | 0.400 0.328 Bec /2 222.5 23.8 | -1.3 12.9 0.50 Cy 
———_ 
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AERODYNAMIC BALANCE ON CONTROL 


plan form and section. Since balance overhang can 
then be chosen as a constant ratio along the span, both 
the amount of balance required for a given hinge- 
moment reduction and the overtravel gap can be mini- 
mized, thus increasing control effectiveness. To obtain 
completely uniform angular projection of the balance 
nose section outside the control surface airfoil contour 
all along the span, airfoil sections must necessarily be 
similar. In cases, however, where the root thickness 
has been increased for structural reasons, balance over- 
hang or nose shape will have to be altered along the 
span to provide equivalent hinge-moment reduction. 
Proportionality of both plan form and section not only 
permits a closer approximation of control surface charac- 
teristics to be made from section test data but also pro- 
vides a major simplification in design layout and loft- 
ing processes. 

Several horizontal and vertical control surface plan- 
form variations to be avoided for maximum balance 
efficiency are shown in Fig. 16. It is necessary to point 
out that, although certain of these features have been 
successfully employed in control surface design, their 
use will not result in the best solution with respect to 
satisfying the aerodynamic balance design requirements 
previously outlined. The degree to which it is neces- 
sary to meet these requirements remains directly de- 
pendent upon the amount of hinge moment reduction 
desired without resorting to other means. In this re- 
spect an airplane with conventional empennage propor- 
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tions and a wing area of 1,400 sq.ft. is considered repre- 
sentative of a conservative upper limit beyond which a 
satisfactory solution to the control force problem using 
aerodynamic balance alone cannot be expected. For 
designs above this arbitrary limit, however, conserva- 
tive aerodynamic balance values can still be used to de- 
sign advantage as follows: by reducing hinge moments 
that must be handled by power boost or other means; 
by providing means for sectional balance weight attach- 
ment, thus giving movable surface dynamic as well as 
static mass balance; by reducing control system loads; 
and by increasing the control effectiveness of a tab. 

As an aid toward the application of the design prin- 
ciples discussed in this paper, the airfoil section charac- 
teristics for the horizontal and vertical surfaces of eight 
Douglas airplanes are presented in Figs. 17 and 18. 
Quantitative data are listed in Tables III and IV, from 
which representative variations may be obtained with 
respect to airfoil section, hinge location, balance 
over-hang, nose shape, limiting angular travels, and 
gaps. 
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Erratum 


In the article “Stress Analysis of Open Cylindrical Membranes’”’ by Leon Beskin (JOURNAL OF THE AERONAU- 
| TICAL SciENCES, Vol. 11, No. 4, p. 343, October, 1944) a mistake occured on page 350, right column, under Eq. 
| (48). The sentence should read: “The coordinates of that point being (x, v1) in respect to the shear center.” 





Coefficient Method for Solving the Flutter 
Frequency Equation’ 


M. V. BARTONt 
The Unwersity of Texas 


ABSTRACT 


The flutter frequency equation for a three-degree-of-freedom 
system is a cubic equation with complex coefficients. The usual 
methods of solving this equation involve the solution of a cubic 
equation for every assumed value of the ‘‘reduced velocity.” 
The coefficient method makes it possible to determine the sta- 
bility of the motion from the relations of the coefficients of the 
frequency equation and eliminates the necessity of solving any 
cubic equation to determine the critical conditions. The method 
also makes it possible to obtain a ‘‘bracket”’ of the critical condi- 
tions, thereby reducing the number of trial values of the reduced 
velocity. The intersection of the curves indicating the critical 
conditions is, in general, more definitely established by the co- 
efficient method than by other methods. The method may be 
easily extended to systems with more than three degrees of 


freedom. 
tare HAVE BEEN many methods'~‘ devised for 
solving the stability determinant or the frequency 
equation that arises in determining the flutter speed of 
a portion of the aircraft structure. The equation 
representing the critical conditions for a three-degree- 
of-freedom system—for example, wing-bending, wing- 
torsion, and aileron-rotation—is a cubic equation with 
complex coefficients. The coefficients of the equation 
are functions of a large number of structural and fre- 
quency parameters. The nature of the problem is such 
that the unknowns cannot be separated, thus making it 
impossible to solve the cubic frequency equation for 
the critical conditions directly. A trial-and-error solu- 
tion is therefore indicated. The straightforward pro- 
cedure of solution consists of assuming one of the un- 
known parameters, usually the “reduced velocity,’’ and 
determining the corresponding cubic frequency equa- 
tion. The equation is then divided into its real and 
imaginary parts and the roots of these two equations 
are determined in the usual way. The roots from the 


INTRODUCTION 


real and the imaginary equations are plotted and the 


intersection of their graphs indicate the values of the 
parameters for the critical conditions. For each as- 
sumed value of the reduced velocity there must be 
solved at least one cubic equation in order to determine 
the roots for plotting. The method proposed here 
would obviate the necessity for solving any cubic 


Received June 12, 1944. 

* The author has recently learned that Dr. S. Sherman, of 
Curtiss-Wright Corporation, has had considerable success in 
solving this problem by means of a generalization of the Routh 
Discriminant. 
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equations. It will be shown that an examination of the 
coefficients of the frequency equation is sufficient for 
determining the critical stability conditions. 


FREQUENCY EQUATION FOR TWO DEGREES OF FREEDOM 


Although the coefficient method is more valuabie 
when applied to a three-degree-of-freedom system, a 


binary system will first be discussed in order to indicate 


the nature of the problem. 

Consider a vibrating system involving only two 
flexibilities, such as wing-bending and wing-torsion. 4 
mechanical model of such a system might be repre. 
sented as shown in Fig. 1, in which the restraint to the 
bending and the twisting of the wing section is provided 


by springs. The other quantities to be considered 
are: 
Mm. = mass of wing per unit ft. (slugs per ft.) 
r,0 = radius of gyration of wing about elastic axis 
(ft.) 
x,b = distance from elastic axis to center of gravity 
(ft.) 
k, = bending stiffness of wing (Ib. per ft.) 
k, = torsional stiffness of wing about elastic axis 
(Ib.ft. per rad.) 
2b = chord of wing (ft.) 
a = angle of attack measured from a nonoscillating 
equilibrium position (rad.) 
y = deflection of elastic axis (ft.) 


ky 
> _— AXIS 


rx. b-] 





re a 


Mechanical system for wing-bending wing-torsion. 





Fic. 1. 





The dynamic forces acting on a vibrating typicd| 
section of an airfoil consist of (1) elastic forces, (2) 
inertia forces, (3) damping forces, and (4) aerodynamt 
forces. 
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SOLVING THE FLUTTER FREQUENCY EQUATION 165 


Elastic Forces 


The elastic force and moment will be the product of 
the spring constant and the displacement, respectively. 
Force = k,y. Moment = k,a. 


Inertia Forces 


The inertia force and moment will be the product of 
the mass and acceleration and the mass moment of 
inertia and angular acceleration, respectively. Force = 
myy + MyXgba. Moment = myr,*b?& + myXqby. 
Where y = dy/dt and ) = d*y/dt?*. 


Damping Forces 


Numerous investigators? have shown that the struc- 
tural damping force is almost directly proportional to 
the amplitude of displacement and independent of the 
frequency. If all the factors contributing to damping 
are combined for each degree of freedom, then the 
damping force can be expressed in terms of a coefficient 
g, Which is defined as the ratio between the damping 
force and the elastic force. This damping force is in 
phase with the velocity and therefore leads the displace- 
ment by 90°. This can be taken into account by 
multiplying the displacement vector by 1 = +/—1, 
Damping force = ig,k,y ; damping moment = ig,k,a. 


Aerodynamic Forces 


Theordorsen'! and others have determined the addi- 
tional aerodynamic forces and moments acting on an 
airfoil due to its vibration at constant amplitude. 
Such vibration would correspond to the motion be- 
tween the stable and unstable regions. The force and 
moment for the binary system considered are: 


L = pb?x(va + ) — ba) + 2apvbP X 
[va + y + b(*/2 — a)al 
M = —pb?x[(?/2 — a)uba + b?(1/, + a2)& — aby] + 
Qpvb*x(a + 1/2)Plva + y + B(2/2 — a)a] 


where L = lift force (+ upward) (Ib.) 

M = moment of air forces about elastic center 
(Ib.ft.) 

ab = distance from mid-chord to elastic center 
(ft.) 

v2 = relative air velocity (ft. per sec.) 

p = density of air (slugs per cu.ft.) 

P = F — iG, a complex constant depending on 


the ratio v/wb where w is the circular fre- 
quency of vibration. (For values of F 
and G see reference 1.) 


From a consideration of the equilibrium of the forces 
and moments acting on the airfoil, two equations can 
be obtained in terms of y and a and their derivatives. 
Since the motion is assumed at the borderline of insta- 
bility, the vibratory motion can be assumed to be taking 
place at constant amplitude and simplification of the 


€quations is obtained if the forms of y and @ are taken 
as 


iwt 
y = yee’ 
a= ag +o) 


then i = iwy, jy = —w’y, etc. 
The equations of equilibrium thus may be written 


A (y/b) + Ba = 0; from =F, = 0 


C(y/b) + Da = 0; from=M = Of (1) 


w w 


B= —px,+i(~)+ +[2(£) + 
Mat (*) 4 wb 
itt 2a) |( “\P 
wh 


where A = f 1 + 1 + in) | — 2i( 2 \P 


C = —yx, +a — 2i( : Ja + '/2)P 
wb 
D = -2(a+ 1) ; | "+ i(/2 — a) |P - 
wb/Lwb 
4 Wy? : [ov ‘ 
wre — —(1 + igs) | + i( er -s)- 
w? wh 
1/, ide a? 


w= m,,/apb? 
uncoupled natural circular frequency of 
wing in bending = ~V/k,/m, 
@, = uncoupled natural circular frequency of 
wing in torsion = +/%,/I. 


Wy 





The solution of Eqs. (1) requires the determinant of 
the coefficients be zero or 


AB 


A= led 


= AD —- BC =0 (2) 








This is known as the “frequency equation.” It 
should be noticed that only the term A and D contain 
both w* and v/wb. For assumed values of v/wb, A be- 
comes a quadratic in w”. 


SOLUTION OF THE FREQUENCY EQUATION 


The straightforward solution of the frequency equa- 
tion used by Theodorsen! can be illustrated as follows: 

If it is assumed that the damping coefficients are 
equal, g, = g, = g, then a new variable can be intro- 
duced. 


Q = X(1 + ig) where Y = w,?/w? 


and for each value of v/wb the equation for A = 0 can be 
written 
Q? + (a, + 1b;:)Q2 + ae + ibe = 0 (3) 


If it is desirable to determine the flutter velocity for 
zero damping (side of safety), Eq. 3 can be written 


X? + (a, + 4b,;)X + a2 + 1b» = 0 
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Dividing this equation into real and imaginary parts, 
then two simultaneous equations result: 


Real: X?+ aX +a, =0 
Imaginary: bX + bo = 0 


Three values of X can therefore be determined for 
each v/wb that satisfies the frequency equation. The 
root of interest is the one satisfying both of the above 
equations simultaneously. This root may be found by 
determining the intersection of the real and imaginary 
equations as shown in Fig. 2. Having the values of X 
and v/wb that satisfy A = 0, the flutter speed can be 
determined from 


v = (v/wh)(w/w,)wab = (v/wb)(wb/ WX) 


where v/wb and X are determined from the intersection 
of the curves. 

In order to plot the curves and determine the inter- 
section of the real and imaginary parts, it is necessary 
to solve the quadratic real equation for each value of 
v/wb assumed. For a ternary system, the correspond- 
ing equation is a cubic and therefore more difficult to 
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Fic. 2. Solution of frequency equation for binary system. 


COEFFICIENT METHOD FOR BINARY SYSTEM 


Starting with the frequency equation for a given value 
of v/wb in the form 


2? + (a + 1b;)Q + a2 + ibe = 0 


let a root be Q; = X,(1 + ig). 

If the equation is now considered one with the damp- 
ing coefficient g and the frequency ratio X as the 
variables,® then from the roots of the equation for 
various assumed values of v/wb the variation of v and g 
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Fic. 3. Relations of velocity and damping for binary system, 7} 
L 
6 
can be obtained and plotted. See Fig. 3. From the } 
conditions of the problem, each point on the curve j 
represents the relation between the velocity v and the 5- 
damping coefficient g which satisfies the frequency L 
equation. | at 
Positive values of g greater than the amount | 
of structural damping indicate an unstable motion, a 
since more damping is required for stability than can be 3 
developed by the structure. If the structural damping ° 
available is assumed zero, then the critical condition is 
indicated when the damping coefficient passes through | 
zero from a negative to a positive value. The rootfor! p,, , 
this critical condition can be assumed } 
Q: = Xi 
Substituting this in the frequency equation and sepa Sin 
rating the real and imaginary parts, gives positir 
Real: X,? + a.X1+ a2. =0 yen 
ig. 
Imaginary: 05,X,+ bh = 0 | the sa: 
From the second, X; = —):/b;. This value sub indicat 
stituted into the first gives establi 
(b2/b:)? = ay(b2/b1) — ae (4); Cc 
) 
It can be shown by substitution into a case with: The 
known solution, that if mend i 
(bo/; bi)? < (ayb2/ bi) — ae of freec 
efficient 
the motion is stable and if indicati 
(b2/b:)? > (aibs/bi) — ae pb. 
intersec 
the motion is unstable. The 1 
Examination of the coefficients of the frequemy) ten j,. 
equation, therefore, will indicate whether the assumed equatio: 
value of v/wb gives a stable or unstable motion. Th} py, + 
value of v/wb that corresponds to the borderline be} ogy alw: 
tween these motions is easily obtained by plotting the) , 
values (b2/b;)? versus v/wb and (aib2/b1) — a2 vers 0° - 
v/wb. Their intersection satisfies Eq. 4. For any 
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Fic. 4. Determination of stable and unstable regions by co- 
efficient method for a binary system. 
Since X = w,y?/w? = —be/b, then —b./b,; must be 


positive and the value of the flutter speed is determined 
from v = (v/wb)(w,b/+/X) as before. 

Fig. 4 shows the plot of the coefficient relations for 
the same case previously evaluated. The intersection 
indicating the critical condition is more definitely 
established than previously. 


COEFFICIENT METHOD FOR TERNARY SYSTEM 


The coefficient method does not have much to com- 
mend it over other methods for the case of two degrees 
of freedom. It does have the advantage that the co- 
efficients of the frequency equation can be used as an 
indication of state of stability of the motion for a given 
v/wb. This helps in selecting a new v/wb so that the 
intersection can be “‘bracketed.”’ 

The main use of this method for a three-degree sys- 
tem is to overcome the necessity for solving a cubic 
equation. 

The frequency equation for three degrees of freedom 
can always be written in the form 


0% + (a + 1b;)Q? + (a2 + 1b2)Q + a3; + 1b; = 0 


For any root with the damping zero 
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Then 
Xo + (Qi + 1b,)X4? + (a2 + ibe)X1 + a3 + ibs = 0 
Separating into real and imaginary parts, 


xX; + aX? + 2X4 + a3 = 0 
bX}? + bX, + bs = 0 


Real: 
Imaginary: 
The solution of the quadratic is 
X, = (—b: + Wb? — 4bibs)/2b, = by, he 
Calling these roots k; and k, and substituting into the 


cubic, then 


k,3 = 
ky3 = 


— ayk;? ms Ack, = a3 | 


—aiks? — arke — as\ (5) 


If either of these equations is satisfied, the system is on 
the borderline between stable and unstable motion. 

The determination of the stability conditions for the 
ternary system is somewhat more complicated than 
for the binary system. In order to establish the condi- 
tions, a root of the frequency equation will be assumed 
in which the damping coefficient is not zero. A con- 
sideration of the equations will be made when g is 
assumed to be extremely small and varying between 
plus and minus values. 

Assuming a root 


Q = Xi(1 — ig) 


Substituting this root into the frequency equation and 
separating into the real and imaginary parts gives 


Real: (1 — 3g*)X13 + (a, — ag? — 2b,g)X1? + 
(d2 — bog)X, + a3 = 0 
Imaginary: (3g — g?)Xi3 + (2ag + db: — big?) X\? + 
(bo + aog)X; + db; = O 


Since g can be made as small as desired, solve the 
imaginary equation with g = 0 to determine the roots 
k, and ky. These roots have the same meaning as be- 
fore. Substituting one of these values, say k,, into the 
real equation and neglecting higher powers of g 


ky? + ayky? + aoki + a3 = (20:k, + de)kig 
Since k; > 0 then if g < 0 the motion is stable and 
ky? + ayky? + ack; + a3 < 0 
if 2b,k; + b2 > 0. Hence, the motion is stable if 
k,* < —a,k,? — ak, — 4s 
when 2);k, + b2 > 0 
k,® > —aQikn*? — dekn — Qs 
when 2),k, + b2 < 0; unstable if 


kn? > —Mkn? — deka — as 
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when 2),k, + be > 0 


k,° < —ayk, aan kn — Gs 


when 2d,;k, + bo < 0; forn = lor2. 


Since k; or ko = X = w,?/w*, both must be positive to 
have real physical meaning. 

The values of k,? and (—a,k,” — d2k, — a3) are plot- 
ted versus. v/wb, and the intersection determines the 
critical condition. Since there is a possibility of inter- 
sections between the curves for k, = k, and also inter- 
sections between the curves for kn = ko, the intersection 
giving the lowest flutter speed is the critical one. 

Fig. 5 shows the plot of the roots of the real and 
imaginary parts of the frequency equation for a ternary 
system. In this particular case, no definite intersection 
could be obtained. Fig. 6 shows the curves for the 
same system determined by the coefficient method. 
These curves show that the motion is unstable for only 
a short range between points A and B. The curves for 
ke were not plotted, since they give no intersection for 
this particular system. 

Point A on the curves in Fig. 6 corresponds to the 
lowest flutter speed. The values to be used from these 
curves in calculating the flutter speed are v/wb = 1.2 
and k;? = (w,/w)® = 1.63. Then v = (v/wb)(w/w,.) X 
bw, = [1.2/(1.63)'] bw. 

Extention of Method to Systems of More Than Three 
- «Degrees of Freedom 

For systems with more than three degrees of freedom, 

the frequency equation can be divided into its real and 
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wb 


Fic. 5. Solution of the frequency equation for ternary 
system. 
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Fic. 6. Determination of stable and unstable regions by the 


coefficient method for a ternary system. 


imaginary parts having one equation of odd degree and 
The values of k, can then be 
determined from the simplest equation and the rela. 


one of even degree. 
tions of the coefficients similarly established. 
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A Specific Chart for Flying Boat Take-Off 


Performance 


JOHN D. PIERSON* ann JOSEPH E. BURGHARDTT 
The Glenn L. Martin Company 


ABSTRACT 

The take-off performance of a flying boat is complicated in prac- 
tice by the variety of possible combinations of the basic operating 
yariables—weight, power, wind, and getaway speed. The de- 
sirability of a simple method of evaluating and presenting the 
required information is evident in view of the labor involved in 
computing performance for all the possible combinations of condi- 
tions involved. 

From early studies of Diehl and others and from later correla- 
tions of take-off data (both calculated and flight test), it has be- 
come clear that there exists an approximately linear relationship 
between the reciprocal of the take-off time and the four operating 
parameters listed above. It is empirically shown in this paper 
that, in addition, the take-off distance is directly proportional to 
the product of take-off time and getaway speed. 

These relationships form the basis for a new type of chart for 
the prediction of the take-off time and distance for a specific fly- 
ing boat under any reasonable combination of the operating vari- 
ables or for the reduction of flight-test data to a standard of com- 
parison. 


INTRODUCTION 


Fe SOME TIME the determination of take-off time 
and distance for flying boats has been a vexing 
problem. Calculations or estimates of this important 
design characteristic are generally made for certain 
“normal’’ conditions that are but rarely duplicated 
simultaneously in the actual operation of the ship. 

In a specific design (that is, one having given hydro- 
dynamic and aerodynamic characteristics), take-off 
time and distance are dependent upon the following 
basic operating variables: (1) gross weight, (2) brake 
horsepower applied, (3) wind velocity and direction, and 
(4) getaway speed. There is also a dependence upon 
pilot technique, but this is too uncertain a factor for 
quantitative correlation. 

When model-test data and thrust curves are available, 
it would be possible to compute take-off time and dis- 
tance for every conceivable combination of the above 
variables. However, this would be a tedious process. 
The standard step-by-step graphic integration process! 
that is necessary involves fairly lengthy thrust and re- 
sistance computations for accurate results. It is evi- 
dent that the repetition of such calculations for a com- 
prehensive coverage of the possible variations would be 
impractical. Because of the complex variation of water 
resistance and air drag with speed, an analytic solution 
is apparently not possible. 
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The problem is to reduce the required calculations to 
a minimum, correlating the results in such a way as to 
enable interpolation for any reasonable combination of 
the variables. The solution should be applicable not 
only to prediction of take-off time and distance for any 
given set of operating conditions but to the inverse 
problem of reduction of flight-test data to standard 
conditions as well. This is accomplished in the take-off 
chart (Fig. 1), the development and construction of 
which are traced below. 

















BRAKE HORSEPOWER pistance_% 
ol . cetaway Soff T) 
(MPH) 
3200 %G 
. 3000 % SP 
~ 9° ox 
@° . 
fe 
eo 
=) 
¥ G T/ 
! o) BBs YEdgHT/ 1000, 
10 \ 20 30| 40 50 60 70 
TAKEGFF TIME (SEC) 
Y | 
Ya * a} 8? FLIGHT 
xs) ¢|. TEST 
‘ YY x. 
HEADWIND (MPH) | BEST TAKEOFF t.. 














Fic. 1. Take-off performance chart. 


EVOLUTION OF THE CHART 


Take-Off Time Correlation 


From time to time there have been advances made in 
the correlation of flying boat take-off time data to ob- 
tain simple charts or formulas for the handling of 
changes in some of the basic operating variables, but 
these have not been followed through to a complete 
solution of the problem. 

Diehl* * evolved the following equation for maximum 


load capacity for take-off: 
Wmaz. = W + (140 b.hp./t) (1) 


or, for relating different cases, 
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(Wi/b.hp.1) + (140/41) = (W2/b.hp.2) + (140/t2) (1a) 


where IV gross weight, Ibs.; b.hp. total brake 
horsepower; and ¢ = take-off time, sec. This relation- 
ship was established from flight-test data? for various 
gross weights at constant power. Experience indicates 
that it does not accurately account for changes of power 
at constant weight, although it is often misused for that 


purpose. 

Analysis of flight-test take-off data and calculations 
for a number of modern flying boats has shown that, al- 
though the slope (140) is a rough average value for all 
of the ships, the individual values vary from 110 to 170 
and are about in inverse proportion to the brake horse- 
This led to the suggestion that the power be 


power. 
eliminated from Eq. (1) by writing: 

Oe ees = W + (Ryw/t) (2) 
where ky is a function of virtual hull efficiency. The 


success of this form of equation suggested an analogous 
form to express the power relationship at constant 
weight: 
b.hp.min. = b.hp. — (k,/t) (3) 

where, it was found, k, is a function of propulsive ef- 
ficiency only. Note that Wier. and b.hp.min. are, re- 
spectively, the greatest weight for constant power and 
the least power for given weight that will allow take-off 
(infinite take-off time). However, there is a practical 
limit corresponding to a large finite time, such as 2 or 3 
min. ‘ 

For convenience in use, Eqs. 
verted to incremental form: 


W = (Rw/ti) _ on 


(2) and (3) may be con- 


== W2 a (Rw, to) 


kw[(1/th) — (1/t2)] = We — Wi 
Therefore: 
A(1/t)w = —Kw(AW) (2a) 
where Ky = 1/kw. 
Similarly, 
A(1/t), = K,(A b-hp.) (3a) 


where K, = 1/hp. 

Similar investigations of wind and getaway speed 
variations have indicated substantially straight-line 
relationships over the practical range, so that equations 
for these may be written in the same form as above (the 
effect of moderate seaway, being small, may be included 
with the corresponding wind condition) : 


A(1/t) vi = Kvw( Vr) (4) 

and 
A(1/t)ve = —Kve(AVe) (5) 
where V,, = wind velocity, m.p.h., and Vg = getaway 


air speed, m.p.h. 


AERONAUTICAL SCIENCES—APRIL, 


1945 


In accordance with the accepted practice of taking 
off into the wind whenever possible, the term V,, in Eq, 
(4) is considered as a head wind. The effects of cross 
winds on take-off may be roughly approximated by 
using only the wind component in the direction of the 
take-off run. In connection with Eq. (5), it should be 
emphasized that AV represents a deviation from the 
best estimated getaway speed for the particular gross 
weight under consideration. The effect of the normal 





| 


variation of best getaway speed with gross weight is | 


included in the Ky of Eq. (2a). 
The above relationships are sufficiently independent 
to permit combining the incremental variations into a 


single equation: 


] l = : ™ ; 
= — K,(AW) + K,(Ab.hp.) + Ky,(V.) — 

Kyq(AVG) (6) } 

where /> = normal take-off time at design weight and | 


power, zero wind, and best getaway speed. 
Correlation of the various slopes for the above equa- 
tions has been hampered by the limited number of 
modern flying boats for which accurate take-off data are | 
available and, even more seriously, by the lack of suit- | 
able criteria to represent such factors as hull form and | 
propeller efficiency through the take-off range. Values | 
of the slopes for a number of large modern flying boats i 
have been found to fall within the following limits | 
(average values for the ships investigated are given in | 


parentheses) : 


Kw_ from 0.0000005 to 0.0000020 (0.0000016 
Kp from 0.000005 to 0.000025 (0.000013) 
Kv, from 0.00020 to0.00060 (0.00035) 

Kvg from 0.00030 to0.00060 (0.00047) ; 


These values are in dimensional units corresponding to 
the equations already given—pounds, horsepower, miles } 
per hour, and seconds. 

These four slopes form the basis for the construction | 
of the take-off chart. For a specific case they may be | 
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obtained by calculating a limited number of take-offs 
from model or flight-test data when a wide range of 
test conditions has been covered. When model data 
are used, calculations need cover only radiating changes 
from normal condition take-off. These calculated data, 
plotted as in Fig. 2, will yield the required slopes. To 
obtain the slopes from flight-test data may be somewhat 
more complicated because of the probable random 
combinations of weight, power, etc. However, a re- 
iterated solution of Eq. (6) with successively approxi- 
mated constant slopes will generally be rapidly conver- 
gent within the limits of accuracy of the tests. 


Take-Off Distance Correlation 


The other hydrodynamic performance criterion, take- 
off distance, is not so generally used as is take-off time 
but often becomes of considerable importance. It can 
be calculated by the graphic integration process! or by 
integration of the basic expression: 





S= f'Vad= f,(V/a)dV (7) 
where 
S = take-off distance, ft. 
a@ = horizontal acceleration = F-—e+ 
(W/g) 
T = propeller thrust, Ibs. 


R = hydrodynamic resistance, Ibs. 
D = aerodynamic drag, Ibs. 


If, arbitrarily, the acceleration is assumed to have a 
constant mean value, Gd, then 


Ve/t 


@ = 
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and Eq. (7) may be integrated to give the relation 
S = (1/4)(Ve?/2) = Vet/2 (7a) 


It will be observed that the presence of the term / in this 
equation automatically accounts for effects on take-off 
distance of changes in the basic variables, weight, 
power, etc. 

Calculated and flight-test data for flying boats under 
various conditions have been found to correlate very 
well against the product (V¢t/2), as shown in Fig. 3. 
The deviation of the line from unit slope (the slope is 
greater than 45°) indicates the relative error introduced 
by assumption of the mean acceleration, d. It is ap- 
parent from Fig. 3 that this discrepancy may be all 
but eliminated by the application of an empiric con- 
stant, thus: 


S = 1.2(Vet/2) = 0.6 Vet (8) 
or, with V, expressed in m.p.h., 
S = 0.88 Vot (8a) 


PREPARATION OF THE CHART 


The following information is required for the prep- 
aration of the chart: normal take-off time (f) at 
standard conditions (Wo, b.hp.o, Ve, and no wind); a 
plot of best estimated Vg against W; the four slopes 
(Kw, Ky, Kv, Kye) of Eq. (6); and, finally, Eq. (8). 
With these data at hand, the chart is prepared as fol- 
lows: 

(1) Lay off desired gross weight scale at bottom of 
Quadrant I (see Fig. 4). This automatically fixes a 
corresponding reciprocal time (1/t) scale, by the rela- 
tion (derived from Eq. (2a)) 


1/t = (1/4) — Kw(W — Wo) (9) 
(2) Draw 45° lines in Quadrants I, II, and III to 


represent normal conditions of Vg, b.hp., and Vy, re- 
spectively. Under these normal conditions, there is 
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no change in the take-cff time as determined by Eq. 
(9), so that the same (1/¢) scale may be used as ordinate 
and abscissa in each quadrant, as shown in Fig. 4. 

(3) Using the plot of I versus IV’, spot points for 
desired values of I’, at corresponding W’s on the 45° 
line of Quadrant I. Using Eq. (5), lay off vertically 
the corresponding (1/t) increments at these points, as 
shown in Fig. 4. Fair through like points to get con- 
stant V; lines. (Theoretically, these | curves cannot 
be equally spaced and still intersect the 45° line at the 
unequally spaced points given by the nonlinear Vg — W 
relationship, but this discrepancy is generally too 
slight in the normal I’, range to be noticeable on the 
chart.) 

(4) In Quadrant II, lay off parallel 45° lines for de- 
sired values of b.hp., spaced according to Eq. (3a). 

(5) Perform a similar operation in Quadrant III for 
values of V’,, using Eq. (4). 

(6) Lay off any desired take-off time (¢) scale at top 
of Quadrant IV, and plot master conversion curve from 
(1/t) scale at left to (¢) scale through points where the 
reciprocals correspond. 

(7) This (t) scale may be considered the base scale 
for a “fifth quadrant’? superposed on Quadrant I. 
Then, any point along the constant J, lines corresponds 
to a unique pair of values for ¢ and Vg—hence, by Eq. 
(8), to a certain take-off distance S. Contours of take- 
off distance may then be drawn across the Vg lines at 


desirable intervals. 


USE OF THE CHART 


Use of the take-off chart is illustrated by the arrows 
on Fig. 1. Entering at the given gross weight, project 
vertically upward to the given getaway speed; if 
minimum getaway is specified, to the 45° line. Then 
proceed horizontally across to the appropriate brake 
horsepower curve, downward to the wind velocity line, 
across to the master transformation curve of Quadrant 
IV, and upward to read take-off time. Finally, con- 
tinue vertically upward on the time line to intersect 
again the same given I’, line as before—the point thus 
obtained may be interpolated between the curves for 
take-off distance. 

Conversely, flight-test data may be used to check the 
chart by traversing as above for the given conditions, 
as far as Quadrant IV. There, instead of intersecting 
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the transformation curve, proceed across to the ab. 
scissa corresponding to observed take-off time and plot 
the point. Flight-test points will generally be found 
to fall slightly to the right of the master curve because | 
of minor imperfections in the intangible pilot technique, 
The transformation curve, denoting minimum time for 
ideal technique, should form an envelope below and to 
the left of such flight-test points. 





CONCLUSIONS 
(1) Four main variables affecting the take-off time | } 
of a specific flying boat have been considered: gross : 
weight, brake horsepower, wind velocity, and getaway hy 
speed. Within practical limits, changes in any of these - 
operating conditions produce directly proportionaj re 


increments in the value of the reciprocal of take-off | th 
| the 





time; thus: 
| The 
1/t = (1/t.) — Kw(AW) + K,(Ab.hp.) + | van 
Kyy(Ve) — Kye(AVe) (6) | und 
The proportionality constants for this equation have ; : 
not yet been correlated against specific dimensions or | poe 
characteristics of the flying boat, but they have been ms 
bracketed within certain limits, as listed on page 170, and |. 
may be determined for individual ships from limited pin 
test data. pr 
(2) The take-off distance of any flying boat under one 
almost any conditions may be determined with reason- . . 
able accuracy from the empiric equation aa, 
S = 0.6 Vet (8) prese 
(3) These equations have been used to construct a yo 
single chart (Fig. 1), which may be traversed to obtain distin 
the take-off performance of a specific flying boat under tialit’ 
any reasonable combination of the basic variables. ; airfoi 
(4) Flight tests will usually show slightly inferior | ain 
performance because of imperfections of pilot tech- } i 
nique. terfere 
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The Glauert-Prandtl Approximation for 
Subsonic Flows of a Compressible Fluid 


HSUE-SHEN TSIEN* 


AND LESTER LEESt 


California Institute of Technology 


— INTEREST in the compressibility effects has 
encouraged various investigations in the field of 
hydrodynamics of compressible fluids, or gas dynamics. 
Because of the inherent complexity of the problem, the 
main effort up until now seems to be concentrated in 
finding a satisfactory approximate solution. One of 
these approximations is the Glauert-Prandtl method. 
The only conditions required for its validity are the 
vanishing of vorticity and that the deviation from the 
undisturbed parallel flow must be small. It is realized, 
of course, that these conditions are not always satisfied. 
For instance, near the nose of a thin airfoil, the devia- 
tion from the undisturbed parallel flow is not small. 
Furthermore, the flow behind a detached shock wave 
is subsonic but not irrotational. However, there are 
many problems in airplane design and its related fields 
which can be treated by the Glauert-Prandtl method, 
at least in first approximation. The method itself is 
simple and is applicable to three-dimensional flows as 
well as two-dimensional flows. These features are not 
present in other more refined approximations, such as 
the hodograph method. 

The authors therefore believe that such a powerful 
method should have a wider recognition of its poten- 
tiality beyond its present restricted application to thin 
airfoil theory. The first part of the present paper gives 
a general formulation of the three-dimensional flow 
problem with application to the calculation of wall in- 
terference in wind-tunnel testing at high speeds. This 
part of the work is prompted by a paper of the late 
Wieselsberger,! whiclr seems to be erroneous. 

Prandtl? himself has formulated the general problem 
and applied the method to the three-dimensional wing 
theory. Kiissner* in his general wing theory has also 
touched upon this question. However, both treatments 
are brief and use the concept of acceleration potential, 
which is, perhaps, not so well known as the concept of 
trailing vortices. Hence, it seems desirable to re-exam- 
ine the wing theory from the usual point of view. This, 
of course, involves the derivation of the Biot-Savart 
law for the compressible flow by the Glauert-Prandtl 
approximation. This investigation constitutes the 
second part of the present paper where the mistake in 
Husk’s treatment of the down-wash problem‘ will be 
pointed out. The first order effect of compressibility 
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on the down-wash at an airplane tail surface will be cal- 
culated for the simple case of a uniform wing lift dis- 
tribution as an illustration. Three-dimensional wind- 
tunnel wall corrections for subsonic free-stream veloci- 
ties will also be treated briefly. The induced velocity 
field of the helical vortex, which represents approxi- 
mately the trailing vortex shed from a propeller blade, 
will then be investigated and its effect on the aerody- 
namic characteristics of propellers discussed. 


THE GENERAL PROBLEM 


By denoting the Cartesian coordinates by x, x2, 3 
and the corresponding velocity components by 1%, v, 
and v3, the continuity equation for the steady flow 
is 


3 
>Y (0/dx,)(prv;) = 0 (1) 


i=1 


where p is the density. The conditions of irrotational 


flow are 
(Ov3/Ox2) — (Ove/ 0x3) = 0) 
(Ov;/Ox3) — (Ov3/O0x;) = 0 (2) 
(Dmn/te,) — (v,/%m) = OF 


With Eq. (2), the Euler equations of motion can be 


written as 

(3) 
where v? = 2," + v2" + v3? and p is the pressure. How- 
ever, in the case of irrotational adiabatic flow, the pres- 


sure is a function of density only. Thus Eq. (3) can 
be expressed in the form 


(p/2)(Ov?/Ox;) = — Op/dx; 


(4) 
But dp/dp = a*, where a is the velocity of sound or 
velocity of the propagation of infinitesimal disturb- 
Then Eq. (4) gives 


Op/Ox, = 


(p/2)(Ov?/Ox;) = —(dp/dp)(Op/Ox;) 


ances. 
(5) 


With this equation, the continuity equation can be 
written as 


— (p/2a”)(Ov?/Ox;) 


> (Ov;/Ox;) = (1/a?) = = V;0;( Ov,/Ox;) (6) 


i=l i=l j=1 
Now let x, = x, x2 = y, X3 = 2, and consider only the 
case where the velocity is only slightly different from 
the velocity U of the parallel flow. Then if u, v, w 
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are the components of the disturbance velocity defined 
by 


y= Ut+ u) 
v2 = v > (7) 
i = a 


Eq. (6) is approximated by 
(1 — M]?*)(Ou/dx) + (Ov/Oy) + (Ow/dz) = 0 (8) 


where .\/ is the Mach Number of the free stream or the 
ratio of U and velocity of sound corresponding to U. 
Eq. (8) is the modified equation of continuity in the 
Glauert-Prandtl approximation of irrotational adia- 
batic flow of compressible fluids. When the Mach Num- 
ber is extremely small, this equation reduces to the 
familiar form for incompressible flow. 

In investigating the flow over slender bodies placed 
in an otherwise parallel flow, it is convenient to use the 
potential function defined by 


u = 0¢/O0x, v = O¢/dy, w = O¢/dz (9) 


Then the conditions of irrotational flow as expressed 
by Eq. (2) are identically satisfied and the continuity 
equation takes the form 


(1 — M*)(0?¢/Ox?) + (0%¢/Oy") + (079/02?) = 0 


This is the partial differential equation for the potential 
function yg. This equation has to be solved together 
with the following boundary conditions: 

(1) At the surface of a solid boundary, the resultant 
velocity, obtained by adding the velocity due to ¢ and 
the parallel velocity UV, must be tangential to the sur- 
face. 

(2) At distances far away from the solid body, the 
disturbance velocities due to ¢ must vanish so that the 
parallel flow is not disturbed, as required by the prob- 


(10) 


lem. 
To solve this problem, Glauert and Prandtl introduce 


the new Cartesian coordinates &, 7, ¢. These new vari- 
ables are related to x, y, 2 by 
= x 

ra. r> | 
i — 2-9 
t=VJ1— Mz 


wr 


(11) 


= 
ll 


Then Eq. (10) is reduced to the Laplace equation 
(07p/0§*) + (07¢/0n?) + (0°¢/0f*) = 0 (12) 
The solutions of the Laplace equation are well known 
and easily found. Now, if a solution of this equation is 
found and for a particular point &, m, ¢; in the & 7, ¢ 
space the value of ¢ is given to be ¢), then at the point 
X1, V1, 2 in the original x, y, z space determined by the 
relations 
& = x = | 
yale oh 
h= V1 — My 


the value of the function ¢ satisfying Eq. (10) will be 


(13) 


AERONAUTICAL 


SCIENCES—APRIL, 1945 





; 


the same ¢). In other words, points in &, 7, £ space and 
x, y, 2 space related by Eq. (11) have the same value of 


¢ 


Since the boundary conditions are given in terms of | 
the velocity components, the relation between the | i 
derivatives of g in the two spaces has to be found. This} * 
is easily done by using Eq. (11). Thus, if le 

4 
u’ = O¢/0E | st 
v’ = O¢/On (14) fb 
w’ = de/dt) i 
then Be 
Ww 
“c= O¢ = Ov dé = o¢ = nu’ " 
ox OE dx dé Be 
—_ Og _ Ogdn _ Ty’ - . 
—* =. 2 
0g _  dede —,) &: 
w= =——=V1- Mw | of 

Oz O¢ dz 

j 
u’, v’, and w’ can be considered as the disturbance} 
velocities in the &, 7, ¢ space. Therefore, Eq. (15) gives - 
the relation between the disturbance velocities in the | (Fi 
two spaces at points related by Eq. (11). Bee 

Because of the assumption that the disturbance | fied 
velocities are small compared with U, the velocity ie 

on 


components of the resultant flow are U + u ~ U,1, 
and w. Given the shape of the boundary, the condition 
that the resultant velocity must be tangential to the | 
boundary then gives the value of velocity components | 
v, and w, at any point x,, y,, 2, of the surface. This con. | 
dition and the requirement of vanishing disturbance 
at points far from the solid body are the boundary con- 
ditions in the x, y, space. These conditions can be| 
formulated in the & », ¢ space by means of Eqs. (1] : 


and (15): 
Xo 1 = V1 — M,, §, =. q 
r @ 


(1) At the point & = 
1/1 — M°t,, the values of v,’ and w,’ arev,/+/1 — I} 
and w,/4/1 — M?. 

(2) wu’, v’, and w’ vanish at points far from the body. 
The essential characteristic to be remembered is that | 
in the &, n, ¢ space, where the determination of ¢ is first 
carried out, the coordinates of the boundary surface | 
are contracted in comparison with those in the physical 
x, ¥, 2 Space, but the lateral velocity components t’, 
w’ are magnified in comparison with those in the phys 


a 
Fic, 1 


cal space. 
In the case of a single slender body in a parallel flow, | 
the coordinate contraction does not actually appear i | 
the calculation. This simplification is the result of the 
fact that because of the small lateral dimensions the | 
velocity components 2,’ and w,’ can be evaluated at the | 
axis or chord of the body, which is often taken as thes| 
or £ axis, instead of at the boundary of the body. How; 
ever, in the case of an airfoil lattice or a body placed m4! 
wind-tunnel, the requirement of lateral contraction i 
the £, , ¢ space must be taken into account. Then the 
problem is not so simple as that of a single body. 
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APPROXIMATION 


AXIALLY SYMMETRIC Bopy IN A WIND TUNNEL 


The potential ¢ in &, n, ¢ space for an axially symme- 
tric body with its axis parallel to the undisturbed veloc- 
ity U can be obtained as a distribution of sources and 
sinks on its axis, which can be taken as the £axis. The 
lateral velocity components v,’ and w,’ can be evaluated 
at the axis and are directly proportional to the 
strength of the sources and the sinks. For ‘‘closed’’ 
bodies, the sum of the strength of the sources must be 
equal to that of the sinks. Therefore, for points not 
too close to the &axis or, more precisely, for points 
where the distance from the body is large compared 
with the length of the body, the potential ¢ is approxi- 
mated by that of a doublet placed at the middle point 
of the body, say the origin of the & 7, ¢ space. The 
strength of this doublet is, of course, directly propor- 
tional to the average values of v,’ and w,’ at the surface 
of the body. 

If the body is enclosed in a wind tunuel of height a 
and width 5 (Fig. 1), then at the ‘walls’ ay/1 — M?/2 
and by/1 — 2/2 from the £axis in the §, n, £ space 
(Fig. 2), the v’ and the w’ velocity component must 
vanish, respectively. These requirements can be satis- 
fied by an appropriate distribution of “images” of the 
source and sinks in the &, 7, ¢ space in addition to those 
on the axis. In case a and 6 are not small in compari- 
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Axially symmetric body in a wind tunnel of rectangular 
cross section, 


g DOUBLET 
/ 





Fic. 2. 


Doublet-image system for axially symmetric body in 
§-, n-, ¢-space. 
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“I 
or 


son with the length of the body, then at the ‘‘walls’’ 
the potential ¢ due to the sources and sinks on the ¢-axis 
can be considered as that of a doublet at the origin. 
Therefore, the image system is composed of doublets of 
equal strength as shown in Fig. 2. Let S be the strength 
of the doublets. Then Aw’, or the induced §component 
of the velocity at the origin due to the images, is given as' 


Au’ = S ) > x 
Ar 


l ' 
[(nax/1 — M®)? + (mbv/1 — M2)? 9/2 7 | 


> l . | ; 1 
4a (1 — 43)*2 4 (n?a? + m*b*)** | 


But, by means of Eq. (15), Au’ Au. 
x-component velocity in the physical space Au can be 
considered as the increase in the velocity over the sur- 
face of the body due to the presence of wind-tunnel 
walls or the interference velocity. From Eq. (16) it 
seems that the interference velocity is proportional to 
(1 — M?)-*/2, However, one must remember that for 
a given body the strength S of the doublets is deter- 
mined by the conditions on 2,’ and w,’.. The values of 
v,’ and w,’, being equal to v,/+/1 — M? and w, + 
\/1 — M?as shown before, increase with M as U + 
V1 — M?. Then Eq. (16) shows that for given wind- 
tunnel proportions the interference velocity can be 
calculated from 


(16) 


The induced 





(Au/U)s,/( Au/U)o = 1/ (1 — M?*)? (17) 
where the subscripts ./ and 0 denote values at Mach 
Number and 0, respectively. 

Eq. (17) shows that the effect of the wall interference 
increases rapidly with Mach Number (Table 1). To 


TABLE | 
M (Au/U)m/(Au/U)o 

0.3 1.204 

0.4 1.412 

0.5 1.778 

0.6 2.44 

0.7 3.84 

0.75 5 


». 21 


keep the interference effect to a small value, one has to 
use a much larger wind tunnel for a given model dimen- 
sion as the speed of testing is increased. 


INTERFERENCE EFFECT ON THIN AIRFOILS IN A Two- 
DIMENSIONAL WIND TUNNEL 


In the calculation explained in the previous section, 
the source and sink distribution is replaced by a doublet 
for the determination of the image system. Strictly 
speaking, this is allowed only if the spacing of the images 
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in the & 7, ¢ space is not too small compared with the 
length of the body concerned. The spacing of the im- 
age, however, decreases with increase in Mach Number 
M as V/1 — M?. Therefore, for high Mach Numbers, 
the result obtained can only be considered as approki- 
mate even with large values of a and 6. To get more 
satisfactory results the exact image of the source and 
sink distribution has to be used. 

Consider a symmetric airfoil of small thickness-chord 
ratio at zero angle of attack located at the center of a 
two-dimensional wind tunnel of height 6. If the slope 
of the biconvex surfaces of the airfoil is tan 6, the 
boundary condition for the airfoil can be approximately 
expressed as 

v% = Utan®B (18) 
where v is the value of v at the chord of the airfoil, 
here taken as the x-axis (Fig. 3). The condition at the 
wall is that 
+ 5/2 


v (19) 


=0 at y= 


The conditions for determining ¢ in the &, 7 plane can 
be formulated according to rules previously stated. 
These conditions are 


(O¢/On)o = vo’ = Utan B/V/1 — MM? (20) 


at that part of the £-axis representing the chord of the 
airfoil, or for —c/2 < — < c/2 as shown in Fig. 3, and 





0o/0n = v' = 0 at n = +(b/2)V/1 — M? (21) 
a 
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Fic. 3. Thin symmetric airfoil in two-dimensional wind tunnel. 


To satisfy the condition given by Eq. (20), a distri- 
bution of sources on the £-axis in the interval —c/2 < 
§ < c/2is necessary. To satisfy the condition given by 
Eq. (21), an image system of the source distributions 
b \/1 — M?* apart is introduced in addition to the dis- 
tribution on the £-axis as shown by Fig. 4. Along any 
line parallel to the y-axis, the sources are of equal 
strength and sign. It is then evident that the image 
system contributes nothing to vo’ at the ¢-axis. Then 
Eq. (20) gives the strength of the source distribution 
simply as 2U(tan B/+/1 — M?). Letg=0b+/1 — M?. 
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Source-image system for symmetric airfoil in two- 


Fic. 4. 
dimensional wind tunnel. 


Then the velocity uo’ or u at the chord of the airfoil is 
easily calculated as 


u 1 c/2 t 
ie See yy eae er tan B(E’)dt’ X 
U rl al. ¥ 


@ 








+ . gH) __I- 
i md (E — £')? + (ng)? 


l - , m(é m3 £") 4 (96 
——— tan B (£’) coth —-———dé’_ (22) 
/ t= e 2 g 
This is the general expression for the x-component 
of the disturbance velocity over the surface of the air- 
foil for any given airfoil. The pressure p over the air- 
foil can be calculated by the approximate expression 


p— po = 


where /» is the free-stream static pressure and p is the 
Thus the problem of an airfoil | 


—=€/2 


—2Uup (23) | 


free-stream density. 


in a two-dimensional wind tunnel is completely 
solved. | 
As an example, take the half thickness function y, of 
the airfoil to be : 

Ys = (ce/2){1 — [x?/(c/2)3] } (24 

In other words, the profile is given by a parabolic arc 

with maximum ordinate at the center of the airfoil. 
Then 
j 


tan 8 = —26e[x/(c/2)] = —26e[E/(c/2)] (28) 


By substituting into Eq. (22), the x-component of the 
disturbance velocity at the point x on the chord is 
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' de bo ‘¢ — ¢! 
(x) = ——__——— Jf é coth™! yy (26) 
U geV1 — M2J-</2 g 
The maximum value of u/U occurs evidently at x = 0, 
or the origin. Denote this value by Umar. Then Eq. 
(26) gives 


u maz. 


8 *c/2 , 
a a J £’ coth = 
T ge V 1 _— M:? 0 g 


dt’ = 


ec 


1 
ue A teh 
gV1 — af 2g 


The integral can be evaluated by expanding the 
hyperbolic cotangent in a power series of ¢ and inte- 
grating term by term. The result is 


(27) 


u de 


U ri — iM 
—])2 —192n 
[1+ pee eten()"] es 
(2n + 1)(2n)! \2g 
where Bo, — ; is the Bernoulli Number. This series is 
convergent for mc/2g < 1. For larger values of this 
parameter, the hyperbolic cotangent should be ex- 


panded into a series of exponential functions and the 
series integrated term by term. Therefore 









































Maximum velocity Umer, on airfoil vs. Mach Number 
for symmetric airfoil of thickness ratio « = 0.10, with tunnel 
width—chord ratio b/c = x. 


Fic. 5. 


FOR SU 





BSONIC FLOWS 


Mines EC 


oF ae nee =| rE +2 > eW (nr 
l gv l — M?* 0 

anlalZ) + HS) - 
r/1— M? 


« 


> (1 re Je ‘| (29) 
n7re/n 


1 
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This series is rapidly convergent for large values of 
mc/g. Calculations were made for the cases e = 0.10 
and zc/b = 1.0 and rc/b = 3.0. Thus, for one case the 
ratio between the width of the wind tunnel and the 
chord is 7, while for the second case this ratio is 7/3. 
The results are shown in Figs. 5 and 6, where the curves 
obtained by the ordinary correction factor 1/+/1 — M? 
are also shown. It is seen that the ordinary correction 
factor is unconservative, especially for narrow wind 
tunnels. 

When }) > oa, 
Eq. (28) shows that 


or g — ©, i.e., for the airfoil alone, 


Umar/U = 4e/r\/1 — M2, b> @ 
Therefore the interference velocity Au at the center 
of the airfoil is obtained as 

Au/U _ (Umar /U) ™ (4e/rV/ 1 — M?) (30) 

















Fic. 6. Maximum velocity umez, on airfoil vs. Mach Number 
for symmetric airfoil of thickness ratio « = 0.10, with tunnel 
width—chord ratio b/c = 1/3 



























































178 JOURNAL OF THE AERONAUTICAL SCIENCES—APRIL, 1945 
0020 020 
E=0/0 E=0/0 
fie, aa Ce ees eel eee ee ——7 me. 
| G70 6 3.0 
ee ee ee ee ee ee oe ——— 
| | 
+ — + =e ——EEe a ai =a _ —— 
| 3s | 
Uh aa 
0016 ae a ae ideas © © cetecres 2 eS ee 
au | (1-m3)*” ou 
U }— a a a 
| i t+—+ tt U 
a es a a co oe a -_ ie 
| j 
0012} —|— } ++ 
— as Se a So a cos ae tat 
rT {sid | (Fh 
00/4 + - | tae Sar a | = + + +—_+ (1-™?)?” 
ttt 4 —- 
ove —j—t jp} ttf) es 
0006 4 ; 
0.004 1 
0002) 002-—-——_ -—__- eet See eee See eee Seceeees See 
| 
0 - a2 OF 06 08 TO 
MM —_—— SS 
Fic. 7. Maximum interference velocity Au,, .. on airfoil vs. Fic. 8. Maximum interference velocity Aumaz, on airfoil vs 
Mach Number for symmetric airfoil of thickness ratio « = 0.10, 


Mach Number for symmetric airfoil of thickness ratio e = 0.10, 


with tunnel width—chord ratio b/c = r. 


This quantity is plotted against the free-stream Mach 
Number ./ for the two cases investigated in Figs. 7 and 
8, where the rapid rise of the interference velocity is ob- 
vious. By an argument similar to that used in treating 
approximately the problem of three-dimensional wall 
interference, it can be shown that if the images of the 
airfoil are considered as two-dimensional doublets, 
(Au/U)y/(Au/U)o = 1/1 — M?)*? (31) 
The values so calculated are also included in Figs. 7 and 
8. For rc/b = 1.0 this approximation is quite satis- 
factory. But for the case of a narrower wind tunnel, 
mc/b = 3.0, Eq. (31) gives values that are generally a 
little too high. This result is, of course, expected as the 
doublet approximation breaks down for small width- 


chord ratios. 


THIN AIRFOILS AT SMALL ANGLES OF ATTACK IN A Two- 
DIMENSIONAL WIND TUNNEL 


In the first-order calculation of the present investiga- 
tion, the effect of thickness and camber can be sepa- 
rated. In this section, only the effect of camber and 
angle of attack will be considered. The result of this 
section can be combined with that of the previous sec- 
tion to obtain the total interference effect of any thin 
airfoil. 


with tunnel width—chord ratio b/c = 7/3. 


Consider the case of a cambered airfoil of zero thick- 
ness at an angle of attack in a wind tunnel of width 0, 
Fig. 9. In the &, 7 plane, the boundary conditions can 
be satisfied by a vortex distribution in the interval 
—c/2 < & < c/2 on the é-axis and its images spaced 
g = bv/1 — M apart in the y-direction. To satisfy 
the condition that v’ = 0 at 7 = (b/2)+\/1 — M?, the 
images must be of alternate signs as shown in Fig. 10. 
Then by a similar calculation, as shown in previous 


Y 
Z Z |. LLL 











DDO 


Cambered airfoil of zero thickness in two-dimensional 
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Fic. 10. Vortex-image system for cambered airfoil in two- 


dimensional wind tunnel. 


sections, the value of v’ at a point £ on the £-axis is given 


by 
gf ¢! it ne 
| coth m =f). tanh . 2) hay = 
2g 2 
v(')dé’ 


FP iw 
iff. 2 sinh [7( is £’)/ ‘g] 





(32) 


where y(£) is the strength of the vortex distribution at 
the point &. The value of 7(&) has to be so determined 
as to make v(x) = 1/1 — M*v’(é) equal to U tan 8, 
8 being the angle of inclination of the airfoil surface at 
Thus the integral equation for y(£) is 





the point x. 














U tan if ¥(& dé’ (33) 
V1 — M 2Q¢ ~c/2sinh [r(é — §’), /g) 
By the substitution 
tanh " = ?¢, tanh i t’, tanh w=) (34) 
g g 2g 
Eq. (33) becomes 
Utanp _ -i['¥ 1-# woe (35) 
V1i— M Qn te t— 
Now let 
t/\ = —cos9@, t’/X = —cos 0’ (36) 
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Then Eq. (35) is transformed into 


U tan B 
/i — M? 


V1 = ¥* cos? af 
2r 0 


This integral equation is similar to that of Glauert’s 
thin airfoil theory’ and therefore can be solved by simi- 
lar methods. Thus y(@) is put into the form of a 
series 


sin 6’ dé’ 


y(6’) 


/1 — d2 cos?  9’(cos 6” — cos 6) 


(37) 


(0) = UV/1 — X2c0s268 [ap cot (6/2) — > a, sin n 6} (38) 
1 
Then the integral in Eq. (37) can be evaluated.’ The 
result is 
t emanate ‘ 
B.... = —'/.y/1 — d?2 cos? 05. a, cos nO (39) 


V1 - _ - M? : 0 

If the shape of the camber line is given, then tan 8 
is known as a function of x. But x = &, according to 
Eq. (11); therefore, tan 8 can be expressed as a func- 
tion of 6 by using Eqs. (34) and (36). Then Eq. (39) 
requires that 


) 


tan 1 B(O) — dl 
= ———— = > a, cos n@ (40) 
Vil M? VJ/1 ~ “cos? 6 


0 


In other words, the a,'s are simply the Fourier coef- 
ficients of the function on the left of Eq. (40). Their 
values can be easily calculated by using the well-known 


rule. Then the vortex distribution is known by using 
Eq. (38) and therefore the problem is completely 
solved. 


consider a straight lamina at an 
Then tan 6 = 


As an example, 
angle of attack a to the velocity U. 
—tan a; therefore 


2(tan a/+/1 — M?v/1 — \? cos?4) = > a, cos n@ (41) 


Hence 
— ie a JS y do - (42) 
rV/1 M 1/1 — i? cos? 6 
er tan a f; cos né do (43) 
rv/1 — M? JT — ? cos? 6 


Because of the fact that 
s/1 — 2 cos? 6 = 1/1 — X? cos? (x — 8) 
the coefficient a, is different from zero only for even 
n’s. 
The total circulation [ around the airfoil is 


r= {%, y(x) dx (44) 
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Lift coefficient factor [A/(wc/2g)] [2K(A)/w]* vs. 
chord-tunnel width parameter rc/2g. 


Fic. 11. 


By substituting Eqs. (34), (36), and (38) into Eq. 


(44), the circulation is given as 


r= J "(@) sin @ do _ 


tJo 1 — 2 cos? 8 
sin 6 dé 


ghU [{* { Cm . f . 
= ——————-4 ancot=— oa, sinnde (45) 
tr Jo V1 —)2*c0s?6 ie aie 

However, for the problem concerned, is even in the 
series of the above equation. Therefore, the series 
contributes nothing to the total circulation, and 























r gaU ‘ * (1 + cos 6) dé 
= ao = : 
T e V1 — d* cos* 0 = 
AU od de 
g = a» f = (46) 
T V1 — X* cos* 0 
The lift acting on the airfoil is equal to pUT. There- 
fore, the lift coefficient C, is given by 
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Fic. 12. Lift coefficient slope dCi/da vs. Mach Number for 


flat-plate airfoil in two-dimensional wind tunnel, with tunnel 
width-chord ratio b/c = 4/3 
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Fic. 13. Wall interference on lift coefficient slope dCz/da 


of a flat-plate airfoil in two-dimensional wind tunnel, with tunnel 
width—chord ratio b/c = 7/3. 


* (0/2) 0% 


2r tan a dA Cf do ) " 
V1 — M? (nc/2g)\rJo ~W/1 — 2? cos? 0 
r 


27 tan a | EO 
V1 — M2(mc/2g)L x | 
where A(A) is the complete elliptic integral of the first 


kind and modulus X. The slope of the lift curve is 
then 





(47) 


~ — (48) 


V1 — M? (xc 2g) 


Tv 


dC, Qn \ | PLO 


da 


For the airfoil alone, b —- ~, g> ~,andXAX— 0. So 
2K(A)/r = 1, A/(me/2g) = 1, and dC,/da takes the 
familiar value 27/+/1 — M?. The factor [A/(c/2g)] X 
[2K(A)/z]* is plotted against rc/2g in Fig. 11. The 
result of applying Eq. (48) to the case rc/b = 3.0 1s 
shown in Fig. 12, which again shows that the ordinary 
multiplying factor (1 — /*)~'? is too small to give the 
correct result. The increment A(dC,/da) due to wall 
interference is plotted against the Mach Number V/ 
in Fig. 13. The factor (1 — J/?)~*? derived from a 
rough approximation similar to that used in the three- 
dimensional case is again too high for the case con- 
cerned. 
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APPROXIMATION 


THE BIOT-SAVART LAW FOR SUBSONIC COMPRESSIBLE 
FLow 


The problem of the three-dimensional flow around a 
wing of finite span will now be considered. To carry 
out this investigation, the generalized Biot-Savart 
law for subsonic compressible flow must first be de- 
rived. Since a compressible fluid problem in the real 
x, y, 3 Space is reduced to an incompressible fluid prob- 
lem in the £ 7, ¢ space, the velocity components in- 
duced by a vortex filament in the &, 7, ¢ space must be 
given by the classic Biot-Savart law. The induced 
velocity components in the real x, y, 2 space can then 
be obtained from the transformation relations be- 
tween the two coordinate systems given by Eq. (15). 
It can be shown that the circulation around a curve 
enclosing the vortex filament is not changed in the 
transformation. Thus, the Glauert-Prandtl method 
furnishes the first approximation to the Biot-Savart 
law giving the induced velocity field of a vortex filament 
for subsonic compressible flow. Because of the assump- 
tion that the induced velocities or the deviations from 
the uniform parallel velocity field are small, this ap- 
proximation is not valid for points close to the vortex 
filament or if the strength of the vortex is large. How- 
ever, this difficulty is not encountered in many practi- 
cal applications where the strength of a vortex filament 
is infinitesimal and the induced velocities are every- 
where small compared with the velocity U of the undis- 
turbed flow. 

The Glauert-Prandtl transformation converts the 
approximate differential equation satisfied by the in- 
duced velocity components u, v, w in the real x, y, z 
space to the continuity equation for an incompressible 
fluid 


(Ou/OE) + (Ov/On) + (Ow/OF) = O (49) 


satisfied by the induced velocity components uw’, v’, w’ in 
the £,n, (space. Helmholtz has shown that if the vorti- 
city distribution is specified the induced velocity field 
is completely determined by the additional condition 
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Fic. 14. Equivalent vortex filament in £-, 9-, ¢-space 
given by Eq. (49).° In the case of a vortex filament, 
Helmholtz’s result leads to the classic Biot-Savart law 
for the induced velocity field. If ds (Fig. 14) is the 
vector differential of length along the vortex filament, 
l is the circulation around a curve that encloses the 
filament (taken in a clockwise direction looking along 
dS), R is the vector distance between an arbitrary 
point £ », ¢ and a point of the filament &, 9, ¢, and 7 
is the magnitude of this distance; then the induced 
velocity vector |’ at the point &, 7, ¢ is given by the 
line integral along the vortex filament 


V'(é& 0, £) = 1/42 fT dSR/r3 (50) 
Here, 
dS = id& + jdq + kdf, R = i(— — &) + 
jin — 4) +RkE — §) (51) 


where 1, j, k are the unit vectors along the &, 7, ¢ axes, 
respectively. From the transformation relations be- 
tween the induced velocity components and the co- 
ordinates in the x, y, z and &, », ¢ spaces, 

















u(x, y, 2) = u’(é,9, ¢) = te dq — (a — 4) 4) (52) 
4r 3 
or 
1— M? ['[(z — 2) d¥ — (y — F) dz 
u(x, 9, 8) = ——— jf —- i A aot rv (53) 
Ae {(x — #)%+ (1 — M2)[(y — 9)? + (2 — 2) 38”? 
oe, 9,2) = 069, VT > IB oe VI= ag pal 25-5 -8o (54) 
4r r3 
or 
it~ eet... San a — £) dz — (z a di] — (55) 
dn J {(x — 4)? + (1 — M)[(y — 5)? + (2 — 2) }? 
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Similarly, 


w(x, y, 3) = 


1 — ef 
4r 


Eqs. (53), (55), and (56) represent a first approxima- 
tion to the Biot-Savart law giving the induced velocity 
field of a weak vortex filament for subsonic compres- 
sible flow. 


APPLICATION TO VORTEX LINES AND THE HORSESHOE 
VORTEX 


Since the horseshoe vortex will be useful later in re- 
examining the Prandtl three-dimensional wing theory, 
the approximate Biot-Savart law will be applied first 
to the calculation of the velocity components induced 
by this vortex in subsonic compressible flow at several 
points of interest. To a first approximation, because 
of the assumption of small induced velocity, the plane 
of the horseshoe vortex is parallel to the direction of the 
undisturbed air stream. Locate the origin of a right- 
handed system of coordinates at the center of the base 
of the horseshoe, with the x-axis in the direction of 











the main flow velocity and the z-axis downward 
(Fig. 15). 
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Fic. 15. Horseshoe vortex. 


The horseshoe vortc< then consists of semi-infinite 
vortex lines parallel to the x-axis starting at the points 
= = 0,7 = +b, 2 = 0, joined by the “bound” vortex 
of length 26 along the y-axis. Before proceeding with 
the calculations, the first-order effects of compressi- 
bility on the induced velocity field will be estimated 
qualitatively with the aid of the transformation rela- 
tions between the real x, y, 2 space and the &, n, ¢ 
space. 

For incompressible flow, the velocity components 
induced at an arbitrary point x, y, z, by a vortex line 
of given strength depend only upon the perpendicular 
distance from the point to the line and the angle sub- 
tended by the line at the point. In transforming the 
real x, y, 2 space to the é, n, ¢ space, the perpendicular 
distance from the point (x, y, z) to the semi-infinite 
vortex line defined by @ 2 0 ¥ = +0, 2 = 0 will be re- 


duced in the ratio 1/1 — M?:1. On the other hand, 
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; thy- J) dt wat J = #) dy| 
{ (x —7rr?-+ii1- M*)[(y as x)? + (zs — z)2] }3 2 
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(56) 


the angle subtended by this vortex line at the point 
(x, y, 2) will increase if x > O and will decrease if 
x< 0. 

The velocity components v’ and w’ at the corre- 
sponding point £ 7, ¢ will therefore be increased by a 
ratio more than 1:+/1 — MM? if x > Oand by aratio less 
than 1:\/1 — M?ifx < 0(u = wu’ = 0, for this vortex 
line). From Eq. (15) it can be seen that the velocity 
components v and w at (x, y, 2) induced by the semi- 
infinite vortex line will be increased by compressibility 
if x > 0 and decreased by compressibility if x < 0, 
The lines of constant velocity in a plane perpendicular 
to the vortex line remain circles. At a point in the 
Oyz plane, or far behind the bound vortex, the angle 
subtended by the semi-infinite vortex line is not changed 
by the transformation to the , 7, ¢ space, and the lateral 
induced velocity components will be unaltered by com- 
pressibility. This conclusion is important in the 
Prandtl wing theory to be discussed in the next 
section. 

The perpendicular distance from a point in the Oxy 
plane to the bound vortex along the y-axis is not 
changed in the transformation from the compressible 
flow problem to the incompressible flow problem, but 
the length of the bound vortex is reduced in the ratio 
V1 — M?:1. The only velocity component, w’, at 
the point (¢, 7, 0) will also be reduced, and the velocity 
component w at the point (x, y, 0) will therefore be 
reduced by more than the ratio 7/1 — M?:1. Ata 
point in the Oyz plane, on the other hand, the perpen- 
dicular distance from the point (0, 7, ¢) to the bound 
vortex line is reduced in the ratio \/1 — M?:1, but the 
angle subtended by the vortex line at this point is 
not changed. The induced velocity component w’ at 
the point (0, 7, ¢) is increased in the ratio-1:+/1 — M7’, 
and therefore u(0, y, z) is also increased in this ratio. 
The lines of constant velocity in a plane perpendicu- 
to the bound vortex line are thus elongated 
the x-direc- 


lar 
in the z-direction 
tion. 
Quantitatively, at an arbitrary point x, y, 2, the 
contributions to the induced velocity components from 
the semi-infinite vortex line defined by ¢ 2 0, ¥ = 


and compressed in 








+b, 2 = 0 can be readily obtained from Eqs. (53), 
(55), and (56). The results are 
u(x, y,z) = 0 (57) 
F z 
v(x, y, 2) = — —————- 
4r (b — y)? + 2? 
j x li 
41+ —. a iin 58) 
[V+ IPO —y +24 S 
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APPROXIMATION 


5 b -y |x 
4a (b — ¥) 2+ s* 


( 
+ 7eF0o MO = ee f 


w(x, ys i 


The contributions to the induced velocity compo- 
nents at the point (¥, y, 2) from the semi-infinite vortex 
line defined by x > 0, § = —b, Z = O are given by ex- 
pressions similar to those of Eqs. (58) and (59). 


u(x, y, 2) = 0 (60) 





Ux, ¥, 2) = «fh = 


21. 


x 
alae 4p z) = 1 — M — ae 
w(x, Y, ) ( ) aI, te a _ Mw alts 


It is not difficult to see that these equations agree 
with the qualitative discussion at the beginning of the 
present section. 


PRANDTL WING THEORY FOR SUBSONIC COMPRESSIBLE 
FLow 


In the Prandtl wing theory for incompressible flow, 
the wing of finite span is replaced by the bound vor- 
tex, or lifting line along the y-axis, and the trailing vor- 
tex system is replaced by a plane trailing vortex sheet 
shed from the lifting line in a direction parallel to the 
main flow. This simplification is based upon the as- 
sumption that the induced velocities are small, which 
implies that the vortexes in the fluid are weak and the 
wing is lightly loaded.* These are exactly the condi- 
tions for the validity of results obtained by the Glauert- 
Prandtl method. Therefore, the results obtained in the 
previous section can be used to calculate the induced 
velocity field of the trailing vortexes. To a first ap- 
proximation, it has been shown that the induced veloc- 
ity field around a semi-infinite vortex line lying in the 
direction of the main flow is unaffected by compres- 
sibility in a plane perpendicular to the vortex line 


*It seems to the authors that the assumption of small induced 
velocities also requires that the spanwise variation of lift be small. 
Therefore, the Prandtl wing theory breaks down at points where 
dI/dy is not small. Physically, this means that the values of 
lift distribution near the wing tip or a discontinuity in geometric 
angle of attack cannot be accurate even if they are the results 
of an exact calculation using the Prandtl theory. 
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r g 
u(x, y, 2) = — | x 
4ri(b + y)?+ 2 
ee cee aa (61) 
\ Vet — Wo + vy? +2 


a) b+y =| x 
4rL(b + yy)? +27 


x | 
—_— = = —— — — —— (¢ 2) 
"Ver -IAle+ ye ras © 


The contributions from the bound vortex along the 


W(X, 


y, 2) = 


y-axis are 








b'-¥ 4 
o— yy? +2) 

- cit a —_ (63) 

Vx + (1— M4) (6+ 9)? +24] 
z) =0 (64) 

od Ss 
V2+(1— iW) ((6-—y?+2 

b+ y¥y | —_ 
: — = | (69) 

Vx? + (1 — M6 + y)? + 2 
through the point from which the line originates. The 


semi-infinite trailing vortex of strength —(dI'/dj) dj 
shed from the point y = ¥ generates an induced velocity 
dw at a point y on the lifting line given by 


dw(0, y,0) = —(d0'/d¥) d¥/4r(5 — y) — (66) 


The total down-wash velocity at the point y on the lift- 
ing line is then expressed by the well-known integral 


w(0, y, 0) = (1/4r) J”, (dP /d5) d¥/(y — 5) (67) 


Hence, the down-wash velocity along the lifting line 
depends only upon the circulation distribution 
explicitly and is not directly dependent of Mach 
Number. 

Under the assumptions of the Prandtl wing theory, 
the flow around each airfoil section can be computed 
as in the case of two-dimensional flow, except that the 
local angle of attack is reduced by the down-wash 
angle e = w/U at any section. The circulation around 
any section is 


= (¢/2)U(da/da)[a — (w/U)] (68) 


where a is the airfoil section angle of attack measured 
from the zero lift line, c is the section chord length, and 
dc,/da is the slope of the section lift coefficient curve. 
Thus, the spanwise lift distribution for subsonic com- 
pressible flow can be calculated by the methods utilized 
for incompressible flow, except that the airfoil section 
properties must be taken at the Mach Number of the 
undisturbed flow. 
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Since the spanwise distribution of induced velocity 
depends only upon the spanwise lift distribution to a 
first approximation, the induced drag on the wing for a 
given spanwise lift distribution is the same in both 
subsonic compressible and incompressible flow. This 
fact was first observed by Prandtl, us ng the concept of 
the acceleration potential.2 However, except in the 
special case for which the wing twist is zero and the 
down-wash is constant along the span (elliptic lift dis- 
tribution), the spanwise lift distribution for a given 
total lift will be altered by compressibil- 
ity. 

If it were required to maintain the circulation con- 
stant at every section for a given wing lift, then 


rosea (2) en -(2)] 
2 da/se_ U/e ~ da/i Uji 


(69) 


wing 


where the subscript c denotes the compressible flow, 
and the subscript i denotes the incompressible flow. 
Since 


> 


(de,/da). = (dq,/da);/W1 — M 


and 

(w/U), = (w/U), 
if the spanwise lift distribution is assumed to be un- 
changed, 


a — (w/U) = Vi = IP la, — (w/U)| (70) 


or 

y—-a= i 1- V1 — M?)(a, — (w/U)| = (71) 
If the wing twist is zero and the down-wash velocity is 
uniform along the span, the wing angle of attack meas- 
ured from the zero lift angle will be reduced in accord- 
ance with Eq. (71) to maintain an elliptic load dis- 
tribution at a given wing lift. In the general case, 
where the effective two-dimensional section angle of 
attack [a,; — (w/U)| is not uniform along the span, 
the change in section angle of attack required to main- 
tain the same lift distribution at a given wing lift will 
also vary along the span. It is apparent, therefore, 
that the same spanwise lift distribution cannot be main- 
tained for a given wing lift at all Mach Numbers. 

From Eq. (70) it can also be seen that the slope of 
the lift coefficient curve for the whole wing is not in- 
creased in the ratio 1:+/1 — 1/2, as Husk‘ has assumed. 
For the simple case of the elliptic lift distribution, 


w/U = C,/7A.R., if A.R. is the aspect ratio. There- 
fore, 
da ) ( da ) er l | as . 
——— | = — VY1-— M+- (l1— Y1— M?) 
(<< e \dC,/i TA.R. 
(72) 


or 
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(=) re 
da /c 
a) /| — l (=) 
1 — \/?+— -)(1— 1— jf 
(= i ’ TA.R.\ da /i . | 
(73) 
DOWN-WASH AT THE HORIZONTAL TAIL SURFACE AND 


EFFECTIVENESS FOR SUBSONIC COMPRESSIBLE 
FLow 


TAIL 


Silverstein, Katzoff, and Bullivant’ have shown that 
for incompressible flow the down-wash behind a mono- 
plane wing can be computed with sufficient accuracy 
from the Prandtl wing theory. The spanwise lift dis. 
tribution on the wing is replaced by an equivalent step- 
wise distribution (Fig. 16), and a trailing vortex of 
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Fic. 16. Equivalent spanwise lift distribution. 


strength equal to the ‘“‘jump’’ (AIT) is shed from each 
point on the lifting line (y = 9) at which a step occurs. 
From Eqs. (57) to (65), a first approximation to the 
downi-wash angle induced in the plane (x0z) by such a 
system of horseshoe vortexes will be given by the sum 
of expressions of the type 


w(x, 0, 2) ar 


e(x, 0, s) = 
L 2rU | y? + 2? 


» _ # . | 1 1— M? |} 
Vx? + (1 pes M?)(¥? 4 2)Ly2 +22 x? + (1 — M?)2? { 


which reduces, of course, to Eq. (1) of reference 7, for 
= 0,9 = 6 =s. Therefore the down-wash at a point 
not on the lifting line is a function of Mach Number. 
This is in contradiction with the result of Husk.‘ 
Because of the downward displacement of the plane 
trailing vortex sheet behind the wing, Eq. (74) actually 
gives the down-wash at a point having a vertical dis- 
tance z from the displaced vortex sheet. As a second 
approximation, it is assumed by Silverstein’ that the 
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APPROXIMATION 


downward displacement of the entire trailing vortex 
sheet at any point x is equal to the downward displace- 
ment of the centerline of the vortex sheet at that point. 
This displacement h is given by the integral expression 


h= S77 tanedx = S77 &(x, 0, 0) dx (75) 
where x) is the x-coordinate of the trailing edge of the 
wing, measured from a line parallel to the y-axis through 
the quarter-chord point of the wing root section, and 
e(x, 0, 0) is the down-wash angle along the centerline, 
calculated from Eq. (74). The down-wash angle for a 
given spanwise lift distribution will be reduced by com- 
oressibility (Eq. (74)), but the downward displacement 
of the trailing vortex sheet will also be reduced (Eq. 
(75)). Since the tail surface is higher than the trailing 
edge of the wing in modern airplanes, these two effects 
will partly counterbalance each other. To investigate 
the relative magnitude of these two effects, a calcula- 
tion of the down-wash angle distribution in the plane 
(xz) at x = */,b has been made at several Mach Num- 
bers for the simple case of a uniform wing loading, a 
wing lift coefficient of 1.0, and a wing aspect ratio of 
7.0. The results of this calculation are shown in Fig. 
17. At the approximate location of the horizontal tail 
surface, the reduction in down-wash angle is 4 per cent 


at M = 0.5 and 9 per cent at M = 0.70. However, 


this apparent small reduction has a strong effect on the 
slope of the pitching moment curve for the complete 








airplane. This fact will be shown presently. 
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Fic. 17. Downwash angle in plane x0z at x = 3/,5 for uniform 
wing loading, with C, = 1.00, A.R. = 7.0. 
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By utilizing the results of the previous section, an 
approximate calculation of the tail effectiveness for 
subsonic compressible flow can be made. The angle of 
attack of the tail is obtained from the relation 


= A&+yh—- ete (76) 
where a, is the wing angle of attack measured from 
the zero lift line, 7, is the angle of incidence of the hori- 
zontal stabilizer, measured from the zero lift line of the 
wing, €,; is the down-wash angle at the tail and » is the 
contribution to a, from the tab and elevator. For the 
particular case of an elliptic spanwise lift distribution, 
the wing angle of attack at a given wing lift coefficient 
is reduced by compressibility in accordance with Eq. 
(70). However, the slope of the tail lift coefficient 
curve, dc,/da,, is increased by compressibility in ac- 
cordance with an expression similar to Eq. (73). The 
tail lift coefficient for compressible flow becomes 


(dC,/da,), 


—— — dc ] x 
VY1—- M+a1-vyi — 17y/ t)— 
da,/iwA.R., 


C:. = 


ye Cr 
Ani V [~~ = +— 
| 7wA.R. 


1—-Y1— I) +ity—e| 
wu 

(77) 
The airplane pitching moment coefficient, C,, is obtained 
from the relation 


6 oe Coe + CL[(d = do)/c] aia cmV (78) 


Here, c¢c = mean aerodynamic chord (M.A.C.) 
d = distance of airplane center of gravity 
from leading edge of M.A.C. section 
dy = distance of aerodynamic center of M.A.C. 
section from leading edge 
V = tail volume coefficient = S,J/S,,c 
S, = horizontal tail surface area 
S» = wing area 
1 = horizontal distance of tail center of pres- 
sure from airplane c.g. 
n = tail “efficiency’’ (measure of reduced 
velocity at tail) 
Cno = Wing pitching moment coefficient with 


respect to aerodynamic center of 


M.A.C. section 
From Eqs. (77) and (78) the first order effect of com- 
pressibility on dC,,/dC, for a fixed elevator and tab 


position is 


V(%e) 

(46) - ‘ da; | x(“*) _ (“«:) 14 

dC, () dad ¢c day i 
day u 


a-Kvi= a) -—-* (44) a -yi=a)| 
WA.R.tg t 


d Oy 


(79) 
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where 


_ iC\ 1 
K=1/|Vi— w+ (1- vi — M(‘ ),- “a 
[v "s * _— iwALR. 


Since the down-wash at the tail is only slightly reduced 
by compressibility at a given wing lift coefficient (Fig. 
17), while the wing angle of attack is considerably re- 
duced (Eq. (70)), the first order effect of compressi- 
bility on the static longitudinal stability is destabiliz- 
ing. The values of A(dC,,/dC,) in Table 2 have been 
calculated for a representative airplane, where A.R., = 
7, A.R., = 3.5, V = 0.60, (de,/da,); = 0.4, (dC,/day); 
= 4.60, (dC,/da,); = 3.0, and 7 = 0.65. Increments in 
dC,,/dC, of the magnitude shown are of considerable 
importance in the calculation of maneuver tail loads 
for airplanes that have marginal stability at low 


speeds. 


TABLE 2 
M A(dCm/dCz) 
0.4 +0.005 
0.5 0.010 
0.6 0.015 
0.7 0.021 
0.75 0.027 


THREE-IIMENSIONAL WIND-TUNNEL CORRECTIONS FOR 
SUBSONIC COMPRESSIBLE FLOW 


For incompressible flow, wind-tunnel corrections to 
measurements on wings of finite span have been calcu- 
lated from the Prandtl wing theory by replacing the 
physical constraints with a suitable system of ‘‘image’’ 
vortexes. It has been shown in a previous section that 
the induced velocity field around a semi-infinite vortex 
filament lying parallel to the direction of the main flow 
is unaffected by compressibility to a first approxima- 
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Fic. 18. Helicoidal trailing vortex shed from a propeller blade. 


tion in a plane perpendicular to the vortex line through 
one end of the line. Since the trailing vortexes of the 
wing ‘‘images’’ are represented as semi-infinite vortex 
lines parallel to the x-axis, the velocities induced at the 
lifting line, or wing, by the ‘“‘images’’ will be independ- 
ent of the Mach Number, 1/7. Therefore, the wind-tunnel 
corrections for the lift distribution can be calculated 
by the same method used for incompressible flow. 

However, from the qualitative discussion of the in- 
duced velocity field of the horseshoe vortex, it can be 
seen that the velocities induced by the wing ‘“‘images” 
at points behind the wing will be increased by compres- 
sibility. A first approximation for the wind-tunnel 
correction to the down-wash at an airplane tail surface 
is given by the correction for incompressible flow taken 
not at the actual value of the nondimensional param- 
eter x/r for the tail location (r = appropriate lateral 
dimension of wind-tunnel test section) but at the greater 
value x/rv/1 — M?. 





AERODYNAMIC CHARACTERISTICS OF LIGHTLY LOADED PROPELLERS IN SUBSONIC COMPRESSIBLE FLOW 


If an airplane propeller is lightly loaded, so that the induced velocities are everywhere small, the trailing vor- 


texes shed from the propeller blades can be regarded approximately as semi-infinite helices (Fig. 18). 


Since the 


flow velocity referred to a fixed coordinate system is only slightly different from the flight velocity U, the approxi- 


mate Biot-Savart law for subsonic compressible flow (Eqs. (53), 


(55), and (56)) can be applied to this problem.* 


The induced velocity components at a point (0, y, 0) on one of the propeller blades are given by the expressions: 


u(0, y, 0) = 


05 - M? 1) Sar 


“ar 


id (1 — M2)(r? 4 





+: yr — ory cos g) + ho2R 


re — ry COS de (80 
e- y"}3 3/2 , 








dor (¢ COS gy — sin g) de 











(0, y, 0) = ta “y 12 (81) 
4 ” dr ue e+ SF = Ory COS gx) + Ao*?R2y?] */2 
R =] = ° 
w(0, y, 0) = _t - dl “y 5 a [y — r(v sin gy + cos ¢)] dy . (82) 
Ar ro dr [1 — M2)(r? + y? — 2ry cos gy) + Ac2R2y] *” 


. After the induced velocities are calculated, the blade angle and other local section characteristics can be determined by using 


the well-known airfoil relation. 


However, it should be noted that the section properties must correspond to the Mach Number 


of the air velocity relative to the blade section, which is quite different from the flight Mach Number M and varies along the blade. 
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APPROXIMATION FOR SUBSONIC FLOWS 


Here, r = radial distance of the point on a propeller blade from which the trailing vortex is shed. 


ro = radius of propeller hub 

¢ = parametric angle of helix 

ge = g+2nr[l — (2/B)|, k= 1,2,3,...B 
=g¢otd 

B = number of blades 

I(r) = circulation around blade section 

D = propeller diameter = 2R 

% = UjsaD = J/s 

U = flight velocity 

n = revolutions per second of propeller 

If the nondimensional variables r’ = r/R, y’ = y/R are introduced, the expressions for the induced velocity 


components become: 


B 
l 1 , oo : —_— Vas! wee np i 
u(0, v’,0) = — a, [2 dr’ ) [ - eee thet S er) dy (83) 
4rRV/1 — AM? ro’ dr’ 0 fr’? + y’2 — 2r’y’ cos o& + [Ao?/(1 — M?)] g?}*? 
k=1!1 
B 
20, y’, 0) = —- a / aT yy ) f — ESO K ~ SAG) Ep :, (84) 
4nRV1 — M?J)r'dr’ 4 0 {r’? + vy" — 2r’y’ cos go + [do?/(1 — M?)} ¢?}8 . 
t= 
B 
l we. - ly’ — r’(e sin gy + cos y)| dy _ 
awe / 7? = dr fo or er a te <r o//  -4aa\) .903/0 (59) 
4nRV1 — M?Sr' dr 0 {r’2 + vy’? — 2r’y’ cos go + [Ao?/(1 — M?)] g?}%/2 
k=1 


By following the suggestion of Konstantinov (reference 8, p. 692) the integral inside the summation sign in Eq. 
(83) can be rewritten as 








w(0, y’, 0) 


ln » 
i (r’? — r'y’ cos ¢) de 1/[r’? + y’? — 2r’y’ cos @& +—— -(¢ + 2mr)*|*? (S6) 
0 1 — M? 
m=O 


The first term in the Euler-Maclaurin expansion for the infinite series inside the integral sign in Eq. (86) is given by 


lal 


19 19 o 9 Ao” / 91 2/9 1-— » l 
J dm/{r 2+ y'* — 2r vy COs g& + = (oe + 2mr7)?| 3/2 — vi 4 ; = | —_ 


— M* 270 (r’? + y’? — 2r’y’ cos ¢) 


l i aa ‘ - ‘ Me og kh a 
—| o/\r’? + y’? — 2r’y’ cos gy }{ 7’? + y’? — 2r’y’ cos g& + —— 7; ¢ (Sé) 
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The leading term in the integral in Eq. (86) then becomes 
wf r’? — r’y’ cos (gy + 6) F jV1 — M?/ro, r’ > y' | 
- ——. - — —--- — _ —-_ — ¢ ‘al = , , - 
2p 0 r’? - yy"? — 2r’y’ cos (gy a 6) . 0, r . ¥’ f 
Let the value of the integral of all the remaining terms be denoted by F,[r’, y’, (Mo/~/1 — J7*)|. Then by using 


the condition that '(1) = 0 and Eq. (88), the expression for the axial induced velocity component (Eq. 83) is trans- 
formed to 





(88) 
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; ’ “y’ 7 i No \ 
u(0, y’, 0) = a WY) _ a= | ee dr’ ) F, (r. y= =) (89) 
4drRyy  4eRV/1 — MPD dr’ Yl — Ww 


ot 


The first term, which is the axial component of induced velocity calculated for an infinite number of blades, is un- 
affected by compressibility. Physically, this result is a consequence of the assumption that the induced velocities 
are small; hence, to a first approximation the density variations can be neglected. The calculation of the axial 
momentum for an infinite number of blades will then be the same for subsonic compressible flow as for incompres- 
sible flow, and the expression for the axial component of induced velocity will also be unchanged. 

The second term in the expression for «(0, y’, 0) represents the correction for a finite number of blades. This cor- 
rection must be calculated at an advance ratio equal to \o/+/1 — WW? and then increased in the ratio 1: 4/1 — M7. 
Since the magnitude of the correction for a finite number of blades increases with increasing advance ratio, the 
first-order effect of compressibility is to increase this correction in a ratio somewhat greater than 1:\/1 — J. 

(Continued on page 202) 








Shock Waves in Aerodynamics 


HOWARD W. EMMONS* 
Harvard Unwersity 


SUMMARY 


This paper reviews some of the physical aspects of shock waves 
as they affect the high-velocity performance of airfoils. It is 
shown that the conventional frictionless, adiabatic, irrotational 
fluid motion can admit shocks only as an added discontinuity. 
Real fluids with viscosity and thermal conductivity will admit 
shocks as a uecessary part of the complete solution of high- 
velocity problems. A brief discussion is given of oblique shock 
waves and of the necessarily rotational‘ motion in the region be- 
hind a shock wave. A few words are included on the subject of 
the critical Mach Number for airfoils. Finally, combustion, 
detonation, and condensation waves are mentioned. 


INTRODUCTION 


— MODERN DEVELOPMENT of aircraft has been in 
the direction of high velocity and high altitude. 
Both of these developments cause the velocity of the 
plane to approach the velocity of sound in the air 
through which it moves. Thus there are many new 
problems for the aerodynamicist to consider. These 
are, however, not confined to the external parts of the 
airplane. 

In the attempt to reach high altitude, super- 
charger development has carried velocities inside of the 
engine to values where compressibility troubles are just 
as important. Indeed, every improvement in planes 
or their mode of propulsion introduces further prob- 
lems, in which the compressibility of the fluids in- 
volved is of increasing importance. The development 
of gas turbines introduces the same difficulties as are 
already present for the propeller. The new jet propul- 
sion developments involve high velocities in the jets, 
which brings to aerodynamics the same problems that 
have been present for years in steam turbine nozzle 
design. 

This list of ways in which compressibility effects 
arise would not be complete without at least a mention 
of the difficulties connected with the measurement of 
the high velocities themselves and the military problem 
of flow about projectiles. 


In all of these problems the understanding of what is 
occurring proceeds rather smoothly until shock waves 
arise. The occurrence of shock waves, their cause, 
their location, their magnitude, their shape are all so 
poorly understood that little more than guesswork is 
possible at the present time. Some of the positive in- 
formation about this ‘‘discontinuity” phenomena is re- 
viewed in the following paragraphs. 
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SYMBOLS 
a = velocity of sound or acceleration along a streamline 
a+ = velocity of sound in fluid for state where M = 1 
Ce = specific heat at constant volume 
= enthaipy 
1 = distance along a streamline 


M = Mach Number 

= distance normal to streamline 

= pressure 

= resultant velocity 

= radius of curvature of a streamline 

= gas constant 

entropy 

= shock thickness 

= temperature - 

= velocity (component normal to a shock wave) 

= velocity (component parallel to a shock wave) 

= Mach angle 

= angle between constant velocity line and streamline in 
hodograph plane 

= angle between M = 1 line and normal to a surface 

isentropic exponent 

rate of rotation of fluid element 

velocity potential 

stream function 

= mass density 

= oblique shock angle or velocity vector direction 
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SHOCK WAVES 


By way of introducing some concrete ideas about 
shock waves, consider a frictionless constant area pipe 
as shown in Fig. 1. 

Suppose that a fluid of known properties flows stead- 
ily into the pipe through section 1. Under steady con- 


‘ditions what emerges from the pipe at section 2? To 


answer this question we apply to the fluid between 
sections 1 and 2 the laws that govern the motion of 
bodies. First, conservation of matter requires that as 
much fluid flows out at section 2 as flows in at section 1. 
This gives 

pili = pote (1) 


The conservation of momentum requires that the forces 
applied to the section of fluid between 1 and 2 along the 


- axis of the pipe must balance the change in momentum, 


or 
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Pi + pits? = po + pote? (2) 


Finally, conservation of energy requires that the energy 
entering section 1 must pass out through section 2, 
since there is to be no work done on, or heat transferred 
to, the fluid between sections 1 and 2. Therefore 


hy + (u?/2) =h,+ (u2"/2) (3) 


In these Eqs. (1), (2), and (3) we regard all quantities 
with subscript 1 as known, all quantities with subscript 
2as unknown. Thus, we have as unknowns the pres- 
sure, density, enthalpy, and velocity of the fluid at 
section 2. So far there are not sufficient equations to 
determine what will leave at section 2. However, the 
three properties—pressure, density, and enthalpy—are 
connected as soon as the nature of the flowing substance 
isknown. To be specific, assume that the fluid entering 
section 1 is a perfect gas for which Eqs. (4) and (5) 
hold. 


pb = pRT (4) 


In — bn = G(T, — Ts) = (_2_\(2 ~ *) (5) 
y¥-—1 


P1 p2 


It is now possible to solve for conditions at 2. 

By eliminating the properties p2, p2, and 72, we get 
the following equation connecting the velocity at 2 
with conditions at 1: 


: Qy )( pr ) Qyp1 
-{— + 1 faye + ———_ + 
- (; + 1/\piu;* , (y+ 1)a 


(= a =@Q (6) 


The first thing to observe in this equation is that it is of 
second degree in u%. This means that we have not one 
possible fluid leaving at 2 but two possible fluids leaving 
at 2. The solutions of this equation are 








Un = wy 
us = { [2y/(y +1)] (pr/prm) + (y — 1)/(v + 1) } mm (7) 


Naturally, we find that one possible leaving condition 
is identical to the entering condition. There would be 
something fundamentally wrong if this were not the 
case, since it is common experience that what comes out 
of a pipe is identical to what went in (neglecting fric- 
tion). The other solution, however, requires some 
examination. First, if this second solution is real, then 
there must be inside of the pipe some stationary dis- 
turbance—that is, some disturbance that remains be- 
tween sections 1 and 2 and through which the fluid 
passes. To see the meaning of this second solution, 
introduce the speed of sound by 


a? = yp/p (8) 


The second solution becomes 


us = {[2/(y + I) (a/m)? + (y -—D/(v+ VD} um (9) 


This can be further simplified in the following way. 
Consider the frictionless, adiabatic flow through a 
nozzle of varying area. The energy equation for this 
case is the same as Eq. (3). Introduce into Eq. (3) the 
speed of sound from Eq. (8). 


ay;?/(y — 1) + (m2/2) = as*/(y — 1) + (us?/2) (10) 


Suppose now that the arbitrary state (3) at some nozzle 
area is such that the fluid had the same velocity as the 
speed of sound uj = d3 = d»—that is, such that the 
Mach Number M3; = 1. Thus 


dy? = 2a,*/(y + 1) + [Cy — D/(y + I) uw? (11) 
Hence, Eq. (9) becomes 
U2, = Ax? (12) 


This equation states that the velocity of the fluid at 
section 2, ue, times the velocity of the fluid at section 1, 
u;, is equal to the velocity of sound squared under that 
condition of the fluid for which M = 1. Since the 
velocity of sound in the fluid varies with the fluid 
properties, this last specification (that the properties be 
such that 7 = 1) isan important consideration. This 
equation was first presented by Prandtl! in 1904. 
Now, to analyze this equation, suppose u,; = a,4—that 
is, suppose that the fluid enters with a velocity equal to 
the velocity of sound in the fluid. Then x2 also equals 
dy and the two solutions of Eq. (6) have merged into a 
single solution. There is no stationary disturbance 
possible that is consistent with the physical laws and 
the fluid properties as given by Eqs. (1) through (5). 
On the other hand, suppose 4; is greater than a,—that 
is, M@, > 1. In this case uw. < ay and some kind of a 
compression process must have occurred inside of the 
pipe. Finally, if u, < a,—that is, @, < 1—1 will be 
greater than ay and an expansion disturbance must be 
occurring between sections 1 and 2. For both of these 
cases the magnitude of the change in pressure is easily 
found by eliminating p2 from Eqs. (1) and (2). Thus 


po — pr = pitts(u2 — %) (13) 


So far, there is no reason why either an expansion or 
compression might not take place with equal ease. Of 
course, experience shows that we never are embarrassed 
by having a fluid leave a short section of pipe at a far 
higher velocity than that at which it enters, so that 
physically the expansion disturbance is not observed in 
spite of the fact that the physical laws of conservation 
of matter, energy, and momentum have no objections. 

The objection to an expansion disturbance arises 
from the second law of thermodynamics. For a perfect 
gas 

ds = ¢,(dT/T) — R(dp/p) (14) 
By integrating this equation and substituting from 


Eqs. (1), (2), (3), (11), and (12), we get the following 
equation for the entropy change: 
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Fic. 2. The entropy increase across a normal shock. By 
second law of thermodynamics shocks are not possible for a Mach 
Number less than unity. 
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From this equation it is obvious that no change of 
entropy occurs if M, = 1. By reference to Fig. 2, it is 
clear that the entropy will increase from section 1 to 
section 2 only if 4, > 1. Thus, only the case of a 
compression disturbance can arise in practice, since the 
occurrence of an expansion disturbance of this type 
would make a perpetual motion machine possible. 

It appears that any stream flowing at supersonic 
velocity may, if it so chooses, slow down to the appro- 
priate subsonic velocity at any time and continue at 
this new condition, Thus, so far, there is no reason 
whatever why any supersonic stream should or should 
not at any time change its mind as to its properties and 
velocity. 

Since the compression disturbance remains between 
sections 1 and 2, its velocity must be equal to 1. 
Since, as shown above, ™ > dy, the disturbance must 
be moving with a velocity higher than the velocity of 
sound. Notice further by Eq. (12), the greater the dis- 
turbance the greater the velocity. These compression 
disturbances always move at a greater speed than the 
speed of sound if they introduce a finite disturbance 
into the stream. ; 
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NATURE OF SHOCK WAVES 


Having assured ourselves that the laws of nature 
permit these finite disturbances to remain stationary in 
a fluid and having observed such disturbances experi- 
mentally, it is natural to ask how thick they are and 
what process occurs in the fluid during passage through 
such a disturbance. First, it should be noted that the 
treatment, so far, gives no information whatever rela- 
tive to these questions, Section 1 and section 2 might 
have been separated by 1/1,000,000th of an inch as far 
as our discussion was concerned. It would make abso- 
lutely no difference to our treatment as long as the 
assumptions that no forces external to the pipe and no 
heat or work exchange occurred within the fluid and as 
long as the gas laws (4) and (5) continue to hold. Thus 
it is necessary, in order to answer the above questions, 
to find to what extent these assumptions break down, 
It is only through the failure of these assumptions that a 
compression disturbance can have any finite thickness. 
If it were not for such additional considerations, a zero 
thickness compression shock would be the only physical 
possibility. This is important since problems in aero- 
dynamics treated by the conventional theory of a fric- 
tionless, adiabatic, perfect gas continuum can admit 
compression shocks only as something extra (and of 
zero thickness). 

The actual physical process that takes place in a 
compression shock has been considered by a number of 
workers.?-* In each of these references a more or less 
complete picture of a real fluid has been introduced into 
the more complete differential equations describing the 
motion through the disturbance—-that is, equations 
replacing and supplementing Eqs. (1) through (5). 
The various combinations considered are: (1) an 
adiabatic continuum with viscosity, thus, friction will 
control the shock thickness; (2) a frictionless fluid 
with thermal conductivity, thus, heat conduction will 
control the shock thickness under those conditions in 
which heat conduction is adequate to permit a shock 
(not always the case); (3) a continuum with both 
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Fic. 3. The entropy increase across oblique shocks as a function 
of the initial stream Mach Number and the angle of obliquity. 
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thermal conductivity and viscosity. For details of 
these treatments see references 1 through 8. They are 
all in agreement on the following points. The station- 
ary disturbance, the shock wave, is dependent in thick- 


ness upon the velocity. For M = 1 the thickness be-- 


For relatively small velocity changes 
The following formula is 


comes infinite. 
the thickness becomes small. 
given by Taylor.® 


t(in.) = 1/80(u2 — um) (ft. per sec.) (16) 


Notice that a change of velocity of 10 ft. per sec. would 
occur in a thickness of 1/800th of an inch. Shock 
waves involving greater changes in velocity are thinner, 
so thin in fact that there is no hope at the present to 
obtain experimental measurements with which to check 
the results. 

This, however, is hardly necessary. First, it is sure 
in many cases that the actual dimensions specified by 
the above theories would probably not be correct. 
For so thin a layer, often approachitig molecular dimen- 
sions, the continuum treatment by way of viscosity and 
thermal conductivity could hardly be correct. A new 
treatment, based upon kinetic theory of gases, would be 
indicated. Modern physics, moreover, shows that for 
many gases even this treatment would be wholly inade- 
quate. The quantum theory has shown the necessity 
of considering the distribution of energy between the 
various energy states of the atoms and molecules com- 
prising the gas. It is known that in many gases inter- 
nal equilibrium could not readjust itself so rapidly as 
required by a compression shock. What we are saying 
here is that the properties of the fluid Eqs. (4) and (5) 
will, in general, not be correct for the fluid within the 
disturbance if the disturbance is as thin as predicted 
above. In general, then, we can expect thickness of 
the order of magnitude of those predicted with, how- 
ever, no expectation of detailed agreement with any 
future thickness measurements. 

Second, the above discussion of kinetic and quantum 
effects need not disturb us as aerodynamicists so long as 
the thickness is of the order of a fraction of an inch, 
since Eqs. (1) through (5), as used in the original 
derivation of the shock-wave equations, are entirely 
correct for sections 1 and 2, provided these sections are 
placed before and after the disturbance. Thus, we 
can, in aerodynamics, proceed as if the shocks were real 
discontinuities. No matter what future internal as- 
pects a shock may develop, it cannot alter the shock 
equations already developed, provided there is no 
energy transmitted from the region of the disturbance 
to other distant regions. It might be interesting to 
mention here the fact that such energy loss can take 
place if the shock wave is sufficiently strong. There is 
some indication that an extremely strong shock wave— 
arising, for example, in the case of a meteor entering our 
atmosphere at a Mach Number in the neighborhood of 
100—gives rise to such a great disturbance to the air 


that electrons are torn from the atoms and, on return, 
radiate energy out of the shock-wave region in all 
directions. Some of the light that ig seen as a meteor 
streaks across the sky may be eyijdence of a failure of 
the formulas used in the first section. 


OBLIQUE SHOCK WAVES 


So far, we have considered shock waves so placed in 
the air stream that the direction of the air was unaltered. 
The shock wave is normal to the incoming and outgoing 
air velocity. When fluid flows toward a shock wave, it 
may or may not be normal to that shock wave. Oblique 
shock waves, oblique to the oncoming velocity, can be 
considered as normal shock waves to a component of 
the oncoming velocity. The simplest way to assure 
ourselves of the correctness of this is to imagine a nor- 
mal shock and observation of it from a vehicle moving 
along the shock. Thus, the fluid appears to the moving 
observer as though it were oblique to the shock (see 
Fig. 4). It is also evident from Fig. 4 that the velocity 
of the fluid as viewed by our moving observer will have, 
after the shock, the same velocity component along the 
shock as before but a smaller normal component, 
Thus, in an oblique shock the fluid suffers an abrupt 
change in direction. 
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Fic. 4. An oblique shock is a normal shock to a velocity com- 


ponent. The velocity direction changes abruptly. 








The shock polar. 


Fic. 5. 


If, as in Fig. 5, there is a fixed oncoming velocity and 
shock waves are considered at various angles, then two, 
effects occur as @ is decreased froin 90°. The direction 
of the stream alters and the magnitude of velocity fol- 
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jowing the shock alters. As @ is decreased, the com- 
ponent of the entering velocity is decreased and, hence, 
the jump in normal component of velocity is decreased. 
This gives rise to velocity vectors terminating on a curve 
somewhat as in Fig. 5. It should be observed that as 


the shock-wave angle @ becomes smaller, it finally as- 


sumes such a direction that the normal component of 
velocity is equal to the speed of sound. As we already 
noticed, there can then be no change in normal compo- 
nent and, hence, no real disturbance at all. This direc- 
tion is at what is known as the Mach angle = sin=!a/m. 

Oblique shock waves are to be understood in pre- 
cisely the same way as normal shock waves, except that 


a component of the entering velocity is to be used in- ° 


stead of the entering velocity itself. 

It is instructive to think about what takes place 
through the shock wave that attends the motion of a 
blunt projectile through air. Fig. 6 shows the ap- 
proximate location and shape of the shock wave that 
has often been observed at velocities below those at 
which the wave is attached to the nose. Immediately 
in front of the projectile the wave is normal to the un- 
disturbed air ahead of the projectile, and, hence, im- 
mediately following this shock there is fluid at a small 
velocity and high pressure moving toward the stagna- 
tion point. A little away from the axis of the projectile 
the shock wave is oblique, and the velocity of the fluid 
following the shock wave has suffered an abrupt change 
in direction away from the projectile. At distances 
far from the projectile the shock wave has turned to 
the Mach angle, the magnitude of the shock has become 
vanishingly small, and the fluid proceeds past the pro- 
jectile essentially undisturbed. 


2 








Fic. 6. <A projectile headwave, 


The precise shape of such a disturbance has not been 
predicted to date. In fact, one occasionally hears that 
the fluid in the region behind a shock is turbulent or 
otherwise disturbed in an unpredictable way. The 
fluid behind a shock is disturbed in perhaps an unde- 
sirable way but not in an unpredictable way.-!! Only 
the case of flow in two dimensions will be considered 
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here. The flow prior to a shock wave—around, let us 
say, an airfoil—is assumed to be irrotational. It is so 
assumed because the fluid can always be supposed to 
have started from uniform conditions at rest and to be 
frictionless and adiabatic. It now follows by Helm- 
holtz’s theorem that the rotation originally zero will 
remain so. The rotation of fluid elements can be de- 
rived in a rather general way from Fig. 7. 





Fic. 7. 


By the definition of rotation we get 
2w = —(0g/On) — (q/r) (17) 


Since the fluid can be assumed frictionless in the region 
behind a shock wave, the acceleration normal to a 
stream line must be balanced by the corresponding 


pressure gradient. 
dp/dn = pq?/r (18) 


By eliminating the radius of curvature from these two 
equations there follows 


20 = —(0g/On) — (1/pg)(Op/dn) (19) 
Introduce the stagnation enthalpy 
ho = h + (q°/2) (20) 
and the thermodynamic relation 


dh = Tds + (dp/p) (21) 


Thus 
2w = (1/g)[T(Os/On) — (Oho/dn)] (22) 


This equation gives a relation between the rotation 
and the rate of change of entropy and stagnation 
enthalpy normal to the stream lines. This is a local 
fluid property and is independent of the reason for the 
existence of the variation in s and fo. Thus, if for any 
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reason the entropy or stagnation enthalpy is altered, 
the rotation will also be altered, unless the changes 
take place in precisely the amount required to keep the 
rotation constant. This latter case is of no importance, 
since it can be satisfied at only one velocity on each 
stream line. In particular, if a perfect gas flows from 
rest from a chamber of zero velocity and constant pres- 
sure but of nonconstant temperature, the rotation 
varies along each stream line according to the formula 


20 = (pq?/2)(OlnTo/ Oy) (23) 


The rotation is zero in the zero velocity chamber but 
does not remain zero thereafter. 

As long as there is no transfer of work or heat normal 
to stream lines, the stagnation enthalpy remains con- 
stant. Thus, in most aerodynamic work it follows that 
ho is constant along stream lines. In particular, ‘since 
itis usually possible to assume that the fluid starts from 
rest in a uniform temperature and pressure chamber, ho 
is constant everywhere. The corresponding statement 
for the entropy is derived as follows. Differentiate Eq. 
(20) along a stream line 


(0h/Ol) + q(0q/ol) = 0 (24) 
Also, the momentum equation 
(1/p)(Op/Ol) + q(0g/Al) = 0 (25) 


from which 
ds/0l = (1/T)[(Oh/dl) — (1/p)(Op/Ol)] = 0 (26) 


Thus, generally both the entropy and hp are constant 
on streamlines and, considering the source of the stream 
lines, they are constant everywhere. Through a shock, 
hy remains constant, as is seen by examining 
Eq. (3). The entropy, however, must change as by 
Eq. (15) (or its equivalent for oblique shocks obtained 
by replacing 14, by M, sin 6; see Fig. 3). Thus, in the 
region following a shock the rotation will not, in general, 
be zero but will vary from point to point as required by 
Eq. (22) and the corresponding entropy changes. It is 
only when a shock wave of fixed obliquity crosses a 
stream of uniform direction and velocity that the 
entropy change will be the same on all stream lines, and, 
hence, it is only then that the rotation would be zero 
after the shock. In Fig. 6, for example, there will be 
continuously distributed rotation through the region 
following the shock. 


CRITICAL FLow ABouT AIRFOILS 


So far, no consideration has been given to the question 
of when shocks will arise. It has been shown that 
shocks cam occur at any time when the fluid has a 
velocity at any point exceeding the velocity of sound, 
but nothing has been said about what will happen. 
Unfortunately, nothing too significant can yet be said 
in a general way about this circumstance. Consider 
first the familiar case of flow through a Laval nozzle. 


In such a nozzle with specified entrance conditions, the 
flow increases as the pressure following the nozzle is 
decreased. This increase in flow continues until the 
velocity of the fluid reaches the velocity of sound at the 
minimum section of the nozzle. No further flow is 
possible. However, as the pressure is further dropped 
at the nozzle exit, the fluid flows with increasing velocity 


through the speed of sound, becoming supersonic in 


some part of the outlet section of the nozzle. If it con- 
tinued supersonic to the end of the nozzle, the stream 
would arrive at too low a pressure to satisfy the exit 
conditions. Hence, a shock wave forms somewhere in 
the nozzle so that the pressure of the fluid can agree 
with that at the nozzle outlet. In this one-dimensional 
case the shock wave is not a haphazard matter but 
stands in a predictable location so that the boundary 
conditions at the nozzle exit can be met. It should be 
explained here that this discussion considers only flow 
through a frictionless nozzle and that the “‘predictable”’ 
above may be modified considerably by the fric- 
tion. 

When one considers the two-dimensional flow about 
an airfoil, it has not yet been possible to discover just 
where and why shock waves arise. Some thoughts on 
this matter appear as follows. As the velocity about 
the airfoil increases, some region will become supersonic 
as in Fig. 8. That this region is real can be seen from 





Conditions where the M = 1 line touches an airfoil 
surface. 


Fic. 8. 


experimental or theoretic pressure distributions along 
airfoils in which pressures below critical are found. 
We visualize that something like the magnified 
portion of Fig. 8 occurs for some speed of the 
airfoil. A streamline near the surface and the surface 
of the airfoil form a converging-diverging passage, and 
under some conditions this passage acts like the Laval 
nozzle of the one-dimensional theory for which no 
higher flows are permitted. Hence, shock waves, at 
first small and near the surface,.must appear. That 
this view is at least reasonable follows by considering 
the criterion for infinite acceleration described by 
Ringleb'? and von Ké4rm4n."* von Kérmé4n shows 
that for infinite acceleration a streamline in the hodo- 
graph plane must be tangent to one of the character- 
istics. This idea can be further developed as follows 
(see Fig. 9): 


tan p = 1(22) - (2) (22) _ 7 
q\00/y  q\00/y\Ol/y . 


where 7 is the radius of curvature of a stream line in the 


(27) 
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Fic. 9. A stream line in the hodograph plane. 


physical plane and a is the acceleration of the fluid 
along a streamline. 


a = q(0q/Ol), (28) 


The streamline that is the surface of the airfoil has a 
specified radius of curvature, not zero, at all points. 
Hence, if there is to be an infinite acceleration, tan 6 
becomes infinite or 8 becomes 90°. Since von Karman 
has already shown that 8 must equal the Mach angle 
for infinite acceleration, the Mach angle must be 90° 
also—that is, M = 1 at the point where the infinite 
acceleration occurs. Further indication of the correct- 
ness of this qualitative idea follows from Fig. 8. The 
angle § between a normal to the surface and a constant 
velocity line is 


tan = (dl/dn), = —(2q/dn),/(dq/2), 


Using Eq. (19) with the rotation set equal to zero and 
Eq. (28) for the acceleration, 


(29) 


tan 6 = g*/ra (30) 
or comparing this with Eq. (27), 
tan 8 tan 6 = 1 (31) 


Now for the case under consideration in which the 
surface of the airfoil is a streamline and is without 
points for which r = 0, an infinite acceleration implies 
6 = 0—that is, it implies that the constant velocity line 
is normal to the surface. With these two facts it ap- 
pears that the limiting flow about an airfoil without 
shocks occurs when the constant velocity line M = 1 
becomes normal to the surface at some point. Follow- 
ing this, a shock wave must begin near the surface, 
much as in a Laval nozzle. 

After a shock wave has once started, the whole flow 
to infinity behind this wave is altered because, of the 
change in entropy, and, hence, new considerations must 
arise before the magnitude, location, and shape of a 
finite shock wave can be discussed. 


GENERAL SHOCK WAVES 


In the preceding discussion the general treatment of 
the propagation of waves of permanent type was 
dropped after writing the energy, continuity, and 
momentum equations for the physical system of Fig. 1, 
All the remaining treatment has been concerned with a 
perfect gas. 

Many types of shock waves are encountered in vari- 
ous physical phenomena. The most spectacular shock- 
wave phenomena is that involved in combustion waves 
as in a burning gas or a Bunsen burner, or detonation 
-waves as in an explosive. These phenomena can be 
treated with the same three Eqs. (Eqs. (1), (2) and (3)) 
but with an appropriate specification of properties. 

At least one of these more general shock waves is of 
some concern to aerodynamicists—namely, condensa- 
tion shocks. In tests in high-speed wind tunnels in 
which atmospheric air is used, the large fall in tempera- 
ture causes the air to become supersaturated on moist 
days. The moisture then “suddenly’’ condenses in 
the form of minute droplets. This condensation is 
accompanied by the change of properties and velocity of 
the entire stream. In a Schlieren photograph, a con- 
densation shock is undistinguishable from the common 
shock wave in air. Hence, wind-tunnel photographs 
must be interpreted with caution. Since the moisture 
varies from day to day, the condensation shock pattern 
also varies. This furnishes a method of locating the 
condensation shocks. 

It may be argued that the airfoil or other object being 
tested will be used in moist air, hence, condensation 
shocks are desirable in wind-tunnel tests. This is only 
partly true because moving an airfoil through the atmos- 
phere raises the stagnation temperature of the air 
relative to the airfoil; therefore, there will be smaller 
temperature drops and less condensation than in a 
wind-tunnel test with the same air at the same velocity. 
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Measurement of Maneuvering Loads in Flight 


C. J. BUZZETTI* anp W. L. HOWLANDT 
Lockheed Aircraft Corporation 


INTRODUCTION 


URING THE PAST 20 years, improvements in aircraft 
design have, to a large measure, been due to aero- 
dynamic theory and wind-tunnel tests. There has 
been, however, one major weakness in both design 
tools and that has been in dealing with dynamic or non- 
uniform conditions. This is not because these two 
methods cannot handle dynamic conditions, for quite 
the reverse is the case. It does mean that serious diffi- 
culties and complications are encountered. Spin tun- 
nels have been successful in giving the general behavior 
of an airplane, but they have produced little quantita- 
tive data. Gust tunnels have encountered great diffi- 
culties in accurately measuring the dynamic loads and 
assimilating actual conditions. 

Design of large aircraft has been seriously impeded 
because of a lack of accurate knowledge of basic loads 
resulting from maneuvers. Many of the design loads 
for structural components of an airplane are governed 
by maneuvering loads. Because of this lack of informa- 
tion, the maneuvering loads required by the Civil 
Aeronautics Authority are based on an arbitrary nor- 
mal force coefficient for the surface and the maneuvering 
speed, with the additional specification that the load 
need not be greater than that which is possible to ob- 
tain with a certain applied control force. Interest in 
dynamic loads has been greatly stimulated in recent 
years because of service failures, particularly of hori- 
zontal surfaces, which have occurred on several types of 
aircraft. Research work has been carried on by several 
organizations along both analytical and experimental 
lines. The analytical work has suffered for lack of suffi- 
cient flight data. Most calculations of maneuvering 
loads required a fundamental assumption of a certain 
rate of control surface movements. As this paper will 
show and as was brought out by Beman and Frost,! 
maneuvering loads appear to be a complicated function 
of not only what the airplane and its control system can 
do but, in addition, what the pilot will or chooses to 
do.*- The experimental work has been handicapped be- 
cause of the difficulties of making accurate measure- 
ments in flight and the absence of adequate instruments 
or methods. In general, the structural measurements 
made in flight in the past have been crude. Scratch 
gauges, deflection photographs, pressure distributions, 
and transit measurements of deflections have been 
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made. The majority of measurements made during 
maneuvers have been with accelerometers. None of 
these methods has satisfactorily given the maneuvering 
load or stresses on the structure. 

With the advent of wire resistance strain gauges, the 
measurement of maneuvering loads in flight becomes 
possible and feasible. The technique of making stress 
measurements in flight has advanced a great deal in the 
past few years. It is the object of this paper to describe 
some of the work carried on along this line at Lockheed 
Aircraft Corporation. Throughout this paper the term 
“maneuvering stress” is taken to mean that increment 
in stress which is caused by, or entirely dependent upon, 
the maneuver being made (maneuvering stress = 
total stress — balancing stress). 


INSTRUMENTATION 


Wire resistance-type strain gauges were used to meas- 
ure boom and fuselage bending moments, wing stresses, 
stabilizer stresses, accelerations, control forces, control 
surface hinge moments, and surface positions during 
the tests to ascertain maneuvering loads. 

The general electrical circuit used was a simple 
Wheatstone bridge, the output of which was recorded 
directly on an oscillograph without the use of interme- 
diate amplifiers. This was made possible by the use of 
sensitive galvanometers in the oscillograph and by ob- 
taining maximum power output from the gauges them- 
selves. 

A typical installation of the oscillograph and an au- 
tomatic observer in the nose compartment of a P-38 is 
shown in Fig. 1. The oscillograph is seen in the 
lower center; the automatic observer camera is lo- 
cated directly above the oscillograph and is hidden by a 





Fic. 1. Picture of test equipment in P-38 nose compartment. 
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Fic. 2. Strain gauge bridge installation on engine mount 
member. 


battery box. The thin black boxes are junction boxes 
for strain gauge and testing equipment wires. The re- 
mote control for the oscillograph was connected to the 
automatic observer control switch so that the pilot or 
flight engineer operated both simultaneously. The 
power supply to the strain gauges was also connected 
through the main control switch so that the strain 
gauges were drawing current only when in actual use. 
To insure constant voltage to the gauge circuits and 
thereby greater accuracy, special batteries other than 
the airpiane’s were used. 


The oscillograph installation in the Constellation 
was more elaborate. A switching system was used 
which made it possible to connect to the oscillograph 
any desired arrangement of 50 or more separate strain 
gauge bridges. This was to permit the measurement of 
several different loads during one flight or in rapid se- 
quence. The oscillograph control was designed so that 
operation of the automatic observer by the flight test 
engineer did not turn on the oscillograph, but operation 
of the oscillograph by its operator turned on the auto- 
matic observer. Thus, complete aerodynamic and en- 
gine information was assured during each operation of 
the load-recording oscillograph. 


Rou TEstTs 


One of the common maneuvers performed with a 
fighter airplane is a roll. Recently, a series of roll tests 
were conducted on a P-38 to determine the operating 
characteristic of a hydraulic booster on the aileron con- 
trol system and to measure the stresses caused in the 
airplane’s structure due to the high rates of roll. Cal- 
culations based on the predicted roll performiance in- 
dicated that the engine mount might become critical 
under side loads (centrifugal force). Also the wing 
might be critical as a result of forces caused by large 
deflections of the gileron at high airplane speeds, the 
large aileron loads being made possible by the booster 
system. 


In addition to the many quantities that were re- 
corded by the automatic observer camera, eleven items 
were measured with electrical strain gauge bridges and 
recorded simultaneously on a Miller oscillograph. The 
eleven values measured were: 

(1) Stresses in four members of the right engine 
mount and support bay. 

(2) Shear stresses in the rear shear beam and in the 
upper surface of the wing near the main beam (out- 
board nacelle). 

(3) Spanwise bending stresses in the upper surface of 
the wing at the main beam, just outboard of the na- 
celle. 

(4) Pilot effort in terms of aileron control wheel mo- 
ment. 
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Fic. 3. Stresses measured in a P-38 during a 360° left roll while 
in a banked turn. 
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(5) Vertical (normal to the spanwise axis) accelera- 
tions at each engine mount and at the nose of the air- 
plane. 

The method of obtaining the stress measurements 
was described earlier. 

The aileron control loads were measured by means 
of a strain gauge bridge placed on the spokes of the 
control wheel so that it only responded to a twisting 
moment applied to the wheel and was independent of 
fore and aft loads. 

Results of some of the stress measurements made 
during the roll tests are shown in Figs. 3, 4, 5, and 6. 
Fig. 3 shows the stresses measured during a 360° left roll 
while in a banked turn. The top curve in Fig. 3 is the 
control wheel moment exerted by the pilot. The next 
three curves are the accelerations measured at the 
tight and left nacelles and at the fuselage nose. Note 
that all three accelerometers are at about 2.75 g’s at 
the start of the record. This is a result of the steady 
turn. The next lower curve is the angular acceleration 
of airplane caused by the aileron movement. This 
curve was calculated from the normal accelerations in 
each nacelle and by knowing the distance between them. 
The lower seven curves are stresses in various members 
in the airplane. 


Engine Mount Stresses. 


In all maneuvers the engine mount stresses were 
found to be low. The maximum values recorded in any 
engine member during any rolling maneuver was 
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Fic. 4. Maneuvering stresses in P-38 rear shear beam versus rate of change of aileron control force. 


+7,200 and —6,500 Ibs. per sq.in. To substantiate the 
low engine mount stress values measured in flight and 
to obtain the load distribution for different loading con- 
ditions, a series of static tests were conducted on the 
right engine mount. These static tests showed that the 
mount stresses actually were low and that the cowling 
and its support structure were evidently taking most of 
the load. Static tests were made with and without the 
cowling. Since the cowling was not taken into account 
in the stress analysis, it means that the engine support 
is actually over strength. Here is an example where, 
had it not been for structural flight measurements, 
needless weight would have been added to the engine 
support structure. 


Rear Shear Beam Stresses 


The shear stresses measured in the rear shear beam 
were high in comparison with the allowable stresses, 
the maximum value measured being +7,600 Ibs. per 
sq.in. Positive shear stresses are considered to be those 
resulting from a diving moment on the wing; thus, posi- 
tive shear in the rear beam indicates an up load on the 
rear beam. 

Because of the interesting nature and magnitude of 
the rear shear beam stresses during the rolls, the data 
were carefully investigated. One of the results of the 
analysis is given in Fig. 4. This figure shows the man- 
euvering stresses in the rear beam plotted up against 
rate of change of aileron control force. The points 
were obtained from a large number of roll tests made 
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over the complete speed range, with right and left and 
starting and stopping rolls. The scatter is admittedly 
large, but, when it is considered that two different 
pilots did the testing and that they rolled the ship as 
hard as they could at each air speed, it is not unreason- 
able. The line corresponds roughly to the upper limits. 
However, if the maneuvering stress is divided by the 
dynamic pressure and plotted against rate of change of 
wheel moment, no correlation is revealed. 


Speed Versus Roll Maneuvering Stresses 


In order to investigate the effect of speed on the 
maneuvering stresses resulting from rolls, Fig. 5 was 
plotted. This figure shows the maneuvering stress 
versus indicated air speed. Here a reasonable correla- 
tion is found. There appears to be a consistent varia- 
tion between the maneuvering stress caused in starting 
the roll compared with stopping it, stopping being 
higher. This is probably to be expected, since in stop- 
ping the roll the force on the aileron helps the pilot re- 
turn the surface to neutral, whereas it opposed when 
starting. Then there is also the psychologic effect on 
the pilot; he feels he is causing more load on the struc- 
ture when he suddenly deflects the surfaces than when 
he suddenly returns them to neutral. 

After studying Figs..4 and 5 it is apparent that ma- 
neuvering stresses due to rolls are influenced just as 
much by the rate of application of control movement as 
by the air speed at which the maneuver was made. 
This brings out one of the most difficult problems con- 


Maneuvering stresses in P-38 rear shear beam versus speed for rolls. 


nected with the calculation of maneuvering loads— 
they are dependent upon the behavior of the pilot. 
When looking at Figs. 4 and 5 it should be remembered 
that the balancing stress or nonaccelerated flight stress 
changes with speed so that the most critical stress 
(balancing plus maneuvering stress) on the structure 
will still, in general, be at the highest speed. In this 
particular case the higher the air speed, the more criti- 
cal the stress in the rear shear beam, since for a given 
roll maneuver the balancing stress increases with speed. 
Likewise, a roll, while in a high speed pull-out or tight 
turn, will produce large total stresses (see Fig. 3). 


Angular Acceleration 


One of the quantities of considerable interest in roll 
tests is angular acceleration. In Fig. 6 a plot of rate of 
change of aileron control force versus angular accelera- 
tion is shown. Here again considering the large num- 
ber of variables, a good correlation is obtained. From 
this figure it can be said that the angular acceleration 
must be governed just as much by the rate of change of 
control force as by air speed. 


PuLL-OvuTs 


In addition to the measurements during roll tests, 
some measurements of tail load. during pull-outs have 
been made to determine what the maneuvering incre- 
ment of tail load would be on a P-38 during a pull-out 
from a dive. 
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The oscillograph and automatic observer installation 
was identical to that used during the roll tests, but the 
values measured with the strain gauges were changed to 
the items listed blow. 

(1) Bending moments in both booms at two sta- 
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Balancing tail load measured in flight on a P-38. 
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by subtracting the moments due to acceleration from the 
measured moments. The moments due to acceleration 
are calculated by multiplying the measured center of 
gravity acceleration times the calculated dead weight 
moment for 1g acceleration. When tail acceleration 
measurements were made, the effects of angular acceler- 
ation were included in calculating the moments. 

Calculations of tail air load were based on a constant 
and assumed center-of-pressure location on the sta- 
bilizer. In this case the center of pressure was as- 
sumed to be at Station 410 or, approximately, the 27 
per cent chord point. By knowing the air load moment 
at two separate stations it was possible to determine the 
moment about the center of gravity. Tail air load was 
then obtained by dividing the moment about the center 
of gravity by the distance between the center of gravity 
and the assumed center of pressure of the tail. Since 
this tail air load is proportional to the moment about 
the center of gravity, it is a direct measure of the air- 
plane-less-tail pitching moments. 

In order to check up on instrumentation and tech- 
nique of making tail load measurements, balancing tail 
loads for steady flight conditions were measured 
throughout a wide range of airplane speeds. The re- 
sults obtained are shown in Fig. 7. Plotted on the 
same figure is a tail load curve calculated from wind- 
tunnel data. The two curves compare very well except 
at the higher speeds. Both the calculated curve and the 
experimental points are for constant power; thus, the 
higher speeds had to be obtained by diving the airplane. 
This may have had some influence on the measured 
values; however, the discrepancy at the higher speeds 
is probably due to inaccuracies in the wind-tunnel tests 
or Mach Number effect. 

Load history curves of two pull-outs are shown in 
Figs. 8and 9. Fig. 8 represents a relatively easy pull- 
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out, whereas Fig. 9 represents the most severe pull-out 
made during the test program. Note that there is no 
definite increment of down tail load evident in Fig. 8, 
but in Fig. 9 the down tail load increased 360 Ibs. just 
prior to the start of the center of gravity acceleration 
increase. Unfortunately, during the hard pull-up, tail 
accelerations were not obtained; thus, the corrections 
to the measured boom moments had to be made on the 
basis of center of gravity accelerations only. This re- 
sults in a smaller increment of down tail load of ap- 
proximately 200 to 300 Ibs. The results of five pull-ups, 
including the two mentioned, are given in Table 1. 
The values tabulated are rate of application of stick 
force, rate of elevator deflection, rate of center of grav- 
ity acceleration build-up, indicated air speed, and ma- 
neuvering increment of tail air load. Tail acceleration 
measurements were not obtained for the last three pull- 
outs listed; thus, the maneuvering increment of tail air 
load is somewhat low. 

The first two pull-outs were fairly gradual and there 
was no distinct maneuvering increment of tail air load. 
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TABLE 1 
Average 
Rate of Average 
Stick Average Rate of Maneuver- 
Force Rate of C.G. Ac- ing Incre- 
Applica- Elevator celeration ment of 
tion, Deflection, Build-Up, Tail Air 
Vi, Lbs. per Deg. per g’s per Load., 
M.P.H. Sec. Sec. Sec. Lbs. 
410 30 1.3 | Be | 
300 45 3.2 1.1 es 
246 200 11.0 4.0 320 
275 230 9.0 4.5 280 
322 330 11.0 9.0 360 





The next three were sharp, but the maneuvering incre- 
ments of tail load still were small. Because of elas- 
ticity in the system it is doubtful if pull-outs much 
more severe than the last one listed (see also Fig. 9) 
could be made. The total maximum down tail load 
(maneuvering increment plus balancing) did not exceed 
20 per cent of the calculated limit maneuvering load 
during any of the pull-outs performed. Apparently, 
the design requirements on maneuvering tail loads are 
overly conservative for this airplane. 

As mentioned in the Introduction, maneuvering 
loads on the horizontal tail surfaces of large airplanes 
are currently of particular interest. The addition of 
special tabs and booster control systems has greatly 
added to the importance of accurate calculations of 
maneuvering tail loads. One of the problems that 
must be answered for large airplane design is whether 
or not the pilot will recognize the severity of a ma- 
neuver that will result from a certain control deflection. 

In order to obtain some preliminary information on 
this general problem, structural loads were measured 
on the Constellation during some maneuvers. This 
airplane is a large, fast transport that incorporates the 
latest developments in control systems and maneuvera- 
bility. During the test made to determine tail loads, 
the following items were measured with strain gauges: 
(1) center of gravity and tail accelerations; (2) fuse- 
lage bending moments at Stations 690 and 924; (3) 
elevator control force; (4) elevator position and ele- 
vator hinge moment; (5) wing bending stresses at the 
centerline of the airplane; (6) wing shear stresses— 
front and rear beams, Station 118; and (7) stabilizer 
bending moment at centerline of airplane. 

Fig. 10 shows a photograph of an oscillograph record 
made during a sharp 2g turn. This maneuver was 
made by an experienced pilot when requested to make 
a sharp turn during a test flight. The major vertical 
lines in the photograph are timing lines and represent 
tenth-second intervals; the fine lines are hundredth- 
second intervals. As is evident from the nature of the 
traces, the quality of the record is good and the general 
spread of the traces is such that no difficulty was en- 
countered in interpreting the record. 
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Fic. 10. Oscillograph record of stresses during a 2g turn in a Constellation. 








Fig. 11 shows a plot of the stresses and loads ob- boost system. A reasonable explanation for the greater 
tained from the oscillograph record of Fig. 10. The rate of force application for the Constellation is that 
method of calculating tail air load was similar to that during part of the stick force build-up the elevator was 
described for the P-38 tests. In Fig. 11 the elevator not deflecting; thus, the stick deflections were prob- 
stick force curve is interesting because it shows arate of ably small, whereas in the P-38 the elevator deflected 
application of force of 390 Ibs. per second, which slightly almost immediately with application of the stick force, 
exceeds that obtained in the most severe pull-out in the thereby permitting relatively large stick deflections. 
P-38 described previously. Note that there is a lag From a maneuvering load standpoint the lag or elas- 
between the stick force and the elevator hinge moment, ticity in a control system is significant because abrupt 
whereas in the P-38 pull-outs there was no lag. This actions by the pilot are not immediately reflected in the 
small lag is probably due to the operation of the control elevator load and position. Thus, any calculations of 
system, since a certain quantity of oil must flow in the maneuvering tail loads made on the assumption of spe- 
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cified pilot action will have to take into account the 
operating characteristics of the control system. This 
is particularly true on large airplanes. 

The maneuvering increment of tail air load obtained 
in the sharp turn by the Constellation was 6,000 Ibs. 
This is approximately 30 per cent of the calculated 
maneuvering increment used in design of the airplane. 
Although the maneuver was not the most severe that 
could be performed based on the center of gravity ac- 
celeration (could have been 1.86 times as severe), it 
does not seem likely that one three times as severe could 
be made. Thus, it appears that for this airplane the 
design criteria for maneuvering tail loads is conserva- 
tive. 


CONCLUSION 


From the structural flight test measurements de- 
scribed and many others made at Lockheed Aircraft 
Corporation, the following conclusions can be drawn: 
The technique of measuring loads in flight has de- 
veloped to the point where accurate reproducible re- 
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sults can be obtained. Valuable design information 
and high speed, full-scale checks on wind-tunnel data 
can be secured. Flight measurements can definitely 
tell what members in redundant structures become criti- 
cal under maneuvering conditions, as well as the magni- 
tude of the applied loads. 

In general, the maneuvering loads resulting from 
sudden control surface deflections show that they are 
as much or more a function of the rate of applications 
of control force as of the air speed. Maneuvering tail 
loads obtained in flight on both the P-38 and the Con- 
stellation show that during sudden pull-ups the loads 
produced are small as compared to those used in de- 
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Stress Analysis of Nondevelopable 


Semimonocoque Structures Considered 
as Beams of Variable Section 


LEON BESKIN* 
Consolidated Vultee Aircraft Corporation 


INTRODUCTION 


. je PURPOSE of this paper is to present a rational, 
although approximate, method of analysis of 
structures constituted by a shell of elongated shape, 
reinforced by frames. 

Conventionally, beam formulas are applied to such 
shells and define axial stresses. Shearing stresses are 
computed, either applying shear distribution formulas 
for beams—in which case, the shearing forces and tor- 
ques are corrected by the so-called “shearing compo- 
nents of the axial forces’’—or, more accurately, consider- 
ing shearing forces as equal to the variations of axial 
loads between consecutive sections, summed along the 
circumference of the shell. Shear centers are deter- 
mined in same manner as in cylinders. Stress distribu- 
tions obtained in that manner do not fulfill the condi- 
tions of equilibrium and the conditions of compatibility 
of deformation. 

In the case of elongated closed shells with a small 
taper, the errors introduced by these approximate 
methods can be neglected for practical purposes, al- 
though the equilibrium of frames, resulting from the 
shear distribution, may prove unsatisfactory. When 
the taper of a shell is large, this taper being roughly de- 
fined as the difference of average cross dimensions at 
two sections, divided by their distance, and especially 
when open shells are considered, the error may be as 
high as 100 per cent. Such large errors generally result 
from incorrect distributions in torsion bending which are 
not in equilibrium with the applied loads. 

In view of the inaccurate results obtained by 
conventional methods, these methods must be re- 
vised. 

In the following, only conditions of equilibrium will 
be satisfied, and the study of the conditions of compati- 
bility will be disregarded. More precisely, conven- 
tional beam distribution for normal stresses will be used 
to determine stresses in the shell along the frames. 
This means that the influence of shear, of the local dis- 
tribution of loads, and of the flexibility of the frames are 
disregarded. For that reason the method is considered 
as approximate. , 
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In many cases, however, the results are not less 
accurate than for cylindric shells, for which the above- 
mentioned effects exist, with the exception of the influ- 
ence of shear, which does not affect normal stresses at 
great distance of points of load application. 

When the differences between a cylindric shell and a 
noncylindric elongated shell are examined, they can be 
reduced to three main factors: the taper, defined as 
indicated previously; the twist, i.e., the effect of the 
nonsimilar shape of consecutive cross sections; and the 
curvature of the shell in the direction of its great dimen- 
sion. 

The effect of the taper has been investigated, in 
relationship with the equilibrium of developable sur- 
faces, in a previous paper by the author,’ and its physi- 
cal significance is not examined in this paper. The 
effect of the curvature is disregarded, because it is 
assumed to be small in the types of shells under con- 
sideration. Thus, the main object of this paper is the 
study of the effect of the twist and of the combined 
effects of twist and taper. 


NOTATIONS 
a; an = area; corrected area (Eq. (1)) of a member 
aq = uncorrected area 
a = total area of shell section 
5A m = elemental double polar area (moment coefficient 
of an edge) 
, = partial double polar area 
Ay = total double polar area (Eq. (42)) 
B = bimoment (Eq. (82)) 
F = force 


g = twist (Eq. (3)) 
Io; iy = moments of inertia 
I = product of inertia 


In = torsion bending constant 

L = length along centerline; distance between 
frames 

M,; M,; M,; = components of a couple on three axes 

MM, = uncorrected couple (Eq. (44)) 

M.z; My = torque induced by moments M,, M, 

M;z; M, = components of M, 

Ni; Ne = normal stress flows; conjugate axial stress flows 

M12 = shear flow; conjugate shear flow 

N\; N23; M2 = projected stress flows corresponding to Ni; N3; 

M12 

Ps Fe = load in member 

P.; Py = components of resultant of loads in members 

Oe; Oy = components of resultant of shears along frames 

g; Gm; % = cylindric shear flow (Eqs. (14), (45)) 
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8; Bes = arc along circumference of a frame 

Ve = component of P,, in the plane of a frame 

W = distributed surface load (Eq. (6)) 

X; Y; Z = components of a force on three axes 

X13 Xe = coordinates (Fig. 9) 

x,y = coordinates in the plane of a frame 

Xo; Yo = coordinates of shear center 

Xa; Yu = coordinates of panel points 

Sans Sus = coordinates of edge middle points 

5xn; bYn = projections of distances between panel points 

Ax,; Ayn = projections of members 

Axo; Ayo = difference between shear center coordinates at 
two frames 

Ax,; Ay, = difference between centroid coordinates at two 
frames 

an = areas A, with pole at the centroid 

Mes My = constants (Eqs. (35)) 

Vn = moment coefficient of a member 

% = constant (Eq. (27)) 

on = projected length of a member 

¢ = angle between principal axes at two consecutive 
frames 

v = angle between member and centerline 

w = angle between member and frame 

2 = angle between centerline and shear axis 

€)}:.£") = used to distinguish quantities related to a frame 


or a given system of coordinates from same 
quantities without index 


ASSUMPTIONS 


Semimonocoque structures considered hereafter are 
defined as follows: 


The structure is determined by a series of frames that 
are defined by plane curves, the planes being parallel or 
nonparallel. Members connect arbitrarily chosen 
points on each frame, and the skin is defined by the 
frame profiles and the members. 

The theory developed hereafter is used as basis for 
graphic methods or for computations by finite elements. 

For that reason, axial loads are assumed to be con- 
centrated at the centroids of the finite areas which re- 
place the actual continuous distribution. 

The method is an extension to nondevelopable sur- 
faces of a method that is theoretically exact for de- 
velopable surfaces of infinitely small thickness.! 

For a developable membrane that is not loaded on 
the surface, axial stresses along the lines of principal 
curvature (perpendicular to the generators) are equal 
to zero. Thus, on such a surface, there are axial stresses 
along the generators only and shearing stresses along 
generators and lines of principal curvature. 

A somewhat equivalent distribution of stress is as- 
sumed to exist in the shells that are examined here. 

A centerline is supposed to be defined in the shell. 
This centerline is the locus of the centroids of the sec- 
tions perpendicular to it. 

The method developed hereafter will be considered as 
valid for parallel frames with a centerline approxi- 
mately perpendicular to the frames. If there are 
frames that form great angles with the planes normal 
to the centerline, a special study is necessary and the 
method can be adapted to that special case. 
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Fundamental Assumptions and Simplifying 

Approximations 

(1) Normal stresses are directed along the members. 
They are defined by the beam distribution theory 
applied to the section properties calculated in the plane 
of each frame. For that purpose, actual areas of the 
member sections can be used (corrected for buckling if 
necessary). If those areas are variable from frame to 
frame, average values must be used. These are com- 
puted by the following expression: 


oe? 5 oe a 
a LJo a, cos* ¥ 


in which: 

Qa = actual area 

a = average area 

Land dL = total and elemental lengths along the 
centerline, from one middle point be- 
tween frames to the following middle 
point 

Vv = angle between member and centerline 


The correction cos* W takes into consideration the 
actual length of the member and the fact that the beam 
distribution gives the components of the stresses along 
the centerline, rather than the stresses themselves. 

(2) Shearing stresses are defined at the frames as the 
conjugate shearing stresses corresponding to the direction 
of the member and the tangent to the frame (Fig. 1). 
These stresses actually contain a normal component 
parallel to the centerline, as shown hereafter. 


Let: 

Ni, Ne = conjugate normal flows along the 
direction D of the frame and the 
members 

Ny = shear flow conjugate to D and the 


members (angle w) 

Ny’, No’, Ni’ = normal and shear flow along the 
direction perpendicular to the 
members and the directions of the 
members 


From the equilibrium of the triangle shown Fig. | 
and from assumption 1 (,; = 0), it is found: 
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Ny’ = Nx; No’ = No + 2Nx2 cot w (2) 


Inside a panel, there are no normal stress flows N2 
(they are assumed to be concentrated at the members). 


N2’ = 2Niy cot w (2a) 


This means that additional strains corresponding to the 
actual axial flows N,’ exist in the structure. These 
strains are not related in any way to a beam distribu- 
tion. This seems to indicate that the method used is 
incorrect. However, for a cylindric beam submitted 
to a shearing force, conjugate shear flows with inclined 
sections have the same values as actual shear flows. 
In this special case, the difference is not in numerical 
values but in the interpretation of the results. From 
this comparison it appears reasonable to suppose that 
the method will generally be acceptable, at least in the 
case of parallel frames. 


RELATIONSHIP BETWEEN THE BASIC ASSUMPTIONS AND 
THE MEMBRANE THEORY 


The analysis of monocoque or semimonocoque struc- 
tures can be approached in two different ways: 

(1) Ina first manner, taking as a basis the membrane 
theory, it is possible to set up the differential equations 
for any given problem and solve it with given edge 
conditions. The difficulty arises from the consider- 
ation of edge conditions. To make the problem stati- 
cally determined, the edge conditions must fulfill defi- 
nite requirements. With respect to those require- 
ments, three fundamental conditions may occur: 

(a) The edge conditions fulfill the requirements and 
the membrane problem is statically determined; from 
the standpoint of membrane theory the solution is 
absolutely correct. 

Nevertheless, it remains to be seen whether local de- 
formations do not necessitate the introduction of bend- 
ing for an actual shell, which has a finite thickness. 

A simple condition of that type is illustrated by a 
circular cylinder with ribs, submitted to a lateral 
pressure. In membrane theory the ribs are not de- 
flected, and there appears a discontinuity of the mem- 
brane at each rib. Actually, bending occurs in the 
material of the membrane and produces stresses gener- 
ally considered as secondary stresses but which may be 
unportant, depending on the thickness. 

(b) The edge conditions are too numerous as com- 
pared with the conditions that lead to a statically 
determined problem. 

The membrane equilibrium cannot exist and, at 
least locally, bending must be assumed. This will be 


the case for the cylinder considered under (a), if only a, 


part of the circumference is loaded, or for an open 
cylinder. The hoop tension, which will not be in equi- 
librium along the edge generators, will produce local 
bending and a new equilibrium can be found which will 
involve local bending. 


(c) The edge conditions are not sufficient to define a 
statically determined structure. This is the general 
case of structures with numerous frames. If a structure 
is statically determined when there are end frames only, 
it becomes redundant with intermediate frames that 
introduce the possibility of a discontinuity in shear. 
The problem is far too complex for practical use, and 
simplifying assumptions must be introduced. 

(2) In a second manner, it is possible to start with 
predetermined types of stress distributions, dictated by 
the analogy with other types of structures or other 
shapes of membranes, and adjust the parameters of the 
stress distribution in order to find an equilibrium. 
This will apply for the problems of the type (1c), when 
the general shape of the structure will approximate a 
beam. Then the redundancy is solved by using a beam 
distribution for axial loads along the frames. 

The fact that this distribution gives only an approxi- 
mate solution is obvious, and the cases for which the 
solution is theoretically correct will occur exception- 
ally—for example, for cylindric shells under constant 
moment or constant transversal load. When axial 
load distributions at the frames are defined, either be- 
cause they are due to given loads or because they are 
determined approximately by a beam analogy, the 
structure between two frames, considered as a mem- 
brane, generally becomes statically determined. 

That fact is known for cylinders and, more generally, 
for developable surfaces used as monocoque structures. 
For semimonocoque structures it is necessary to add the 
condition that the members must be.placed along the 
generators of the membrane.! 

If that condition is not fulfilled and if the angle be- 
tween the generators and the members is small, bending 
occurs in actual structures—although a membrane 
equilibrium is possible—because of the existence of high 
differential strains in the membrane equilibrium. 
Those strains cause local curvature, and redistribution 
is then made by local bending rather than by inplane 
stress flows. 

Monocoque structures with given normal edge 
stresses and indeterminate edge shears can also be in 
statically determined membrane equilibrium, and that 
result can be considered as general, although many ex- 
ceptions that frequently occur in practical applications 
limit the importance of that result. 

When the surface is completely of the elliptic type 
(curvatures in the same direction) or completely of the 
hyperbolic type (curvatures in opposite directions), the 
problem is statically determined and equilibrium as a 
membrane can be found. 

On the contrary, when the surface is not completely 
of one type, there are transition lines or regions along 
which the surface is developable, and a membrane 
equilibrium may be impossible, at least locally. That is 
the case for curved tubes, which are much more flexible 
than the corresponding straight tubes. 
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When the surface is open between frames, the edge 
lines must fulfill definite conditions for surfaces with 
opposite curvatures: edge lines cannot be generators 
(or generally asymptotic lines) if they are supposed to 
be shear absorbing members. If the edge lines coincide 
with generators, shears along those lines are defined by 
the surface loads and are generally incompatible with 
the shears defined by the total shearing force (difference 
of end loads) along the member; local bending appears 
in that case. 

When a surface with opposite curvatures has a plane 
of symmetry, members placed along the generators or 
the asymptotic lines do not intersect the plane of sym- 
metry; the surface must be developable along that 
plane, and local bending appears in that region. 

When a surface of elliptic type is open, there are 
angles at the corners between the edges in the planes 
of the frames and the edges connecting the frames. 
Each of those angles, except for special surface load 
conditions, is a point of infinite shearing stress of 
logarithmic type; this causes bending in the region of 
each corner. 

More generally, when curvatures are not distributed 
in a regular manner along the sections parallel to the 
frames, there appear high shears in the regions of rapid 
rate of change of curvature, and the actual stress re- 
distribution is made by bending rather than by inplane 
stress flows. 

The same applies for cutouts, local irregular shapes, 
and defects due to the material or to the forming proc- 
ess. 

The results developed thus far show that a true mem- 
brane equilibrium is often impossible to reach and, if 
found, may lead to high local inplane stresses, even in- 
finite in some conditions. 

Moreover, a membrane equilibrium cannot be de- 
veloped from local considerations only, and integration 
of local equilibrium in the two-dimensional system 
represented by the membrane is essential. Thus, ex- 
cept for special shapes—cylinders, cones, general de- 
velopables, surfaces of revolution, surfaces of transla- 
tion, surfaces of second degree (ellipsoids, paraboloids, 
hyperboloids)—it is impossible to solve the equations of 
equilibrium for membranes by elementary methods. 

On the contrary, from elementary considerations, it is 
possible to find an equilibrium that involves limited 
local bending, thus leading to the development of a 
general method valid for semimonocoque structures. 
The bending involved does not exist when the semi- 
monocoque structure is made of a developable surface 
with members along the generators. The bending is 
small if the actual surface is not too skewed between 
members—i.e., if the torsion of the surface along a 
member is small. 

The equilibrium of each panel limited by two frames 
and two members can be examined successively, pro- 
vided the equilibrium of one panel is defined. If the 
membrane is open, the equilibrium of an end panel can 


1945 





Fic. 2. 


be obtained, and by iteration all the panels can be ex- 
amined. If the membrane is closed, a fictitious cut 
along a member must be effected, and any actual solu- 
tion will be obtained by superposition of the solution 
for the open surface and a unit solution involving shear 
only along the end frames. 

(3) The previous results show that the problem of 
equilibrium of a semimonocoque structure can be ex- 
pressed as follows: 

Knowing the normal stresses in a membrane at two 
frames, determine a distribution of shearing stresses 
which will fulfill the conditions of equilibrium; as the 
structure is of semimonocoque type, local bending of 
the skin between members may exist. 

Between the frames, members can be curved or 
straight. If they are curved, local bending due to 
axial load will exist in the members. ‘That local bend- 
ing is seldom absorbed by the membrane by hoop effect 
under concentrated loads for the following reasons: 

(a) It causes local bending in the membrane proper 
(difference between contour and pressure polygon— 
Fig. 2). 

(b) If the membrane is not closed, the thrust of the 
pressure polygon is not absorbed, and there must exist 
some bending in the panels that are along the edges. 

(c) Because of the variation of the hoop load, secon- 
dary shear develops between frames. 

For these reasons, it is assumed that members absorb 
in bending all the effects due to curvature between 
frames. As the same effect results from the curvature 
of the membrane in the direction of the members, it is 
assumed that this is also absorbed by bending of the 
members. 


EQUILIBRIUM OF AN ELEMENT OF A SEMIMONOCOQUE 
STRUCTURE LIMITED TO TWO PARALLEL SECTIONS 


It is assumed that the members are straight. To the 
actual curved shape of the frames a polygonal line is 
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substituted, and an element of the membrane is re- 
placed by a surface limited to four straight lines (Fig. 
3), the lines AA’, BB’, CC’ being assumed straight as 
well as the members. Thus, the given surface is re- 
placed by a polyhedron composed of small surfaces 
limited by 4 straight lines. 

For the purpose of analysis, it is assumed that any 
section parallel to the frames is a straight line, as well 
as the two sections at the frames. Then the elemental 
surface is defined as a skew surface defined by two fixed 
generators (AA’, BB’) and a moving generator A”B’, 
which remains parallel-to a fixed plane (plane of the 
frames) when it describes the surface. 

That surface is a hyperbolic paraboloid, except when 
the fixed generators are parallel, and in that case it is a 
plane. When the elemental surfaces are planes, the 
actual surface with straight members is close to a de- 
velopable surface.’ 


Equilibrium of Plane Panels 


The equilibrium of a tapered panel belonging to a 
polyhedron is defined when the shearing force along one 
of its edges is given and when it is assumed that no 
normal force can act on the edges (see “‘Assumptions’’). 
Since all loads on the panel are pure shearing forces, 
there are three unknowns (shearing forces on three 
sides), and the equilibrium can be obtained by condi- 
tions of statics (Fig. 4). Replacing the panel by a 
latticed structure by adding one of the two diagonals 
AB’ or A’B, the equilibrium is obtained as follows: 


A’ 








B a B’ 








(BB’) 
b - Force polygon 
Fic. 4. 


In A, forces (AB), (AA’), (AB’) must be in equi- 
librium, which defines the values of (AB’) and (AB) 
(triangle (1)). 

In B’, forces (AB’), (A’B’), (BB’) must be in equi- 
librium, which defines the values of (A’B’) and (BB’) 
(triangle (2)). For checking purposes, the diagonal 
A’B can be used, which defines the two other triangles 
of the force polygon. 
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Actually, the space polygon and the force polygon are 
similar figures but the following must be noted: 

The side AB of the space polygon 1s transmitting a 
shearing force (AB) which, in the two similar figures, 
corresponds to A’B’: To the small side corresponds the 
large force, and reciprocally. 

That property is the result of the well-known relation 
in tapered panels: The shear flow is inversely propor- 
tional to the square of the length of the side. Since the 
shearing force is equal to the produce of the shear flow 
by the length of the side, it appears that the force is 
inversely proportional to the length of the side. This 
theorem is valid for the two parallel sides only, while on 
the nonparallel sides, shearing forces are proportional 
to the sides. 

Depending on the conventions of sign for shear and 
the sense of the end forces that produce the shear, the 
force polygon can be placed in two opposite manners, 
which result one from the other by a rotation of 180° 
(Fig. 5). 


A’ 
(!) 
B Space a 





(AA’ (BB') 
(A'p’) cao (A‘a') 
(BB AA‘) 
Force Force 
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The space polygon (1) and the force polygon (2) are 
homothetic with a positive ratio of homothecy, while 
the space polygon (1) and the force polygon (3) have a 
negative ratio of homothecy (opposite to the previous 
ratio). Shear stresses along the parallel sides AB, 
A’B’ are’constant. Shear stresses along the non- 
parallel sides are variable and follow the distribution 
for tapered panels. 

When the shearing force transmitted between two 
points along a generator must be determined, the 
graphic construction is the following (Fig. 6): 

The equilibrium of the panel being determined, the 
load along A’A”, for instance, is determined as follows: 
the line A”B”, parallel to AB, A’B’ is drawn and the 
equilibrium of the panel A’B’A”B” is determined in 
manner similar to the equilibrium of the whole panel. 
The only difference is that the starting line is (A’B’). 
The two diagonals A”B’ and A’B” are drawn and the 
force along A”B” is determined (passes by a”b"). 

If the load between two interior points of a generator 
A"’A’"’, for instance, must be determined, the con- 
struction is repeated between those points, starting 
from A”B”, in the same manner as previously made for 
the panel A’B’A’B”. A final check can be made by 
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space pol “cee K 








force polygon 
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determining the load on AB, starting from A’’’B’’’, or 
reciprocally. Fig. 6 is self-explanatory for the se- 
quence of operations made. 


Equilibrium of Skew Panels 


The equilibrium being spatial, it must be examined in 
projection on two planes. 

The equilibrium in projection on a plane P perpen- 
dicular to the planes of the frames F and F’ is examined 
first. An equilibrium is possible in projection if the 
projection ABA’B’ of AoByAo’By’ is considered as a 
plane-tapered panel. 

It is seen that an equilibrium of the shell is possible 
when the forces along the sides project with the values 
defined by the projected equilibrium. 

If the surface AoByAo’By’ is considered as a solid and 
not as a membrane, forces in equilibrium in the plane of 
projection are projections of forces in equilibrium in the 
space. This equilibrium is indeterminate, since the 
components of the forces perpendicular to P are not 
known. It becomes more determined if the forces 
projected along AA’ and BB’ are, in the space, placed 
along AoAo’, BoBo’—i.e., they are true shearing forces. 

The equilibrium is completed with a second plane of 
projection parallel to the frames (Fig. 8). 

The projection of ApByAo’By’ is ABA’B’. Let F, 
and F; be the forces acting along AA’ and BB’. Di- 
agonals are used to determine the loads on the four sides 
knowing one of the loads. 

Load F\, decomposed in the plane AA’B’ into the 
directions AB’ and A’B’, gives in A two components: 
one along AB’ and the other F, parallel to A’B’. This 
is the force that is supposed to be acting along AB and 
which in projection on P is directed along AB (Fig. 7). 
But in projection on F this result does not hold, and the 
force acting along ApoB, is parallel to the projection of 
Ao’ By’. 
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The force F’ on AB’ being decomposed in the plane 
ABB’ into F, along BB’ and F;’ acting on A’B’, it 
appears again that the force acting on Ao’Bo’ projects 
parallelly to AB. 

So far there is an equilibrium between Fi, F2, F4, Fp’. 
The operation can be repeated using the other diagonal, 
and an equilibrium between Fi, F2, F4’, Fg can be ob- 
tained. Both equilibriums thus found are unsym- 
metric, since the resultant on AB is located at one or 
the other end of AB. If the total equilibrium is con- 
sidered as the sum of two halves, each diagonal giving 
one of the half equilibrium, F, and Fy are replaced by 
their half sum F,, placed in the middle of the element 
AB, and the same is effected on the other side. (On 
the space polygon, at the four corners, half forces F4,, 
and F,,’ are shown under Fy, Fy’, Fs, Fx’.) 

It is obvious that the construction thus defined is an 
extension to nonparallel end lines AB, A’B’ of the con- 
struction used for parallel end lines. The construc- 
tion is projective and can be made on any plane of pro- 
jection, giving the same results. Returning to Fig. 7, 
it appears that in the space the resultant acting on 
AoBy> is parallel to Ao’By’ and is located in the middie of 
AoBo. The same holds for the other end. 

It appears that the loads along the frames are not 
pure shearing forces and have components perpendicu- 
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lar to the surface of the membrane, which means that 
bending must exist in the membrane. 

As the equilibrium has been established disregarding 
the fact that the solid A»BjAo’By’ is a membrane or a 
thin shell, it is necessary to find the relationship be- 
tween the membrane theory and the equilibrium thus 
found and to see what equilibrium, among the various 
possible equilibriums (for instance, the two equilibriums 
taken with each of the diagonals, or the mean equi- 
librium finally chosen), suits the membrane theory the 
best. 


RELATIONSHIP BETWEEN THE INFINITESIMAL MEmM- 
BRANE EQUILIBRIUM AND THE GENERAL EQUILIBRIUM 
OF A PANEL 


Using coordinates x, along one generator, x2 along one 
intersection with a frame, and z along the intersection 
of the frame with a plane parallel to the generators 
limiting the panel (Fig. 9), the surface is considered to be 
a hyperbolic paraboloid of the equation 


Z = QxXe (3) 
g being determined by the coordinates of B’ 
z= £212 (4) 


All the generators project as lines x) = ¢, x, = c’. The 
equilibrium of this structure under pure shear (in pro- 
jection) corresponds to constant shear, since in oblique 
coordinates the equations of equilibrium, 


Oy 5, Ss. 


= om 9 (5) 
Ox) Ox2 


ey Ow 


” Ox Ox; 


(in which m, m2 are conjugate axial stress flows and m2 
the shear flow), are satisfied with 7, = m2. = 0, and ny». = 
é. 

The equation of equilibrium on the axis z is 


W + 2npng = 0 (6) 


in which W is the surface load for a projected parallelo- 
gram having unit sides parallel to the axes of coordi- 
nates. 

As this surface load W does not actually exist, bend- 
ing corresponding to that load appears in the thickness 
of the skin, and the equilibrium is that of a shell under 








inplane loads and bending without surface applied 
loads. 

Assuming that the length of the members between 
frames is several times greater than the distance be- 
tween members, bending corresponding to the fictitious 
load W appears between members and is transmitted to 
the frames by bending of the members. At the ends 
of the members the shearing loads in the direction of 
the z axis are: 

F= (1/4) 7,7.W = — (1/2) mp2g%,F- = — (1/2) 2% (7) 


That value is precisely the value of the component of 
the forces Fy, F4’, Fz, Fp’ (Fig. 8a) parallel to the z 


‘direction (which is the intersection of the plane of the 


frame with a plane parallel to both generators). Thus, 
it is justified to divide the loads by halves between both 
ends. However, if the shell is considered as continuous, 
the division by halves of the transverse loads (true for a 
plate on two lines of supports) is not accurate. But 
the twist g of the surface being small, the loads W it 
produces are also small, and their actual distribution 
can be disregarded provided an equilibrium is ob- 
tained. 

Thus, the method used to determine the equilibrium 
of the panel as a solid is compatible with a possible 
distribution of loads in the actual shell considered as 
supported on four lines of simple supports; those sup- 
ports transmit exclusively shear loads either in the 
plane tangent to the shell or perpendicular to the 
shell. 


Summary of the Equilibrium of Skew Panels Between 

Parallel Frames 

The equilibrium of a panel can be obtained by using 
one of the two following methods of projection: 

(a) Projection on a plane perpendicular to the frames. 
That equilibrium is identical to the equilibrium ob- 
tained for a plane surface that would coincide with the 
projection of the actual surface and be submitted to 
edge loads (shears) equal to the projection of the actual 
edge loads. Since shear flows are essentially projec- 
tive, the value of a projected shearing force is obtained 
by multiplication of a shear flow by the projected 
length of the edge. 

(b) Projection on a plane parallel to the frames. That 
equilibrium differs greatly from the previous equi- 
librium because the projection of a force acting along 
one frame is parallel to the edge contained in the other 
frame.. The properties of reciprocity between the 
loads and the edges on which they act still subsist (this 
can be seen from the similitude of Figs. 8a and 8b), but 
the loads do not correspond to pure membrane equi- 
librium. 

The method of research of edge loads acting on given 
segments of the member cannot be applied on this 
plane of projection without modification and the first 
system of projection should be used for this problem. 
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DETERMINATION OF SHEAR FLOWS IN A 
SEMIMONOCOQUE STRUCTURE LIMITED TO Two 
PARALLEL SECTIONS 


In a conventional cylindric membrane considered as 
a beam, shears are defined between two sections when 
resulting loads at the two sections are known. The 
solution is simple for open membranes when the. trans- 
verse loads are applied to the shear center and for 
closed membranes. 

It is somewhat complicated by introduction of tor- 
sion bending, when shearing forces do not pass by the 
shear center of open membranes, and by consideration 
of deformations for multicelled structures. 

For cylindric membranes, shear flows are defined in 
function of normal stress flows by the differential rela- 
tion 


(ON2/0z) + (ONi2/0s) = 0 (8) 


in which s and z are the coordinates along the circum- 
ference and the generators. Integrated, Eq. (8) yields 


Ne = D(P — P’)/L (9) 


in which P and P’ are the loads in members at the 
frames; L, the distance between frames; and Ny», the 
shear flow past member of rank m. For noncylindric 
membranes, Eq. (9) must be modified, but its applica- 
tion is not changed because its general form remains the 
same. 


Expression of Shear Flows in Function of Axial Loads 


Considering the equilibrium represented on Figs. 8a 
and 8b, it appears that the space polygon and the force 
polygon are similar figures, and 


Fyp'/AB = F4,/A'B’ = F,/AA’ = F2/BB’ (10) 


Considering a succession of panels (Fig. 10) with the 
same type of equilibrium as that of Fig. 8, with a load 
applied along BB’ and transmitted toward EE’, it 
appears that 
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F,/BB’ = Fe/CC' = Fp/DD’ = F'gp/ED = 


Fgp/E'D’ (11) 


Calling P, and P;’ the axial components of the loads 
acting at B and B’, then 


F;/BB’ = (Ps — Pz’)/L (12) 


Thus 

Nep’ = Fep'/E'D!' = (ED/E'D’)[(Ps — Ps’)/L) } (13) 
Nep = Frp/ED oa (E’D'/ED) (Ps aia P;’)/L!| 

in which Ngp and Ngp’ are the shear flows along the 
edges ED and E’D’. If various loads are applied at 


the various points A, B, C, A’, B’, C’, equations of type 
(13) can be added, and the final shear flows can be 


found. Then, introducing a fictitious ‘‘cylindric 
shear flow” gm, 
qm = SAP, = P,')/L (14) 
0 
and 
Ni = (S'/8)Qm; Nie’ = (S/S’)dm (15) 
in which 


Nw; Ni’ = shear flows along end frames in the panel 
m 
4 = lengths of the edges of the panel m 
= axial components of loads in the mem- 
bers at the frames 


ye 

Sw 

» 
i= 


Comparing Egs. (14) and (15) and Eq. (9), it appears 
that the differences are: 

(a) Taper effect. The shear flows at the edges of a 
panel along frames are inversely proportional to the 
lengths of the edges. 

(b) Twist effect. The shear flow at one edge of a 
panel along a frame is parallel to the opposite edge, and 
its resultant is acting in the middle of the edge to which 
it is applied. 


Computation of Shears and Resultants at Frames 


For any distribution of axial loads, it is necessary to 
find the value and location of the resultant of shears 
which is in equilibrium with the axial loads in order to 
locate the shear center and the distribution of loads in 
torsion bending (open membranes) or to determine 
torques (closed membranes). The values of resultants 
can be directly determined by considerations of general 
equilibrium. 

With axes ox and oy parallel to the frames, let 


(Xn; Yn); (Xn's Yn’) = coordinates of panel 
points at frames F, F’ 
(Sm, = Xn + Xntl, Ym); 
9 


ee ey = coordinates of 
middle points 
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(5Xm = Xnt1 — Xn; Ym); 
(5%m’; 5m’) 


projections of distances 
between panel points 
(Ax, = Xq_' — Xu; 





Ayn = Yn’ — Yn) = projections of the mem- 
bers 
(Sm = V (6%m)? + (6¥m)*; 
Sa") = lengths of edges 
(5A m = 5Xm¥m! — 5¥mXm'; 
5A m’) = moment coefficients of 
the edges 
n 
(A, = 25Anm; A,’) = total moment coeffi- 
cients 
(vn = Xn'Vn — Yu'Xn) = moment coefficient of a 
member 
(vm = vp — A,’ + Ay) = constant 
(0.; ‘Que Qe! ;:: Qe") = components of the re- 
sultant shears at 
frames 
.; Fe: Os = components of the re- 


sultants of axial loads 
in members 


(M,; M,; M,'; M,’) = resulting moments due 
to forces (Q:, Qy), 
(Px, Py) 


(X; Y; Z; M,; M,; M,) = components of the gen- 
eral resultant and re- 
sulting moment at 
frame F 


From Eggs. (15), the shearing force along a panel at 
frame F is 


NizSm = Sm'Gm (16) 


and the components of the resultant of all shearing 
forces are 

5X m’ / , , 
0, = ‘ Sm’Qm = Yiqmo%m’; Qy = Lgmbm 


/ 
m 


(17) 





The corresponding resulting moment is 
M, = Do Im 5X mm ie 9m5¥m'Xm = DegmbA m’ (18) 


The three components of the resultant of the axial 
forces in the members are, at frame F, 


P, Ax P,, Ay. 
P= — 9a. P= —2°9%. 7 = > P, (19 
y 7 v y 7 LP, (19) 


The corresponding resulting moments are 


M, = T{TPryndty — DP atedye} = > 72 (20) 


(21) 





Mz = —>-Payn; My = Porn 


Resultant Z and resulting moments /,, M, are defined 
by Eqs. (19) and (21); the three other elements of 
reduction are 


X = Q, +P; Y= Qy + P;; M, = M, + M, (22) 


Torsion Bending in Semimonocoque Structures 


Up to this point, only the six elements of statical 
reduction of applied loads have been defined. For 
stress distribution purposes, the elements of reduction 
are to be taken in respect to the centroid at each frame 
and in principal coordinates if beam distributions are 
used. 

It is known that those elements of reduction are in- 
sufficient to define stresses in open membranes, and 
consideration of torsion bending is necessary. 

As torsion bending is not defined by considerations of 
statical equilibrium in the space, consideration of the 
actual shape of the membrane is essential, and the shear 
center, as well as the torsion bending constant, cannot 
be determined in a section in the same way as for 
cylindric membranes, although that correspondence 
applied for the centroid and the principal axes. 

A procedure entirely similar to that used for torsion 
bending of cylinders* can be used in the present prob- 
lem. Third, Eq. (22) can be written (for both ends 
of the membrane): 


LM, = DP avn + LYgmbA m' | 
= DOPx'vn + L>gmiA m$ 
A summation by parts can be applied to terms contain- 
ing Ym: 
Ly amdA m’ [LqmA 15 ot LYA n'5Qm (24) 
Ly ambA m’ —2 As (Ps — P,’) 
(the first summation along the frame gives 0 since 


there are no shears applied along the outer edges). 
Substituting in Eq. (23), 


LM, = Pw. — X(P2 - cere, (25) 
= DPr'vn — (Pa — Pr')An 


It can be verified that the two values of LM, are equal, 
i.e., 


> Palen — An’ + An) 7 > Pa’ (vn — An’ + An) (26) 
this relation is satisfied if 
Yo = Vn — Ay’ + Ay = Const. (27) 


since )>P, = >>P,' = Z. Eq. (27) can be replaced by 
an equation of differences: 


(23) 


5Am’ — 5Am = drm (28) 
which, by substitution of the definitions, becomes: 
(6xXm'Vm — 8Ym'Xm) — (6%m¥m’ — 5¥m%m') = 

(Xn+1'Yat1 — Yat1'Xnt1) — (Xn'Yn — Yn'Xn) (29) 
and by substitution of the definitions of dx», x%,.... it 


appears that Eq. (29) is an identity. Then, the two 
Eqs. (25) can be-written as one equation: 


2LM, + >>P,(An’ + An — 2) = 
DV Pa'(An’ + An + rn) 


Replacing v, by its value from Eq. (27), it is found that 


(30) 
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—Z+LM,+ OPAn=DP,'A,’ (31) 


This expression is of the same general type as the rela- 
tion defining bimoments in cylindric membranes,’ ex- 
cept that the axial force appears in the equation. This 
shows that an axial force cannot be transmitted without 
introducing, at least in general, a torsion bending effect 
in the membrane. 

In the same manner as in the case of cylindric mem- 
branes, the quantity =P,A, can be considered as a 
mechanical concept, called bimoment B of the forces 
P,, in reference to the axis 2:? 


B= UP As (32) 
Then, Eq. (31) can be written: 
B’ = B+ LM, — wZ (33) 


The constant vp is equal to v, along the generators for 
which A, = A,’ = 0, which correspond to a neutral 
line in pure torsion bending.” 

In the definition of the bimoment, the quantity A, is 
the double of the integral of elemental areas 6A ,,:2 de- 
fined as follows (Fig. 11): Drawing, through the mid- 
dle of the intersection of a panel with the frame F’, a line 
S,Sn+1 equal and parallel to the intersection of the 
panel with the frame F, the area 6A,:2 is equal to the 
area of the triangle defined by the points S,, S,+; and 7, 
the latter being the common pole for distances and 
origins of areas, placed at the origin of coordinates, 
heretofore arbitrary. 

The definition of a bimoment for the present problem 
is an extension of the definition given for cylindric 
membranes. When the surface is a cylinder, the line 
SnSn+1 coincides with the intersection of the frame, and 
the areas A, A,’ are equal, which simplifies the defini- 
tion of the bimoment. In order to have a complete 
representation of torsion bending, it is necessary to 
determine the shear center and a neutral line. The 
shear center is defined, for cylindric membranes, as the 
point through which the resultant of transverse loads 
passes when a beam distribution is used to define the 
axial loads. This implies that the distribution of areas 
is identical in each section; otherwise, the shear center 
changes along the axis of the cylinder. For tapered 
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panels, the definition of the shear center depends on 
the relative value of the bending moments and the 
shearing forces, because pure bending produces secon- 
dary torque that displaces the shear center. In order 
to obtain a precise definition of the shear center, it can 
be stated that the shear center at a frame is defined by 
transverse loads applied at that frame, without bending 
moment. This determines two shear centers at two 
end frames. The line that connects the two shear 
centers will be called the shear axis and has the follow- 
ing properties (Fig. 12): 

(1) A transverse load intersecting the shear axis does 
not produce torsion bending. 

(2) A transverse load passing at a distance d from 
the shear axis—this distance being measured in a plane 
parallel to the frames—produces a torque equal to the 
product of that distance by the value of the load. The 
first property results from the fact that a load inter- 
secting the shear axis can be decomposed into two 
parallel loads at the frames, both passing through the 
shear centers and producing no torsion bending. The 
second property obviously results from the first. 

(3) A bending couple having its axis perpendicular 
to the shear axis produces no torsion bending. 

(4) A bending couple having its axis perpendicular 
to the direction defined under (3) produces a torque 
equal to the product of the bending couple by tan Q (2 
being the angle between the shear axis and the direction 
perpendicular to the frames). Properties (3) and (4) 
result from the application of (1) and (2) to loads 
placed at infinity. 

From these properties it results that the knowledge of 
the shear centers at the end frames defines completely 
the torsion bending resulting from any transverse load 
and bending moment applied on an open membrane. 
The location of the shear center at frame F’ is given by 


Shear axis 
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means of the section properties at frame F, and recipro- 
cally, since the distribution of shearing stress due to a 
transverse load applied at F’ is function of the distribu- 
tion of axial stresses at F. 

In same manner as for cylindric membranes, using 
the areas of the type of A,’ and A, which are called a,’, 
a, when the origin of coordinates is at the centroid, the 
following results are found.’ 

(a) Taking arbitrary directions of axes for the two 
end frames, the origin of the axes being taken at the 
centroid of each section, the coordinates of the shear 
center, at frame F’ for instance, are given by the follow- 
ing expressions: 


SM" = (uly — wy zy)/ (Tl, — (Tev)* 
pomme , {? F — (uyls as Mel zy) / [Tel y — (Izy)?] \ (34) 


0 


in which: 


= > anOnXn; i = > andnVn 
On = > bam = > (6Xm¥m’ — 5¥mXm’) 
I, vad > 40 (Xn)?; } Fe = Do anXnVn; i, _ > an(yn)? 


It is to be noted that axes without (’) refer to the cen- 
troid of frame F, while the axes noted (’) may be at any 
point of frame F’ but must be parallel to the axes of F. 
In order to avoid the use of two sets of axes at each 
section, the axes (’) are taken at the centroid of F’. 
Then the formulas giving the centroid at F are deduced 
from Eqs. (34) and (35) by simple permutation of 
notations. If the principal axes at both frames are 
parallel, Eqs. (34) can be simplified by using the direc- 
tions of principal axes as directions of coordinates. 
Then 


(35) 


, Yo’ -” > ant nx,/1, t 
Frame F id —Sadtte/le| (36) 


(I,J, are the principal moments of inertia.) If the 
principal axes at both frames are not parallel, it is 
possible to use the same formulas, but two sets of axes 
must be used at each frame, one set being the principal 
axes at the frame and the other being parallel to the 
principal axes at the other frame, with an arbitrary 
origin. Then, Eqs. (36) are valid, provided: the axes 
without (’) be the principal axes at frame F; the axes 
marked (’) be the axes at frame F’ parallel to the 
principal axes at frame F. 

In order to define the shear center at frame F with 
these notations, two other sets of axes must be intro- 
duced, defined by the principal directions at frame F’. 

For the determination of the torsion bending con- 
stants, quantities Xm’, Ym’, Xm, Ym in areas A,’, A, will 
be taken from the shear centers of the respective sec- 
tions, and the origin vectors of the areas will be defined 
by 


DAn'dn’ = 0; Anda = 0 (37) 
The torsion bending constants are 


Ip’ = S(An’) te’; I, = D(As)%Gn (38) 


It is to be noted that J’ is to be used for frame F’ under 
torque applied at frame F (or moments in respect to 
shear center at frame F), and reciprocally. If the areas 
of the members at both frames are equal, the definition 
of », is simplified. Multiplying the first term of Eq. 
(27) by the area to which it corresponds and summing 
for all the members: 


nda — > Anda + DAn'dn = >On 
and from Eq. (37) ‘ 
Yo = Dovnda/do (39) 


. which shows that », is an average value of quantities v,. 


From the coordinates of the shear centers at both 
frames, the value of the torques related to bending 
moments can be determined. Calling /,, and M,, the 
torques due to moments M, and M, and introducing the 
differences between coordinates of shear centers called 
Axo and Ayo, the following equations can be written 
(assuming all quantities are taken with the same direc- 
tions of coordinates) : 


My = M,Ax/L \ 
My = —M,Ayo/L§ 


(40) 


Those relations result from the consideration of a 
couple formed by two parallel forces placed at the end 
shear centers. The two components of the couple are a 
bending couple and a torque, which are obviously in 
such relation that they satisfy Eqs. (40). 


Closed Membranes—Determination of the Origin for Shear 


Introducing a fictitious cut along a generator, the 
membrane becomes open and a stress center is defined 
which is the shear center of the open membrane. A 
pure torque is transmitted by pure shear and produces a 
“cylindric shear flow”’ g,, which, from Eq. (14), is con- 
stant since there are no loads P. 

From Eq. (18), the torque corresponding to q, is 


M, = w38An = goAr (41) 
with the two equivalent definitions of A» 
Ao = DiAm = VGAn’ (42) 


Egs. (41) and (42) generalize the conventional formulas 

valid for cylinders only. The torques due to moments 

with respect to the stress center of the transversal forces, 

as well as the torques induced by bending moments 

(Eq. 42), are transmitted by shear flow defined by 
i | wa’ Al 


BY 
Wofiee Tettey py aS 


2 (43) 
Sul Ao Sm Ay 


GENERAL ANALYSIS OF SEMIMONOCOQUE STRUCTURES 
BETWEEN PARALLEL FRAMES 


Closed Monocoque Structure 


(a) Distribution of axial loads determined at both ends. 
This case corresponds either to actual applied axial 
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loads or to beam (or equivalent) distributions that must 
be defined prior to the present calculation. 

Assuming a cut along a generator, shear flows are 
calculated by Eqs. (14) and (15), and torques are calcu- 
lated by Eqs. (18) and (22) which, combined, give 


M, a doqmdA m + DP .'»,/L 


The difference between the actual torque M, and torque 
M, defines the correcting cylindric shear flow q,: 


go = (M, — M,)/Ao 


(44) 


(45) 


Thus, the shear distribution is entirely defined. 

(b) Distribution of axial loads determined at one end, 
beam distribution at the other end. If it is impossible to 
separate the loads into unit solutions corresponding to 
shears, bending moments, torque, and axial load at the 
frame where beam distribution is used, the procedure is 
essentially same as in previous subcondition, the first 
operation being the calculation of load distributions at 
the end when beam distribution is used: 


P/a = (Z/a) — (M,x/Iz) + (Miy/I,) (46) 


(a = elemental area, a) = total area). If loads at the 
end where the predetermined distribution exists can be 
distributed in order to correspond to unit solutions at 
the other end, unit solutions for complete distributions 
can be used. There will be six unit solutions, and for 
each unit solution shear will be defined by expressions 
of the type of (14), (15) and (45). 

(c) Distribution of loads defined by beam distributions 
at both ends. An important difference with cylindric 
structures is the fact that basic unit solutions at one 
end do not remain unit solutions at the other end. 
For that reason, it is necessary to use one end frame as 
the basic frame for definition of unit solutions. Assum- 
ing that the frame chosen is the frame F’, at the frame 
F will be applied: shearing forces, X’, Y’; moments, 
M,’, M,’; axial force, Z’; and torque, M,. Those 
forces will be applied as follows: 

All loads X’, Y’, M,’, M,’ are defined in reference to 
the principal directions of F’; Z’ is applied at the cen- 
troid at the frame F’; and the cylindric shear flow gq 
is chosen for all unit solutions in such manner that M, = 
0, in reference to a determined axis, i.e., 


= — M,/Ao 


The torque M, is the only element of reduction which is 
a unit solution for both end frames. The correspond- 
ing cylindric shear flow is defined by Eq. (41). 

It is to be noted that at frame F, moments M,’, M,’, 
Z' produce, at least in general, moments M,, M, given 
by: 


(47) 


M, 
M, 


¢ being the angle of the principal axes at frames F’ with 
the axes at F and (Ay,, Ax,) being the coordinates of 
the centroid at F’ in respect to the principal axes at F. 


II 


M,' cos g — M,’ sin g + Z’ Ay, (48) 
M,’' sin g + M,’ cos g — Z' Ax, 
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Open Monocoque Structure 


(a) Distribution of axial loads determined at both ends. 
It is assumed that the condition of equilibrium of bj- 
moments (Eq. (33)) is satisfied. Then, an equilibrium 
is possible, the procedure is essentially the same as for a 
closed structure under the same type of loads, and 
cylindric shear flows are given by Eq. (14). The re. 
sulting torque is M, defined by Eq. (44); it is thus 
determined by axial forces exclusively, in same manner 
as transverse loads, as known from torsion bending 
theory. 

(b) Distribution of axial loads determined at one end, 
beam distribution at the other end. The procedure is 
essentially the same as for a closed structure under the 
same type of loads, with the difference that Eq. (46) is 
replaced by 
| 
a 


M,x My BA 
':_—_- — + — 49 
d, qs ™ ly Io ‘4 


in which B is the bimoment defined by Eq. (32) and the 
torsion bending constant is defined by one of Eggs. (38). 
There are six unit solutions as for a closed membrane, 
with the difference that the unit solution under torque 
with pure shear is replaced by a unit solution with tor- 
sion bending. 

(c) Distribution of loads defined by beam distributions 
at both ends. The general procedure is also the same as 
for a closed structure, with the substitution of the solu- 
tion with bimoment to the solution with pure shear. 
At frame F are applied unit shearing forces X’, Y’ and 
torque M,, bicouple B, moments M,’, M,’, and axial 
force Z’. Those forces will be applied as follows: 

Transverse forces X’, Y’ at the shear center at frame 
F. 

Torque M,, at frame F (resulting bimoment at F’). 

Bicouple B, at any frame, since it is conservative in 
the absence of other loading. 

Moments M,’, M,’ atframe F. These moments pro- 
duce secondary torques M,,’ and M,,’ given by Egs. 
(40). These torques can be separated from the mo- 
ments, or their load distribution (bimoment, shear) 
can be superposed to that of the moments, thus reduc- 
ing those applied moments to pure bending without 
secondary torque. With that method axial loads are 
defined, at frame F: 


P/a = (Mzy/I,) — (M,x/Iz) (50) 


(M,, M, given by Eggs. (48) in function of each unit 
solution M,’, M,’ taken separately); at frame F’: 


Oe ue(2, = an’) 4 u,'(— = — 2a) (51) 
a’ ED I’ 1, 


Load Z’ at frame F’. This load causes secondary 
moments and bimoment, the latter given by Eq. (33): 


B! = nl’ (52) 


In same manner as for moments, the bicouple can be 
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Ferce diagram 





incorporated into, or calculated separately from, the 
axial load distribution. The axial loads are defined at 


frame F: 
P/a = Z'|(yAy-/I,) + (x Ax/Iz) + (1/a0)] 
at frame F’ (bicouple being added) : 
P'/a’ = Z'[(1/ao’) — (%A’/Io’)) 


(53) 


(54) 


GRAPHIC METHODS 


Graphic methods can be used to determine values of 
shears, locations of shear centers, and locations of re- 
sulting transverse forces and bicouples when axial end 
forces are given. 

A plane of projection must be chosen for a graphic 
analysis. Two types of projection can be used. 


Projection on a Plane Perpendicular to the Frames 


The frames appear as parallel lines and the effect of 
twist is hidden. As was indicated previously, the 
analysis of a plane panel or of a skew panel is the same 
in this mode of projection, and there is no difference 
between developable and nondevelopable surfaces. 

The reader will find in reference 1 the corresponding 
graphic analysis, which can be considered as a special 
case of the following method of projection. 


Projection on a Plane Parallel to the Frames 


The method is derived from Fig. 8 and makes use of 
the components of the end loads parallel to the frames. 
o, being the length of the projection of a member on the 
frames, the corresponding projections V, of the loads 
are, at the two frames: 


V, = P,(¢,/L); V,’ = P,,'(on/L) 


It is to be noted that under given shearing forces, L is 
eliminated from the expressions, since under an X load, 
for instance (applied at frame F’): 


V, = UL (#) - (2); V,' =0 
L° ) L. (on) L 


(55) 


(56) 


Knowing the loads V,/X and V,’, force diagrams can 
be determined (Fig. 13). 


Loads at the ends of a’a”, called A’, A”, are drawn 
end to end. Their sum is a;"a;’._ The equilibrium of 
panel (1) is determined by drawing, through a,” and ay’, 
parallels to the sides and diagonals corresponding to a”, 
a’ of panel (1) and closing with a parallel (6,’8,") to the 
side b’b”. The inversion of correspondence between 
a’, a,” and a”, a,’ must be noted. The load along b’b” 


in panel (1) is 8,"8;’.. Adding forces B’ and B”’, it 
appears that the load along b’b” in panel (2) is 82” 82’. 
From {2” 62’ panel (2) can be analyzed in same man- 
ner as panel (1) and the procedure can be repeated for 
each panel. ‘ 
The projections of the loads in members and the 
shearing forces along frame F’ are the following: 


a 


d'd” | 











Member | a’‘a” b’b” ne” 
| Load aoa) Bi'Bo’ | 2's" 53’50 
Side |} a’b’ b’c’ c’d’ | 
Shearing force | a’ B;’ | Bo’ v2 | 3'53" | 





Dividing the shearing forces by the lengths of the sides, 
the shear flows along the frame are determined. 

For the graphic analysis, it must be noted that the 
directions of the loads are such that in the completed 


figure, the sequence is, for instance, D’, C’, B”, A", A’, 
—_->- ol > 


B’, C', D’, which shows that two opposite forces B’, B”, 
for instance, are measured in same direction along their 
line of support 6," 8;’. 

It results that compression forces are measured in one 
direction, while tension forces are measured in opposite 
direction. Those directions are not parallel from gener- 
ator to generator and must be considered as going from 
one frame to another. Thus, on Fig. 13, starting from 
the top, compression forces are drawn from F’ toward 
F” and tension forces are drawn from F” toward F’. 

Once the force polygon is completed, the value of 
ado, resultant of the shears acting along the frames, is 
determined. Its location is determined by a classic 
construction of addition of forces. Starting with an 
arbitrary pole R, place the force corresponding to the 
first ray Rap at the intersection of A’ and a’f;’ in the 
space diagram. As known, the force a;’8,’' acting on a 
a’b’ is parallel to a a”b” and passes through the middle of 
a'b’. Ray Ra,’ is useless. A parallel to ray Rf;’, 


originating at the intersection of A’ and the parallels to 
a;’B;’ and Rap, is drawn until it meets B’. From that 
point, a parallel to ray R§;,’ is drawn to the intersection 
to a parallel to 62’72’ drawn through the middle of 6’c’. 
The construction is repeated until the last line parallel 
to the ray Rip is drawn. The parallels to Ray and Réy 
intersect in a point through which the resultant apdp is 
drawn. This locates the resultant in position. A 
check can be made repeating the same operation at the 
other frame. 
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Fic. 14. 


Combining various unit solutions, shear centers or 
stress centers can be determined by intersection of two 
such resultants. (It is unnecessary to use principal 
axes.) Then, arms and areas can be measured for the 
calculation of moment coefficients for torsion bending, 
and the torsion bending constant may be determined. 
In case of closed profile, a cut is always made in order to 
start the calculation, and a unit solution is made under 
pure shear transmission. If on Fig. 13 the force 
placed on a’a” is equal to a’a” at a certain scale, the 
space polygon for shear transmission becomes the force 
polygon. From that force polygon and an arbitrary 
pole the resulting couple can be determined: When 





FORCE POLYGON 
acts 


Oo: 


HUNDREDTHS 


Shear flow distribution under unit Y load. Station 400.5 to station 423.1. 


determining the resultant there will be a first and a last 
line, both parallel to Ra’; Ra,’ multiplied by the 
distance between the two lines, will give the torque 
corresponding to the unit shearing force a’a”. Then, 
by proportion, shear flows corresponding to the unit 
torque will be found. 
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Determination of the Axis of Rotation 


of a Skewed Axis Landing Gear 


, J. J. JERGER* 
Curtiss-Wright Corporation 


INTRODUCTION 


N THE DESIGN of landing gears it is often necessary to 
find an axis of rotation which will accurately locate 
the wheel in certain desired retracted and extended posi- 
tions, with no motion other than that of rotation about 
the axis. 

Several methods have been formulated for the solu- 
tion of this problem. References 1 and 2 are such 
methods. Experience has shown that these soijutions 
are cumbersome, partly because of the excellent 
visualization of space geometry required of the person 
seeking an answer and partly because of the large 
drawing-board area sometimes needed. 

It is believed that the equations presented here afford 
a simplified aid for solving this problem quickly and 
accurately. The method has been used for actual 
design work by several landing-gear designers who have 
found that a complete solution can be made in as little 
as 1'/, hours, including all layout work. Calculations 
were made in about 30 min. 

This method is employed to determine accurately 
the axis of rotation after reasonably satisfactory 
positions have been selected for the extended and re- 
tracted positions of the landing wheel. The procedure 
usually followed is to establish the tread and extended 
position and then to rotate the wheel about three axes 
through some point within the wing, thus placing the 
wheel approximately within the desired stowage space. 
Some adjustment may be made in order to reach a 
satisfactory compromise with other parts of the air- 
plane. 

The coordinates of points D and E of Fig. 1 may then 
be measured on the layout or computed from the two 
known wheel positions. After this has been done, 
there remains the problem of accurately locating the 
axis of rotation. The purpose of this paper is to 
present a set of equations that will solve this one 
problem 

In the event that the axis of rotation does not fall 
sufficiently within the wing to house completely the 
pivot bearing, it is necessary to adjust the wheel posi- 
tion and to solve for a new axis. 

When no adjustments are required to the wheel 
position, it is usually the case that the axis of rotation 
will pass through the point that was selected for the 
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three initial rotations placing the wheel in its retracted 
position. 

In this case one additional point fixes the axis. This 
point can be computed, using Eqs. (VI), (VII), and 
(VIII) and assigning one arbitrary value to the para- 
meter “‘O.’’ The value usually chosen is zero, because 
of its convenience. 

Simple formulas that determine the direction and 
position of the axis of rotation are given. These equa- 
tions may be used directly and without a great deal of 
study, requiring only knowledge of the three sets of co- 
ordinates which locate the landing wheel in both the re- 
tracted and extended positions. Following an explana- 
tion of the equations and the symbols employed, an 
example is carried out in detail to illustrate the method. 

A complete draft of the derivation is included as an 
appendix for those who are interested in the mathemati- 
cal phase of the solution. The mathematics of the 
appendix, while essential in producing the required 
equations, is in no way necessary to their solution. The 
formidable appearance of the working equations is mis- 
leading, as shown by the numerical example which 
serves to illustrate the simplicity of the operations 
involved. It will be noted that many of the terms in 
the formulas are repetitions, thereby reducing labor. 


SYMBOLS (SEE Fic. 1) 


X, Y, Z = coordinates of a point on the desired axis of rota- 
tion. ‘‘O”’ is the origin. 

x1, V1, 21 = coordinates (with ‘‘O”’ as origin) of the point “A,” 
which is located in the axis of the wheel. The 
length OA may be arbitrarily selected but should 
not be unreasonably small (i.e., approaching 
zero). 

X2, Y2, 22 = coordinates (with ‘‘A’’ as origin) of the midpoint of 
the line AB, where “‘B”’ is the position that ‘A’’ 
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assumes when the wheel is in the retracted posi- 
tion. 

Xs, Ys, 23 = coordinates (with “‘O”’ as origin) of the midpoint of 
the line OC where ‘‘C”’ is the position that the 
wheel center ‘“‘O’’ assumes when the wheel is in 
the retracted position. 

N2*, g2, Js, = constants used to determine the axis of rotation. 

A, These constants are determined by means of Eqs. 

(I) to (V) inclusive. 

= a parameter that may arbitrarily be assigned any 
value. For each assigned value of 6, there is a 
corresponding point on the axis of rotation. 


> 


Sign conventions have been taken as follows: 


X = direction positive to the left. 

Y = direction positive upward. 

Z = direction positive away from the reader—i.e., 
toward the paper. 


WoRKING EQUATIONS 


M2? = x2? + yo? + 2m? (I) 








g2 = X27 + 2? + 27 + x1x%2 + Yiy2 + 212 (IT) 

qe = x37 + Ys" + 23” (IIT) 

mises 9293 — 3(X2x3 + Yo¥s + 2023) (IV) 
N2"q3 aT (xax5 + yoys + 2023)” 

dy = 1298 — Geleo%s + Yas + 20%) (Vv) 
qs — (X2%3 + Vos + 2023)? 

X = Axe + Axe + O(yo%3 — zeys) (VI) 

VY = Ayo + As + O(z2x3 — X22) (VII) 


From Eq. (IV): 


1,364 .8838 X 1,118.6874 — 1,118.6874 (18.87 X 23.43 + 27.63 X 
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Z = deo + Aids + O(x2V3s — YoX%s) (VITI) 


The known values of coordinates (x1, 1, 21), (x2, », 
Ze), and (xs, ys, 23) when substituted into Eqs. (I), (II), 
and (III) give values of m2’, g2, and g3. The values of 
nz”, g2, and g3, together with the required known values 
of (x2, Y2, 22) and (xs, ys, 23) when substituted into Eqs. 
(IV) and (V), result in numerical values of \ and ,, 
Substitution of the numerical values of \ and \; and the 
known values of (x2, ye, 22) and (xs, Ys, 23), aS required in 

qs. (VI), (VII), and (VIII), results in numerical 
values for (X, Y, and Z), the coordinates of a point on 
the axis of rotation. As previously mentioned, numeri- 
cal values of @ are assigned arbitrarily. 

The following detailed example will clarify the pro- 
cedure (these dimensions are taken from an actual case); 


Given: 
«gp = 10in. =m = 18.87 in. xy = 23.43 in. 
1 = Oin. ye = 27.63 in. ys = 22.65 in. 
s%, = O in. Zz = 7.53 in. = 7.53 in. 


From Eq. (I): 
= (18.87)? + (27.63)? + (7.53)? 
From Eq. (II): 
ge = 1,176.05 + 10 X 18.87 + 0 X 27.63 + 
0 X 7.53 = 1,364. 8838 


1,176. 1938 


From Eq. (III): 
= (23.43)? + (22.65)? + (7.53)? = 1,118.6874 





22.65 + 7.53 X 7.53) _ 5 gr 





ha ae 


From Eq. (V): 


i = (1,315,723 — 1,364.8838 X 1,124.6436)/50,970 = 
—4.3008 

Substituting in Eqs. (VI), (VII), and (VIII): 

X = Axe + AxXs + O(y2%3 — 22s) (VIa) 

Let 6= 1. Then 


18.87 — 4.3008 X 23.43 + 
1.5387 — 7.53 X% 22.65 = +-36.277 


X = —1.2719 
Y= AY2 +. Ars an O(Zox3 —_ X23) (VITa) 


Let 0 = 1. Then 


1,176.1938 X 1,118.6874 — (18.87 X 23.43 + 27.63 XK 2 


2.65 + 7.53 X 7.53)? 





Y = +5.: 2727 XK 27.63 — 4.3008 K 22.65 + 
7.53 X 23.43 — 18.87 X 7.53 = +82.6084 
Let 6= 0. Then 
Y = +48.2716 
yi AZo a di23 + O(x2Vs — VoX3) (VIIIa) 
Let 6 = 1. Then 
b= §.2727 X 1.538 — 4.3008 X 7.53 + 
18.87 X 22.65 — 27.63 XK 23.43 = —212.6476 


Let 6= 0. Then 


Z = +7.3184 

The numerical example has been carried out with the 
aid of acomputing machine. Accuracy of the computa- 
tion is essential, since a slight error in the position of 
the axis of rotation creates an appreciable error im 
landing wheel position. 
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APPENDIX 


The working equations were derived with the use of 
simple vector analysis. For those not familiar with the 
subject, references 3 and 4 are given. 


Notation 


Pp is a plane perpendicular to the line AB and passing 
through its midpoint D. 

P, is a plane perpendicular to the line OC and passing 
through its midpoint E. 

Let the lines OA, AD, and OE be represented as the 
vectors Ni, Ne, and N3, respectively. 

pb: = perpendicular distance from point “‘O”’ to plane 
Pp. 

ps = perpendicular distance from point “‘O”’ to plane 
Py. 

The axis of rotation is determined by the intersection 
of the two planes Pp and P,.? 

The purpose of the following mathematics is to de- 
velop the working equations that determine this line of 
intersection : 

Let r be the position vector from an origin ‘‘O”’ to any 
point within a given plane. 

The plane is then defined by the equation r-N = q = 
pn,* where N is any vector normal to the plane, m is the 
module or magnitude of vector N, p is the perpendicu- 
lar distance from origin ‘‘O”’ to the plane, and 7- N is the 
scalar product of the vectors r and N. 

The equation of the plane Pp may therefore be 
written: 


r-N2 = go = pome (1) 


where m2 is the magnitude or length of vector N2. 
Also, the equation of the plane Pg may be writ- 
ten: 


r-Ns = q3 = pans (2) 


where m3 is the magnitude or length of vector N53. 


N, = xt a Vj a zik 
Nez = x2t + Yoj + zak 
N3 = xsi + ysj + ask (3) 


where i, 7, and k are mutually perpendicular unit vectors 
in the direction of the coordinate axes. 


No? = X2” + yo? + 2? (4) 
Nz = VWx3" + ys? + 252 = ps (5) 





The scalar product a-b of two vectors a and b is de- 
fined as the product ab cos 6, where a and bd are the 
magnitudes of vectors a and }, respectively, and @ is 
the angle between the vectors.* 

Referring to Fig. 2, it can be seen that the product a-b 
may be looked upon as the product of the length of 
either vector with the length of the projection of the 








5 


Fic. 2. 


other vector upon it—i.e., a-b = a(b cos 6) where (5 cos 
9) is the projection of vector 6 upon vector a. Also 
a-b = b(a cos @) where (a cos @) is the projection of vec- 
tor a upon vector b. 

Referring to Fig. 1, 2 = length of vector N2 plus the 
projection of vector NV; upon vector N2: 


po = m2 + Nz: N, (6) 


where JN, is unit vector in the direction of vector 
No: 


N2 = N2/ N2 
po = m2 + (No: Ni/n2) 


(xet + oj + ek) * (xt + Wi + z:k) 
2 + SSS — 
V x2 + yo? + 2? 





p2 = 1 


pe = V x2? + yo? + 20? + (axe + rye + 2122)/ 
V x2? + ya? + 2? 
po = Xa + yo? + a2? + Xik2 + WN2 + 2122 (7) 








V x2? + yo? + 2? 
G2 = pote = X2? + yo? + 22? + X1X2 + Vie + 212% (8) 
And from Eq. (5) it can be seen that 
Qs = pss = x3? + ys" + 237 (9) 


In reference 3, the vector equation of the line of 
intersection of two planes whose vector equations 
are 


r-N: = q (la) 
r-Ns = qs (2a) 
is given as 
r = \N. + Ns + ON2 X Nz (10) 
where 
= (gems? — gsN2-N3)/[m2*ms? — (N2-Ns)*] (11) 


Ar = [m2*gs — q2(N2-Ns)] / (122s? — (Ne-Ns)*] (12) 


= 


6 is a parameter. 
N2 X Ns; is the cross or vector product of the vectors 
Nz and N3. 


No-N3 = (xt + yaj + zak) - (xsi + vaj + 29k) 
Ne: N3 = X2Xs3 + Vos + 222s 
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N2 X Ng = (x2t + yoj + 22k) X (xst + yaj + 23k) = 
XeVstx] + xXezgixk + yoxsjxt + yorajxk + zaxskxt + 
ZaVakxJ = Xaysk — Xo%sJ — Vorsk + Yoest + 2eXaj — Zest 


Nz X N3 (yo — 2e¥s)t + (Zox%3 — Xe2zs)j + 


(x2¥3 — Yoxs)k 

Substituting the above value of Nz X N; into Eq. (10) 
r = No + Ns + O[(yo2%2 — Zeys)t + 

(2ox3 — X223)7 + (xe¥s — yors)k] (13) 


Substituting the above value of N2-N; imto Eqs. (11) 
and (12), 


a Gams” — Qz(X2xX3 + Yo¥s + 20%) 
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r = X(xet + yoj + 22k) + (xt + Yaj + 22k) + 
O[(yo%0 — 2ays)i + (zaxrs — x2e0)j + (xxys — Yors)k] (18) 
Expanding Eq. (18) and collecting terms, it is found that 


r= Xi+ YVj+ Zk (19) 
where 
X = +x + Ars + O(yees — 22s) 
VY = +rye + Arys + O(z2%3 — X22s) 
Z = +hdz2 + rss + O(xavs — Yor) 


Eq. (19) determines the desired axis of rotation in 
terms of the given dimensions, specifying the location of 
a point on the axis for each assigned value of the param- 
eter 6. 





ny (14 . 
N2*n3? — (Xox3 + Vo¥s + 2223)” ) Collecting Eqs. (4), (8), (9), (16), (17), and (19) and 
employing Roman numerals for identification, we have 
— N2"d3 — q2(X2xX3 + YoVs + 2223) (15) the required working Eqs. (I) to (VIII), inclusive. 
Ma2ns? — (xox3 + Yas + 2223)" 
R 
but from Eqs. (5) and (9) gs; = m3? and aaere 
1 Oldendorph, O. F., General Solution of the ‘‘Skewed Axis” 
> a Oe Ja(X2X3 + Yas + 2223) (16) Landing Gear, Aero Digest, Vol. 36, No. 2, p. 101, February, 1940. 
es 2 2? Spaeth, Herman E., Finding an Axis of Rotation for a Re- 
made (airs 7” ys a 2223) tractable Landing Gear, Aero Digest, Vol. 37, No. 2, p. 68, August, 
2a 1940. 
M1 = ma Qs q2(xa%s + yaya + 222s) (17) 3 Weatherburn, C. E., Elementary Vector Analysis; G. Bell & 
Gano? — (xX2xX3 + Yovs + 2023)” Sons, Ltd., London, 1928. 
: . - ‘ Coffin, Joseph G., Vector Analysis; John Wiley & Sons, New 
Substituting values of Nz and N; into Eq. (13), York, 1911. 
Letters to the Editor 


Dear Sir: 

The values of y, the ratio of the specific heats, for dry air are 
given incorrectly on page 227 of the article titled ‘‘The Thermo- 
dynamics of Air at High Velocities,’ by Neil P. Bailey, which 
appeared in the July, 1944, issue of the JOURNAL OF THE AERO- 
NAUTICAL SCIENCES. 

The correct values of y for dry air as given by Heck’ are: 


F. Y 
80 1.400 
140 1.398 
240 1.395 
440 1.386 
490 1.383 
740 1.368 


The writer recommends that a y value of 1.400 be used as a 
standard for all airflow computations within a temperature range 
of at least —360° to +240°F. Keenan and Kaye? list the value 
of y as 1.400 from —360° to about +80°F., and from 80° to 
240°F. the y value may be taken as 1.40. Also a y value of 
1.400 corresponds to the measured speed of sound under standard 
conditions. The same value of y is also obtained from the 
kinetic theory of gases. For a perfect diatomic gas molecule 
with 5 degrees of freedom (3 in translation and 2 in rotation) the 
value of y will be seven-fifths or 1.400. For a real diatomic gas 


this value of y will be decreased by any vibrational energy within 
the molecule. However, for a moderate range of ‘temperature 
dry air should be expected to behave as a perfect diatomic gas, 
since dry air is composed mainly of nitrogen and oxygen molecules 
whose vibrational energy will be negligible at ordinary tem- 
peratures. 


REFERENCES 


1 Heck, R. C: H., The New Specific Heats, Mechanical Engineering, Vol. 
63, No. 2, February, 1941, pp. 126-135. 

2 Keenan, Joseph H., aud Kaye, Joseph, A Table of Thermodynamic Proper- 
ties of Air, Journal of Applied Mechanics, Vol. 10, No. 3, September, 1943, 
pp. A-123, A-130. 


EDMUND V. LAITONE 
Aeronautical Engineer 
Theoretical Aerodynamics Section, N.A.C.A. 





Dear Sir: 

While careful checks from Heck’s Gas Tables for dry air yield 
values from 1.397 to 1.398, the effects of the moisture normally 
present make 1.395 a better value. This value has been ac- 
cepted by the General Electric Company and several other 


manufacturers of superchargers. 
NEIL P. BAILEY 


Head, Mechanical Engineering Dept. 
Rensselaer Polytechnic Institute 
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Equivalent Circuits of Compressible and 
Incompressible Fluid Flow Fields 


GABRIEL KRON* 
General Electric Company 


SYNOPSIS 


Equivalent circuits are developed to represent the following 
partial differential equations of mathematical physics 


(1) Divp-v = Q; curly = tr 


few 
@) Diva grad $= b = no! + by + bib + bh 
2 o 
(3) Curl ¢ curl Y = = a hy ad +e 


under transient, sinusoidal, or steady-state conditions, thereby 
allowing their solution either by a network analyzer or by numeri- 
cal and analytic circuit methods. In fluid dynamics these equa- 
tions represent the steady potential flow of a compressible fluid 
when expressed in the hodograph plane or the general nonviscous 
flow of an incompressible fluid when expressed in the physical 
plane or space. (In representing the flow of a compressible fluid 
in the physical space, the networks have variable units, since the 
equations are nonlinear.) 

The same equations and networks may be considered to repre- 
sent static electromagnetic fields in current-carrying regions or in 
regions with stationary charges or poles. The second equation 
may also represent the conduction of heat (or diffusion) in a non- 
isotropic medium, or it may represent the general wave equation. 

All networks are expressed in curvilinear orthogonal coordi- 
nates to simplify the networks in case of curvilinear boundaries 
and to express three-dimensional problems with axial or other 
symmetry by means of a two-dimensional network. The coef- 
ficients p, a, and c are not scalars but elements of diagonal mat- 
tices, allowing special types of nonisotropic properties in the 
fields. All coefficients may be constants or functions of the in- 
dependent space variables, thereby allowing nonhomogeneous 
fields. The fields may contain multiply connected regions, and 
a method showing how to represent Riemann-surfaces by equi- 
valent circuits is given. 

Most transient and steady-state equivalent circuits require only 
resistances, inductances, and capacitors, while some transient 
networks also require ideal transformers. The blocks into which 
space is divided may have arbitrary lengths in different directions. 
General nonisotropic fields and nonorthogonal reference frames 
require an extension of the present equivalent circuits. 

Numerical methods of solving the equivalent circuits are given 
in another publication.2 In general the circuits may be used to 
check the consistency and accuracy of the results arrived at by 
other methods, approximate or exact. The unbalanced currents 
at the junctions (easily calculated) give a quantitative measure of 
the deviations from the correct answer. 


THE METHOD OF ATTACK 


es PHILOSOPHY underlying the representation of 
physical phenomena by models (equivalent cir- 


Received June 3, 1944. To have been presented at the I.A.S. 
we co Annual Meeting, which was canceled to cooperate 
vith a Government appeal (January, 1945) to refrain from hold- 
ingj conventions and meetings. 

} Consulting Engineer. 





cuits) has been given in three other publications’ * ° 
presenting equivalent circuits for the electromagnetic 
field, for the elastic field, and for oscillating dynamic 
systems. It is suggested that for visualization the 
equivalent circuits of an ordinary or partial differential 
equation should not be assumed to represent the condi- 
tion at selected discrete points of the field. Instead, 
the network quantities should be considered to repre- 
sent line, surface, and volume integrals of field quanti- 
ties related to infinitesimal blocks into which space is 
divided. 

The conventional equations of Vector Analysis (used 
in the body of the paper) expressing the condition of a 
field at a point are changed to the needed tensorial 
form in the Appendix. 


TYPES OF FLOW CONSIDERED. 


Assuining the nonviscous flow of a fluid as an illustra- 
tive example, let its velocity vector be v. Four special 


cases will be considered: 
(a) The flow is general—that is, both sources and 


vortices exist 
divp-v =Q curly = [ 


No potential functions can be introduced. 
(b) The flow is irrotational—that is, sources exist but 
no vortexes 
div p-v = Q curl vy = 0 
There exists a scalar potential ¢ (velocity potential) 
v = grad ¢ 
so that the above two relations may also be expressed as 
div fp grad ¢ = Q curl grad ¢ = 0 


(c) The flow is solenoidal—that is, vortexes exist but 
no sources 
curl vy = [ div p-v = 0 
There exists a vector potential Y (stream function) 
pv = curl P 
so that the above two relations become 
curl p-' curl JY = [ div curl J = 0 


(d) The flow is a potential fow—that is, neither 
sources, nor vortexes exist 


div p-v = 0 curl vy = 0 
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b) Sources only 





¢) Vortices only d) Sources and vortices 


Fic. 1. Schematic representation of two-dimensional fluid flow. 


There exist both a scalar potential ¢ and a vector poten- 
tial J 


v = grad @ 


pv = curl J 
so that the above two relations become 
divpgrad@? =0 curl grad ¢ = 0 
curl p~! curl Y = 0 div curl ) = 0 


The relation between the two potentials is 


Bp grad = curl J 


SCHEMATIC EQUIVALENT CIRCUITS 


Before presenting the equivalent circuits in detail, a 
schematic representation of the four types of models 
will be considered: first a two-dimensional, then a 
three-dimensional model. 

Let a two-dimensional flow of fluid particles be simu- 
lated by electric charges flowing through a net of con- 
ductors. Then j-¥v, the time rate of flow of fluid, is 
represented by the current 7 = dq/dt in the conductors. 
Corresponding to the four types of flow assumed, four 
types of equivalent circuits will be constructed: 

(a) The potential flow of a fluid (in a region having 
no sources or vortexes) can be represented by a net of 
current-carrying conductors (Fig. la), where, in general: 


(1) The current 7 in the conductors represents the 
time rate of flow of fluid j-v. 


(2) The admittance of the conductors y represents 
- the density of fluid 3. 
(3) The differences of potential e between junc- 


tions represent the velocity of the fluid par- 
ticles v. ‘ 


JOURNAL OF THE AERONAUTICAL SCIENCES—APRIL, 


1945 


(b) The presence of sources in an ?rrotational flow 
may be represented (Fig. 1b) by currents entering the 
junctions. Then: 

(4) The junction currents represent the source 
strengths Q. 
The absolute potential of the junctions repre. 
sents the scalar potential ¢. 


(5) 


(c) The presence of vortexes in a solenoidal flow may 
be represented (Fig. 1c) by circular conductors formed 
at the junctions. Then: 


(6) The voltage drops in the circular conductors 
represent the vorticity I. 
(7) The circulating currents represent the vector 


potential /. 


(d) When both sources and vortexes are present the 
vortexes are no longer represented by a flow in circular 
conductors but by generators (Fig. ld). Then: 


(8) The junction currents represent the source 
strength Q. 
(9) The generator voltages represent the vorticity 


In this fourth case neither the scalar potential ¢ nor 
the vector potential exist. 

In all four networks Kirchhoff’s first law—that is, 
the summation of the voltages around the meshes—cor- 
responds to the equation 


curl y = [ 


and Kirchhoff’s second law—that is, the summation of 
currents entering a junction—corresponds to 


divp-v = Q 


A three-dimensional flow is represented by a set d 
analogous three-dimensional networks shown schemati- 





b) Sources only 


cally 
circul 
the vé 

It s 
whet 
The i 
netwo 
for an 
equati 

In ¢ 
the sa 
currer 

In f 
first t 
valid 
afterw 


EQ 


The 
potent 
work | 

(1) 
represe 

(2) 
conduc 
of @ or 
and ne 
and ca 

(3) 
fluid er 
sec. 

The 
©) CO 
meshes 
to mak 
If so de 
left out 
It she 
singula 








¢) Vortices only da) Sources ond vortices 


Fic. 2. Schematic representation of three-dimensional fluid flo 
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cally in Fig. 2. In Fig. 2c there exist now three sets of 
circular currents, representing the three components of 
the vector potential /. 

It should be noted that the same networks are used 
whether the concepts of potentials are introduced or not. 
The introduction of potentials simply identifies in a 
network not only v and j-v but also ¢ or Y. However, 
for analytic purposes either the velocity or the potential 
equations are sufficient. 

In case of the Y networks, each has a dual network of 
the same form but in which the role of the voltages and 
currents, impedances and admittances are interchanged. 

In presenting next the detailed equivalent circuits, at 
first the three-dimensional circuits will be developed 
valid for all curvilinear,orthogonal reference frames and 
afterward the two- and one-dimensional ones. 


EQUIVALENT CIRCUITS OF THE POTENTIAL FLOW 


The three-dimensional networks for @ and y for a 
potential flow are shown in Figs. 3 and 4. (The  net- 
work has also a dual.) In both networks: 

(1) The differences of potential between junctions 
represent the line-integral of v. 

(2) The admittances @ or C represent the specific 
conductance of a unit cube of fluid. (If the components 
of @ or C assume both plus and minus values, the positive 
and negative resistors are to be replaced by inductors 
and capacitors.) 

(3) The currents represent the surface integral of the 
fluid entering the block through one of the planes in 1 
sec, 

The y-networks include ideal transformers (L = M = 
®) connected across the diagonals of the circular 
meshes—two transformers in each plane of the cubes— 
to make the two diagonally opposite currents equal. 
If so desired, every other sphere of circular coils may be 
left out, but less points of space are thereby identified. 
It should be noted that, if a certain point in space is a 
singular point, it is possible to add a source Q there in 


\ 











Div a grad @=0 
(Div RV=0 Curl V=0) 
Fic. 3. Potential flow, three-dimensional, ¢-network. 


FLUID FLOW FIELDS 























aaa 
, 4 hy? 


b) Dual W- network 


_ 


Curl CG Curl W=0 


(Div 9.V 20 
Fic. 4. 


Curl V = 0) 


Potential flow, three-dimensional, y-networks. 


the form of a junction current and to add a vortex I in 
the form of a set of equal generators arranged along a 
line from the singular point to the boundary, as shown 
in Figs. 10 and 11-3. In any closed mesh not surround- 
ing the singular point, the voltages still add up to curl 
v= 0. 


EQUIVALENT CIRCUITS OF THE IRROTATIONAL FLOow 


The three-dimensional equivalent circuits for ¢ are 
shown in Fig. 5, being an extension of the basic net- 
work of Fig. 3. Two cases have to be distinguished: 

(1) The right-hand side of the equation does not 
contain 5,(0*¢/dt?)—that is, div a grad ¢ = b2(0¢/dt) + 
bso + b4. Then the admittances @ and b; are repre- 
sented by resistances, b,0/0¢ by capacitors, and & by 
impressed currents as shown in Fig. 5a. 

(2) The right-hand side of the equation does contain 
b,0*¢/dt?. In that case, first divide the equation by 
p = 0/2t so that 
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ELECTROMAGNETIC, HEAT, AND OTHER ANALOGUES — 


The given three-dimensional networks may represent 
any one of the following phenomena. 
(1) The irrotational flow of an incompressible fluid, 
Then all the admittances @ are functions of only the 
space coordinates. 
(2) The irrotational flow of a compressible fluid in 
the physical space. Now, however, all the admittances 
a are functions of the currents and voltages. That is, 
the network is nonlinear, and it has to be solved numer. 
vu? + «cally by a cut-and-try procedure. 
Lu (3) Electrostatic flux distribution due to stationary 
u'_ charges. In that case: 33° 


Ground 








pre v=E pv =D Q =p 


a) Div a grad $ = by oF + bs $ +d, (4) Magnetic flux distribution due to magnetic | 


oF poles. In that case: 
B= y= H pv=B8B Q=m 


(5) Conduction of heat. 1: (d3)* 
(6) Diffusion. 

(7) Propagation of sound waves. 
There are also special problems in elasticity (for in- 


stance, in torsion), in hydrodynamics (in bearing lubr- Fic. 

cation), and in several other branches of physics in 

which some form of the above wave equations occurs. (1) 
contair 


EQUIVALENT CIRCUITS OF THE SOLENOIDAL FLOW 


The three-dimensional equivalent circuits for y are 
shown in Figs. 6 and 7 (and their duals in Fig. 8), both 
being extensions of the basic network of Fig. 3. Hereg Then i 











also two cases have to be distinguished. by resi: 
> voltage 
y vo 

b) Div @ grad =o, 22 40, 2% +b, $+, (2) 
tain d, ° 
(Div gv =Q Curl v = O) vided b 

Fic. 5. Irrotational flow, three-dimensional. 
cu 
< 
div — @ orad ¢= + bop + @+ Then ir 
p ; ; 

Aire j owed. 
Then in Fig. 5b the admittances a/p and b;/p are repre- In Fig 
sented by inductances, by, by resistances, },0/o0t by as in Fis 
capacitances, and the impressed currents at the junc- correspo 

tions represent of the 
b,/p = bydt conduct 
, aasin introduc 

In Fig. 5a the physical interpretation of the network tions: 

quantities is the same as iu the potential flow network (1) 7 
of Fig. 3. In addition, the presence of sources intro- sent the 
duces the ground currents representing the volume (2) 17 
integral of the quantity of fluid entering or leaving a represen 


block in 1 sec. fluid to t 
The above networks assume that all coefficients @ and (3) 7 
b in the equations are positive and real. Special cir- 0) Gurl G curt W = dy Sh 4 ds + dy represent 
cuits may be developed for cases where some of the Div 9.V,=0 cuive:. of the va 
coefficients assume also negative or imaginary values. Fic. 6. Solenoidal flow, three-dimensional (no 0*y/2#). Jf cube. 
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1 = (d3)** 


(d,)22" 


b) Curl G Curl ¥ = d). of + 4,. 24 


Fic. 7. Solenoidal flow, three-dimensional (with 0°y/d/?). 


+d,.¥+d, 


(1) The right-hand side of the equation does not 


contain d,-(0*J/dt?). That is, 
oy 
curl c curl J = = +da;-~+d, 


Then in Fig. 6 the impedances C and d; are represented 
by resistances, d, by inductors, and d, by impressed 
voltages. 

(2) The right-hand side of the equation does con- 
tain d,-(0?y/dt?). In that case again the equation is di- 
vided by p = 0/Ot, so that 


curl © curl y= 4, + dz-P + &.5 +h 
p dt p p 


Then in Fig. 7 the representation of Fig. 5b is fol- 
lowed. 

In Figs. 6 and 7 the physical interpretation is the same 
as in Fig. 3, except now the junction potentials do not 
correspond to any physical entity and the admittances 
of the net represent specific resistances instead of 


conductances. However, the presence of vortexes 
introduces the following additional interpreta- 
tions: 


(1) .The currents in the circular conductors repre- 
sent the line-integral of Yq—namely, Yu. 

(2) The impedances d of the circular conductors 

represent the specific resistance of a unit cube of the 
fluid to the various types of circulations. 
(3) The voltages across the circular impedances 
fepresent the circulation—namely, the surface-integral 
of the various types of vorticities on the face of. a unit 
cube. 











0) 
c;3> 
b) 
2 
curl 6 curt w=4,. 24 + 422% +s. ¥ + de 


Fic. 8. Dual networks of Figs. 6 and 7. 


Besides hydrodynamics, there are other branches of 
physics in which the vector wave equation appears. 
For instance, if Y represents the electromagnetic vector 
potential, then curl Y = B and the solenoidal network 
represents the magnetic flux distribution B in a current- 
carrying region (see Fig. 19). 


EQUIVALENT CIRCUITS OF THE GENERAL FLOW 


When the vortex strengths are known functions of 
space, the equivalent circuit representing the equations 


divj-v = Q curly = [ 


is given in Fig. 9. It is the same as the basic network 
of Fig. 3, with the source strength added as a junction 
current and the vortex strength as a generator at every 
point of space. 

It should be expressly noted that the vector E formed 
by the generators does not represent the known vector 
I. The magnitudes E of the generators are unknown, 
and they are to be found first from the equation 


T = curl E 
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f=curl E 


Cul V-=T 





Q' Fw 


Div 9.V.=Q 


rs j \ 


Fic. 9. General nonviscous flow, three-dimensional. 


If ! has components only along one direction u’, then: 

(1) Generators exist only in the branches along u? 
(or u'). 

(2) The generator values E increase along u! (or u?) 
by I, so that in the u}-u? plane the difference between 
the two £’s is T. 

The same type of arrangement may be repeated if I 
has all three components, but each component is a func- 
tion of the other two variables only. In the general 
case, however, E must be calculated. 


Two-DIMENSIONAL CIRCUITS 


The two-dimensional circuits for ¢ follow automati- 
cally from Figs. 3 and 5 by simply leaving out the coils 
along u? as shown in Figs. 10 and 12. In case of the {- 
networks, the original three-dimensional networks 
(Figs. 4 and 6-8) split into two independent networks, 
one containirg ¥, and y, (and v.), the other containing 
the remaining 2 (and v and v3) Figs. 11 and_13-14. 


Singular 
points 





Div @ grad $= 0 


(Div 9. Vz0 Curl V=0) 


™c. 10. Potential flow, two-dimensional, ¢-network (sources 
and vortexes at singular points). 


This split-up is analogous to that in the equivalent cir- 
cuit of the field equations of Maxwell. 

In the general case of an incompressible, nonviscous 
flow, the network is shown in Fig. 15. The equation 
fT = curl E still has to be solved for E if [ is a general 
function of space. 

The two-dimensional circuits of the potential flow of 
a compressible fluid are treated in greater detail in the 
next two sections. 








3)%,' V5 Ms 











44) Wi Me 


2) ve: Y,' Vs 











Curi © Curl ¥=0 
(Div f.V=0 Curl V = 0) 
Fic. 11. Potential flow, two-dimensional, y-networks. 
CIRCUIT OF THE COMPRESSIBLE POTENTIAL FLOW IN 


THE HODOGRAPH PLANE 


If the two-dimensional potential flow of a compres- 
sible fluid in the physical plane is considered, the equiva- 
lent circuits for ¢ and y are given in Figs. 10 and 11. 
However, the value of p and thereby the network im- 
pedances are not constants, but functions of the un- 
known ¢ and y arid the network may be solved only by 
a cut-and-try procedure. 

It is well known that by introducing new variables the 
nonlinear partial differential equations may be changed 
to linear equations in some cases. For instance, if the 
radial velocity w and the angle @ are assumed as inde- 
pendent variables, the value of j becomes 


p 1 p 
= —| ——_—__—_—__/| and pm = — 
pw ar tes | 2 wn 
Hence, the networks of Figs. 10 and 11-3 for ¢ and y still 
have linear impedances in hodograph coordinates as 
shown in Fig. 16. 
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Here again, sources and vortexes may be assumed 
only at singular points in the manner of Figs. 10 and 
11-3. 

In the subsonic region the networks only have induc- 
tors, while in the supersonic region they contain both 
inductors and capacitors. Hence, for a study in the 
subsonic region, pure resistance networks and d.c. volt- 
ages and currents may be used. 





2 
b) Div a grad o-oo + be 2f + bs 4% 


(Div RV <0 
Fic. 12. 


Curl V= 0) 


Irrotational flow, two-dimensional. 


REPRESENTATION OF MULTIPLE-VALUED FUNCTIONS 


In the representation of the fluid flow in the hodo- 
graph plane, more than one portion of the physical plane 
may occupy the same region in the hodograph plane. 
As a consequence for a given w and 6, two values of ¢ or 
¥ appear. By assuming the standard equivalent cir- 
cuits to cover two Riemann sheets joined together at a 
singular point, the resultant network is shown in Fig. 
17, where actual junctions are represented by the 
heavier dots. It should be noted that the singular 
point separates lines that are joined to the boundaries 
in different manner. 









z=(4, ad (45)* FAG * 


114, Wai “e 













2)¥, IME My 


4)¥,. We 














o) Curl G Curl @= 4,. ¢ +4,.9 +4, 
(Div ¢.V =O Gui V= I) 


Fic. 18. Solenoidal flow, two-dimensional (no 0*y/0/*). 


It is interesting that on the network there are no 
traces of a branch cut, in conformity with the fact that 
the particular location of a branch cut has no physical 
significance. 





(@,)"" 











22(4,)** (4,)*" (4,)**" 
2) %e2%)2 5 


yt A. oP 














2 
b) Curl G Curl ¥ -¢,. 27 + 4,. 2% +d,.¥+4, 
(Div ¢V =0 curiv=T) 


Fic. 14. Solenoidal flow, two-dimensional (with 0*y/d#*). 
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['=curl E 





Div P.V=Q Curl ve ft 


Fic. 15. General, nonviscous flow, two-dimensional. 


ONE-DIMENSIONAL CIRCUITS 


In one dimension only one standard form of flow equa- 
tion exists. 


/ 
o 0" 06 
(3) «(+= 6 Ge) +H G) +6 +m 
ou! Ou Ot? ot Fic. 17. Equivalent circuit representation of multiply connected 


regions. 





where 6 may represent either ¢ or J. Although some of 

the y-networks of Fig. 18 originally contain ideal trans- 

formers, in one dimension they may be left out. The 

ideal transformers play the same role here as in the field 1) 
equations of Maxwell. 
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BOUNDARY CONDITIONS 


, PAE 
Subsonic region 


In many problems the boundary conditions are the 


2) W- network 
known values of ¢ or y around the entire boundary. In 


Fic. 16. Compressible, potential flow in the hodograph plane. 
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(b) Its equivolent circuit 
Curl po'Curl y =! 


(Div. B=0 curl H=1) 


Fic. 19. Boundary conditions in a solenoidal flow. 


such cases generators with known voltages are impressed 
at all the boundary junctions to the ground. These 
voltages may be equal everywhere around the boundary 
or only at some places. Where ¢ (and in two-dimen- 
sional problems, ¥) is known to be zero, the correspond- 
ing junctions are shorted to the ground. 

In some problems the line currents (@ grad ¢ or € curl 
)) may be known; in case they are zero, the correspond- 
ing branches ‘in the circuit are open-circuited. In other 
problems the line voltages (grad # or curl Y) may be 
known; in case they are zero, the corresponding 
branches are short-circuited. 


and two similar equations 
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For instance, for a current-carrying electromagnetic 
field of Fig. 19a, the circuit is shown in Fig: 19b. Along 
the surface of the iron H, or H, (line currents) are as- 
sumed to be zero, and the corresponding lines are open; 
along a known flux line B, or B, (line voltages) are zero, 
and the corresponding lines are short-circuited. The 
current flowing perpendicularly to the sheet of the paper 
is represented in the network by currents impressed at 
the corresponding junctions. 

In the hodograph plane the boundary conditions in 
general are not known, and the solution corresponding 
to a given problem in the physical plane may be estab- 
lished only by a reasoned cut-and-try process. Further 
studies on the equivalent circuits for the hodograph 
plane will appear in future publications. 


A CHECK ON THE SELF-CONSISTENCY OF APPROXIMATE 
METHODS 


The solution of the networks by numerical methods is 
treated in another publication.’ Here it may be pointed 
out that the networks may also be used to check the ac- 
curacy and self-consistency of results arrived at by other 
methods, approximate or exact. Both linear and non- 
linear networks may equally serve such purposes. 

The check consists of assuming the absolute poten- 
tials at every junction to represent a known field distri- 
bution. Then all currents flowing between the junc- 
tions may be calculated (or the currents may be assumed 
to be known and the junction potentials calculated). 

Now if the assumed potentials are correct, then the 
sum of the currents entering each junction is zero. If, 
however, the assumed potentials are only approximate, 
an unbalanced current is left over at every junction. 
The magnitude of the unbalanced currents is a measure of 
the deviation of the approximate results from the correct 
ones at every point in space. 

Guided by the known unbalanced currents, a guess 
may be made at a more correct field distribution. The 
newly calculated unbalanced currents offer further 
clues for a continued approximation. 


Appendix 


» CONVENTIONAL ForM OF THE EQUATIONS 


In orthogonal curvilinear coordinates, and in the special nonisotropic medium under consideration, the equa- 
tions—for which equivalent circuits are to be established—are: 


1. Divj-v=Q a) 

1 re) a 2 
wand Si oui > Pr eaiied aes ; »| Q (2) 
Curl vy = — (3) 
(1/hahs)[Q/Out)hav — Q/2u*)hsva] = Tw (4) 
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2. Div a@ grad ¢ = b = b,(0*p/0t”) + b2(0G/dt) + bsp + de (5) 





rantol(2N8)] + lCHVGE)] + Sl-CEGS)I} -* 


3. Curl ccurl J = d = d,-(0°%Y/d#) + dr-OP/t) + ds-d +a (7) 


where d,, d, and d; are matrices with diagonal elements only 


wnt (sei) )L (ses) han — (2) inde | - ( 


and two analogous equations. 


2 Jaf) (25) hva — (2) into | =dqa (8) 





The variables u* and the metrical coefficients h are 
given in Table 1 for the three most common orthogonal 
frames. Their values in other frames (such as elliptic, 
spheroidal, etc., frames) are given in books on applied 
mathematics, 





TABLE 1 
Uu 1 u 2 u 3 hy he hs 
Cartesian ¥ y 4 1 1 1 
Cylindric r 0 z 1 r 1 
Spherical r 6 ri) 1 r r sin 0 





The following should be noted: 

(1) The variables ¥; the matrices @, C; and the 
applied forces b, d, etc., are not tensors (@ happens to 
be a tensor). 

(2) The equations themselves are not tensor equa- 
tions—that is, they cannot be transformed, as they 
stand, to, say, nonorthogonal reference frames, nor can 
they be represented by a physical model. 

Only in the special case of Cartesian coordinates, 
when the metrical coefficients / are unity, do the equa- 
tions reduce to a tensor equation. 


TENSOR-DENSITY FORM OF THE EQUATIONS 


The conventional equations may be changed to the 
needed tensor-density form by the following steps: 
(a) In the scalar Eq. (2): 
(1) Replace the nontensor scalar Q by the tensor- 
density Q’ as 


Q’ = Qhyheohs (9) 


(2) Replace the nontensor variables v(4) by the co- 
variant vector vg 





a 
Sa 2 3 
Va=| vol V2) hg v(3)h3 | (10) 














(3) Replace the nontensor pia) by the tensor- 
densities p*”’ 


i Iits\ hyhe 
p'” = pa) (*), p?? = pc) (=, p? = ps) (**) 
hy he hs 


(11) 


(4) Multiply the whole equation by Ayheh3. The 


resultant tensor-density equation is 
Ou ° 22" 2 33" ’ 
—- v — (p*? x — v3) = 12 
Se (p"* 01) + (p? v2) +=; (p*¥ v3) = Q’ (12) 


In the vector Eq. (4): 
(1) Replace the nontensor variables (4) by the co- 
variant vector vq of Eq. (10). 
(2) Replace the nontensor Ig) by the contravari- 
ant vector-density I’ as 


a 


a 
rm =| 
| 





T'whohs (13) 





| Ta hyhs | T¢s)hyhe 
(3) The first equation is divided by 4, the second 
by fz, and the third by As. 
(4) All three equations are multiplied by hho). 
The resultant tensor-density equation is 
(Qv2/Ou*) — (Qvs/Ou*) = Tv 
and two analogous equations, 


(b) Inthe scalar Eq. (6) the previous steps 1, 3, and 
4 under (a) for the scalar equation are repeated, giving 


(2) QC) 
(2)a (38 t sa)” Nau) T 


(2, )ax(2#) = b’ (15) 
ou’ ou? 


(c) In the vector Eq. 8 the previous steps under (a) 
for the vector equation are repeated with an additional 
step. 

(5) Replace the matrices d;, dz, and d; by the 
tensor-densities (d:)*"’, (d2)**, and (ds) as 
()"" = (a)eo(“™), (,)*" = (s)en(*), 


1 2 


P } 
(d,)**" = (s)eo( “*) 
Ie 


Similar formulas apply to the components of (dz)**’ and 
(ds)**. 


The resultant tensor-density equations are 


(sa“(oe * =) x (2 Jah : 4) = d" (17) 
Ou? Ou! =u? ou’ ou? du! 





(14) 


(16) 
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and two analogous equations, where 


) e=0(2 


and where the primed quantities represent tensor-densi- 


Table 2 shows a summary of the coystants, including 
the arbitrary widths of the blocks Au', Au, Au’. 





Network Constants 





Let Q, bi, be, bs, and bg be denoted by A. 
A’ = AlyhahyAu' Au? Aus 

(2) Let v and y be denoted by B. Then 

Bz, = Boho Au’, 


) taal 


(4) Let I and d, be denoted by D then 


DY = Dayhehg Au? Au®, D?’ = DehihsAu'Au?, 
D* = Dehyh, Au Au? 


(5) Let a, p, di, dz, and d; be denoted by F. Then 


stan) pr = Fo 


By = Boh Au}, 
(3) Let c be denoted by c. 


B, = Bahs Au 




















FLUID FLOW FIELDS 231 


ACKNOWLEDGMENT 


The writer wishes to acknowledge his indebtedness to 
D. R. Shoults for suggesting, and to S. B. Crary for en- 
couraging, the use of equivalent circuits for the study of 
compressible fluid flow; also to H. Kraft and C. Dibble, 
of the Turbine Engineering Department, and to G. K. 
Carter and C. Concordia, of the Central Station Divi- 
sions for numerous discussions. 


REFERENCES 


1Kron, G., Equivalent Circuit of the Field Equations of 
Maxwell—I, Proc. I.R.E., Vol. 32, pp. 289-299, May, 1944. 

2 Concordia, C., Kron, G., Ridgway, W., and Whinnery, W. R., 
A-C Network Analyzer Studies of Electromagnetic Cavity Resona- 
tors, Proc. I.R.E., Vol. 32, pp. 360-367, June, 1944. 

3 Kron, G., Equivalent Circuits of the Elastic Field, Journal of 
Applied Mechanics, pp. A-149-161, September, 1944. 

* Carter, G. K., Numerical and Network Analyzer Solution of 
the Equivalent Circuits for the Elastic Field, Journal of Applied 
Mechanics, pp. A-162-167, September, 1944. 

5 Paschkis and Baker, A Method for Determining Unsteady-State 
Heat Transfer by Means of an Electrical Model, A.S.M.E. Trans- 
actions, Vol. 64, No. 1, pp. 105-112, January, 1942. 

6 Kron, G., Equivalent Circuits for Oscillating Systems and the 
Riemann-Christoffel Curvature Tensor, A.I.E.E. Transactions, 
Vol. 62, pp. 27-35, 1943. 

7 Bers and Gelbart, On a Class of Differential Equations in Me- 
chanics of Continua, Quarterly of Applied Mathematics, Vol. I, 
No. 2, p. 168, July, 1943. 

® Kron, G., Numerical Solution of Ordinary and Partial Dif- 
ferential Equations by Means of Equivalent Circuits; scheduled to 
appear in the March, 1945, issue of the Journal of Applied 
Physics. 

® Kron, G., Electric Circuit Models of the Schrédinger Equation, 
Physical Revue, Vol. 67, No. 1 and 2, p. 39, January, 1945. 








Numerical and Network-Analyzer Tests of an 
Equivalent Circuit for Compressible Fluid Flow 


G. K. CARTER* anp G. KRONT 
General Electric Company 


FOREWORD 


Of the circuits described in the companion paper, ‘‘Equivalent 
Circuits of Compressible and Incompressible Fluid Flow Fields”’ 
(page 221, this issue), one was chosen for further study and test- 
ing. Because of recent interest in that field, the one selected for 
this purpose was the network representing the flow function y in 
the hodograph plane for compressible, potential flow. The equiv- 
alent circuit for this function is pictured in Fig. 1. The circuit 
was first tested by calculating the current balance at several junc- 
tion points of the network, using a distribution of Y values calcu- 
lated from analytic solutions of the original differential equation. 
This procedure having shown the validity of the equivalent cir- 
cuit, the network was set up on the a.c. network analyzer! and was 
used to solve a whole field from given boundary conditions; the 
solution so obtained matches the differential analyzer solution of 
the same field? and thus shows the feasibility of solving such field 
problems with present network-analyzer equipment. 


NUMERICAL CHECKS 


v HAS BEEN SHOWN? that the flow function y in the 
hodograph plane for compressible potential flow is 
described by 


oR) en(ie sR (1-29@) -0 0 


where (w, @) are polar components of fluid velocity and 
c is local sound velocity, a function of w. By linear 
combination of elementary solutions of Eq. (1), for a 
fluid having c,/c, = 1.4, a possible solution can be shown 
to be 


2\1/2 2 \3/2 
james (2) 2)" 


5C0 


9 \ 5/2 2 \1/2 
(1 - =) +in[1—(1- *) |- 
5 5co? 5Co” 


1 w?\) Co sin 0 
s(=)} + ag w +@ @ 
where M, N, P, Q are arbitrary constants and ¢ is the 
velocity of sound in the stationary fluid. 

For the numerical checks of the equivalent circuit, 
Eq. (2) was used, with M = N = P = landQ = 0. 
The mesh size selected was A9 = A(w/c) = 0.1, and 
the current balances were calculated at the points 
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(w/co = 0.5, 8 = 1.1), (w/ceo = 0.9, 8 = 1.1), and (w/a 
= 1.3, 6 = 1.1), being, respectively, below, near, and 
above local sound velocity (w/c) = 0.9129). The calcu- 
lated currents are listed in Table 1. The current- 
balance test gives confirmation of the correctness of the 
equivalent circuit and at the same time shows that 
useful accuracy may be attainable with only moderately 
small subdivisions of the field. 


TABLE 1 
CURRENT BALANCE, USING ANALYTIC SOLUTION OF FIELD 





Current Into 














Point Current Away 
w/cto = 0.5 0.3342 0.3044 
@=1.1 0.0906 0.1220 
0.4248 0.4264 
w/co = 0.9 0.00897 0.00840 
¢é=1.1 0.05454 0.05524 
0.06351 0.06364 
w/o = 1.3 0.4402 0.4632 
6=1.1 0.1051 0.0820 
0.5453 0.5452 





NETWORK-ANALYZER TEST 


The alternating-current network analyzer’ consists of 
a set of adjustable resistance, inductance, and capaci- 
tance units, each connected to a pair of flexible cords 
and plugs. Connections between units to form any 
desired network are made by inserting the plugs in adja- 
cent jacks in a jack panel. As many units as desired 
can be connected to a common point. Alternating- 
current electric power is supplied by a motor-generator 
set to individual generator units so that several different 
voltages, independently adjustable, can be inserted into 
different parts of the network. A centrally located set 
of measuring instruments can be connected to any unit 
or circuit by means of a set of key switches. 

In the circuit shown in Fig. 1, which was the one 
tested on the network analyzer, it is seen that in the 
region above local sound velocity it is necessary to use 
both negative and positive admittances. Since it is 
impractical to simulate a large number of negative- 
resistance units, the network was made up of positive 
and negative reactance units—i.e., of inductors and 
capacitors. Fields were then measured corresponding 
to chosen boundary values of y, impressed by the a.c. 
generator units. 

One example of the field solutions obtained on the 
network analyzer is given in Table 2. This particular 
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Subsonic Region 


Fic. 1. Equivalent circuit for compressible, potential flow in 
hodograph coordinates. 


example was chosen to represent a field previously 
solved on the differential analyzer; the differential 
analyzer solution, reproduced from reference 2, is shown 
in Fig. 2. Table 2 gives in parentheses readings taken 
from the differential analyzer solution at the points cor- 
responding to the junction points in the network; they 
therefore give an indication of the accuracy of the net- 
work solution. It is notable that the network solution 
is exceedingly good for supersonic, as well as subsonic, 
regions, and this with the extremely large increment 
Aé = 0.3 rad. It should be observed that part of the 
difference between the two solutions is attributable to 
slight discrepancies in the boundary conditions, and 
some additional difference must be ascribed to possible 
error in reading coordinates from the differential 
analyzer curves. 


CONCLUSION 


The correctness of the equivalent circuit for com- 
pressible flow in hodograph coordinates is demonstrated 
by calculation of current balance in the network using 
known analytic solutions. The practical usefulness of 





HODOGRAPH(Wi, 6) PLANE 


Fic. 2. Differential analyzer solution of a compressible floy 
field, used for testing the a.c. network analyzer solution. 


the circuit in solving field problems is shown by actual 
solution of such a problem on the a.c. network analyzer 
and comparison of this solution with the corresponding 
one obtained on the differential analyzer. 

In comparison with either analytic or differential 
analyzer methods, however, the equivalent circuit gives 
the possibility of a much greater variety of solutions. 
This is a result of offering a field solution directly for any 
specified boundary conditions, instead of having to re- 
sort to separation of variables, or series solutions, or 
other analytic devices. 

One simplification of the circuit solution comes about 
when the field of interest lies entirely below local sound 
velocity. In such a case all network elements have like 
sign and may therefore be represented by ordinary resis 
tor units; the power supply may then be either d.c. or 
a.c. <A further possibility with the equivalent circuit 
in any case is that of either solving or improving a solu- 
tion by hand, using some method of relaxation‘ of the 
calculated residual junction currents. 
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SUMMARY 


General equations are developed for the internal forces in a 
closed plane ring or frame loaded perpendicular to its plane. The 
equilibrium condition is determined in the ordinary manner by 
minimizing the strain energy with respect to bending, torsion, and 
shear at an imaginary cut. Parameters required for numerical 
solution of problems may indicate a method similar to the 
“column analogy”’ for rings loaded in their plane. 

Formulas and charts are given in the Appendix for a circular 
ring of constant cross section with a point load and reaction dis- 
tributed as the axial stress in a cylinder. The internal forces are 
given immediately by coefficients read from the charts. Any set 
of point loads may be built up by superposition of single loads, 
and the distributed reaction disappears if the applied loads are 
self-equilibrating. 


INTRODUCTION 


7 ‘HE FOLLOWING THEORY is concerned with a plane 
elastic ring of arbitrary plan form and cross section. 
The principal axes of all sections are parallel and per- 








pendicular to the ring plane so that transverse bending 
isnot coupled with bending in the plane. It is loaded 
by forces perpendicular to its plane and moments which 
may be represented, according to the right-hand screw 
rule, by vectors in the plane. Since all forces are 
considered loads they must form a self-equilibrating 
system. 

The resultant traction on any cross section consists of 
a Shear perpendicular to the plane and a moment de- 
fined by a vector in the plane. The moment vector 
may be resolved into components normal and parallel 
to the ring axis, and these components are, respectively, 
bending moment and torsional moment. 


THEORY 


This analysis assumes linear elasticity and large 
enough ratio of radius of curvature to section size to 
approximate linear distribution of bending stress across 


| the section and allow the neglect of direct shear energy 


in relation to bending and torsion energy. The method 
is generally similar to that of reference 1. 

In general, a closed ring is three times indeterminate, 
but by cutting in one place it is rendered determinate. 
The forces in the complete ring will be those in the cut 
ring plus those due to the unknown forces at the cut. 
The strain-energy expression is set up in terms of the 
unknowns and the statically determinate ring. Partial 
derivatives with respect to each of the unknowns are 
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set equal to zero, thus defining the condition for mini- 
mum strain energy, which is the equilibrium state. 
Three equations in three unknowns result; their solu- 
tion is given in determinates whose factors are explicit 
functions of the ring dimension and loads. By Castigli- 
ano’s theorem it is seen that the above process simply 
requires the deformations at the cut to be consis- 
tent. 

If the ring consists of more than one closed member, 
more than one cut is necessary to remove the redun- 
dancy, and the above process yields a number of equa- 
tions equal to the number of redundants. 


NOTATION 

Vo, Mo, To = shear, bending moment, and torque in the 
ring due to the applied loads on the 
structure as rendered statically determi- 
nate by an imaginary cut 

Xe, Xm, Xe = shear, bending moment, and torque at the 
cut to be determined to make the strain 
energy a minimum 

V, M, T = total shear, bending moment, and torque 
at any point 

Mm = 0M/0Xm = bending moment due to unit bending 
moment at cut 

Tm = O0T/0Xm = torque due to unit bending moment at cut 

M: = 0M/O0X: = bending moment due to unit torque at cut 

T: = 0OT/0X: = torque due to unit torque at cut 

M. = 0M/0X- = bending moment due to unit shear at cut 

Te. = 07/0X. = torque due to unit shear at cut 

U = total internal strain energy 

EI = flexural rigidity (E = Young’s modulus) 

GJ = torsional rigidity (G = shear modulus) 

k = constant of proportionality for shear 
strain, depending on the section 

R = radius of curvature of the member centroid 


$s = coordinate along member centroidal axis 


STRAIN ENERGY 


The strain energy (U) in a member subject to shear, 


bending, and torsion is 
kV? M? hs 
U = - — + —]}d 
J (ia i mF) ‘ 


The total shear, bending moment, and torque at any 
point are found by superimposing the forces due to the 
unknowns at the cut on those of the statically determi- 
nate ring. 


acl: 2(VesX oy + VingX my + VigX ey) 
Mo + (My: 9 + M nye as + M 4X 1) 





(1) 


(2) 


4 
T = Ty + S(T ajX 03 + TansXay + TyXy) 
j 
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The >> and subscript j indicate the summation over 


all members and cuts if the ring is braced to require 7 
cuts to make it statically determinate. 


EQUILIBRIUM CONDITION 


Taking partial derivatives with respect to each of the 
unknowns and equating to 0 for the energy to be a mini- 
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Substituting Eqs. (2), the actual bending and torsio 


1945 


ae 


t 


TICAL SCIENCES—APRIL, 








- «. q 
ao ~~ 

\ 

' 

} 

/ 

/ 

a“ 5 
cert HALF iene” HALF 
Fic. 1. Direction of axes and positive forces. 


Omitting the terms due to shear and assuming only 
one cut necessary to remove the redundancy set the 
derivatives equal 0, Eqs. (3) become 





ae = f(t us (Byron 
28 = f[(t)ua+(Z)r Jodo 
ae = f(s (Eno 





n moments, in Eqs. (3a) and noting that the X’s are not 


functions of the variable s and so may be removed from the integral gives Eqs. (3b) below. 
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If the terms due to shear strain had been retained, 
there would be four more terms in each of Eqs. (3b), 
which makes one additional term in each of Eqs. (4). 
However, all except those of Ay, and D, contain either 
V, or V,and so are zero (see Eqs. (7)). The additional 
term for Ay is 


JS (kV,2/AG) ds 
and for D, is 
S (RVoV,/AG) ds = J (kVo/AG) ds 


as may be easily verified. 


S (k/AG) ds 


fe SCH 






e+ fH)e 


For convenience let 


An = J (M,2/ED ds + f(T,?/GJ) ds 
Aw = JS (MnM,/ED ds +S (TnT./GJ) ds = An! 
Ass = Jf (M,.M,/ED ds + Sf (T,T,/GJ) ds = An | 
An = Sf (Mn?/ED) ds + S(T n?/GJ) ds | 
Ass = J (MM, /ED ds + J (T:Tn/GJ) ds = Ax} (4 
Ag = {(M?/ED) ds + f(T ?2/GJ) ds 

= {(MM,/ED ds + f(ToT,/GJ) ds 
De = f(MoMp/ED ds + S (ToT m/GJ) ds 
D; = {'(MiM,/ED ds + S(ToT,/GJ) ds 
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STRESSES IN A RING 


Then, using the notation of Eqs. (4), Eqs. (8) become 
AnX, + AwXm + AX; = aa 
AnX, + Ax2Xm + AX, = By 
AuX, + ApeX m + Ag3X , = —D; 


(5) 


SOLUTION OF EQUATIONS 


Solution of Eqs. (5) for X,, X »,and X , may be written 
in the determinant form as below where 














Ay A Ais 
| A | = An An Ao 
Ax Ax A33 
| Dy Ay Ais} | 
|D: An Ass 
x, = 12: An Aw 
| A | 
An D, Axs| (6) 
An D, Ags 
ore | An Ds Aw | 
r | A | | 
[Au An D; | 
’ An Az Dz 
x,<|4u de Ds 
| A | ) 
AXES AND SIGN CONVENTION . 


Although the solution as given by Eqs. (6) does not 
require axes, the following convention will be used for 
solving problems (see Fig. 1): a positive coordinate, s, 
clockwise along the ring centroidal axis from the cut, 
fixing the positive tangent, a positive normal directed 
inward, x and y axis along the tangent and normal at the 
cut, and a positive clockwise angle a included between 
positive x and plus tangent. 

Positive bending and torsional moments are those 
applied by material or forces on the negative side to the 
positive material, when these moments are represented 
by vectors in the plus directions of tangent and normal. 
Positive lateral loads are directed upward from plane 
of paper and positive shear is that produced by positive 
lateral loads acting on the negative material. 

Now having established a coordinate system the in- 
ternal forces at any section due to the unknowns at the 
cut are given by Eqs. (7). 


Mn = cos a T, = sin @ 

M,= —sina T; = cosa 

M, = —xcosa — ysina (7) 
T, = —xsina+ ycosa 

V,=1 Vn = V, =0 


RING SYMMETRIC ABOUT ONE AXIS 


If the ring is symmetric about an axis in its plane, the 
calculations are simplified by taking this as the y axis 
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as in Fig. 2. Then it is seen that terms involving sin a 
change from + to — at a = z (i.e., at the lower center- 
line) and being integrated over equal positive and nega- 
tive ranges give zero. The same applies to terms in- 
volving x but not, of course, to those having a product 
x sin a. The same results are obtained by considering 
the right and left halves of the ring separately and add- 
ing the integrals for both halves, with due regard to 
sign. 

Denoting the right and left halves by the subscripts 


r and J, 
Mai = . = T 1 = i 
) = on My — = ul (8) 
My = —My Tan = Ty 


Noting the parameters affected 


Ap = 0 Ajs = 2A a, 
Ax» = 2A, Ag = 0 (8a) 
A3z3 = 2A33, ) 
Then Eqs. (5) become 
AnX, + Aj3X, = —D, 
A 29X m = = Dz ( (9 ) 
AyX, + A33X 1 _ —D;s 


And the solutions are 


X, = (Ags), — A13D3)/(A13? — AuAw)) 
Xx. = —D,/Ax» ( (10) 
X, = (AnD; — Ai3sD,)/(A13? — AuAis). 


RING AND LOAD SYMMETRIC ABOUT ONE AXIS 


As before, let the axis of symmetry be the y axis, 
Then, in addition to Eqs. (8a) concerning only the ring, 
the following equations regarding the load will hold: 


Mu = Mo To: = To: 1 
Dd, = 0 Dz = 2D2, Ds; = 4 (I ) 

so from Eqs. (9) X, = X, = 0 and 
Le = —D,./Ax (11a) 
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APPLICATIONS TO PROBLEMS 


Vo, Mo, and TJ) due to point forces and moments are 
readily calculated, but distributed loads can be ex- 
pressed analytically for only the simplest cases; conse- 
quently, their contributions must be evaluated nu- 
merically. If W is a distributed load intensity, the 
moments M, and M,, parallel to the x and y axes, which 
it imposes at point 5; = (x1, y:) are: 


M,, = f"Win — yds My, = Se"W(x — x) ds (12) 


M, and M, due to point forces and moments must be 


added to expressions above. 
Then 
Mo = M, cos a — M, sin a| 
. ' , (12a) 
Ty) = M, sin a + M, cos af 


Having Mo, To, and Vo, the necessary parameters of 
Eqs. (4) are evaluated, and substitution in Eq. (6) (or 
Eq. (10) if there is an axis of symmetry) gives the forces 
at the cut. Then the forces in the complete ring are 
obtained by superposing those at the cut by means of 
Eqs. (2) and (7). In general, M,, M,, and the integrals 
of Eqs. (4) will have to be evaluated by numerical 
methods, but this should present no particular diffi- 
culty. 


CONCLUSION 


The general Eqs. (6) give the internal forces for a ring 
of any arbitrary plan form and loading. In most cases 
the ring will be symmetric about an axis so that the 
simpler Eqs. (10) can be used. If the load is also 
symmetric about the same axis, the shear and torque 
are zero at the cut and the bending moment is deter- 
mined by Eqs. (lla). Except for simple ring shapes 
and loading, Mo, 7, Vo, and the parameters of Eqs. 
(4) will have to be evaluated by numerical methods, 
but tabular forms can be arranged for the calculations 
and no particular difficulty should be encountered. If 
Eqs. (10) are applicable, nine parameters of Eqs. (4) are 
required, while only two parameters are necessary if 
Eqs. (11) can be used. 
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Eqs. (V) of the Appendix give the forces in a circular 
ring for a point force, moment, or torque with the reac- 
tion distributed as the stress in a cylindric shell. Any 
arbitrary system of concentrated loads may be built 
up by superposing the internal forces due to each load, 
As pointed out before, the distributed reactions cancel 
if the applied loads are in equilibrium. Thus, in com- 
bination with reference 2 for loads in the plane, a con- 
venient method of analysis is provided for engine mount 
rings, monocoque frames, and similar structural mem- 
bers. Eqs. (V) have been plotted in Figs. 2, 3, 
and 4. 


APPENDIX—EXAMPLES 


A circular ring of uniform cross section is loaded by a 
single point force, moment, or torque. The reaction is 
normal to the ring plane and distributed to the periph- 
ery with linear variation along a diameter—i.e., the 
classic stress distribution in a cylindric shell subject to 
the applied loads. If a balanced set of loads is applied, 
the distributed reaction disappears, there being no re- 
sultant stress in the supperting shell. The reaction 
provided by an actual cylinder will depart from that 
assumed by an amount depending on the relative sstiff- 
ness of ring and cylinder. However, if the ring is not 
attached to a shell, the reaction is only a conve- 
nient reference so ring deflections do not affect the 
result. - 

The problem of a circular ring is especially simple and 
useful in that the location of the load point depends only 
on an arbitrary reference; thus, a single set of formulas 
or charts can be used to build up any conceivable load- 
ing by superposition of a number of simple loads. 
These examples were suggested by G. G. Green* and 
both he and C. D. Mills’ have calculated the formulas 
given in this Appendix without reference to the general 
equations. 

In the calculations that follow the imaginary cut is at 
6 = 0, arid the applied load is at @ = 7. To avoid the 

* Chief Structures Engineer, C.V.A.C., San Diego Division. 

t Stress Analyst, C.V.A.C., San Diego Division. 
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discontinuity at @ = w, the parameters of Eqs. (10) are 
evaluated from —rto-+7. Egs. (V)—the formulas for 
bending moment, torque, and shear—are plotted as 
coefficients in Figs. 2,3, and 4. It should be noted that 
the internal forces for an applied torque have been 
plotted for a round tube assuming E = 2.6G so that 
the factor (3EIT — GJ)/(EI + GJ) = 1.262. 


{—Circular Ring and Single Load P44 (Fig. 2) 
= (—P,4/nR)('/2 — cos 8) 


My, To, and Vo at a point determined by a are M,,, Ty, 


and V,, as below. 
My = —S,*WR? sin (a — 6) dd 
Tw = —JS,*WR?[1 — cos (a — 8)] an (1) 
Via = S,"WRdO ; 


Substituting W and integrating 


My = (P4R/2mr)(1 — cos a — asin a) 
= (P,R/2r)(a — 2sin a+ acosa); (Ia) 
Vow = (P4/2r)(2 sin a — a) 


Evaluation of parameters 


Ds -— 2D», ae 2 f~ MMn ds “4. of ToT'm ds 
. ET 0 GJ 


Dz, = (—P4R?*/4)((1/ED) + (1/GJ)] 





An = dm = 2 f Me! ds +2 f "Te as 
Ay» = mR[(1/ED) + (1/GJ)] 
Xm = —D2/Awn = P4R/4 (II) 


As noted before X, = X, = 0 
Now having the forces at the cut the forces at any 


point are readily obtained from statics (see Eggs. 
(2)). 
Circular Ring and Single Torque T 4 (Fig. 3.) 
W = T,/xR? cos 0 
Substituting W in Eqs. (I) and integrating 
My = (—T,/2r) a sin a 
we = (—14/2r)(sin a — acos a) (Ib) 
Via = (T4/2R) sin a 


D, = 2D2, = 2 [Me ues ds +‘ 2 [Te * ds 


2 = (T4R/4)((1/ED) — (3/GJ)] 


Nore: Aw is the same as for Example 1. 


9 a - od 
GJ + EI 


Ax» 


eee 


ae 
dr 
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3—Circular Ring and Single Moment M, (Fig. 4) 
W = (M,/7R?) sin 0 
Substituting W in Eqs. (I) and integrating 


My = (—M,4/2r)(sin a — a cos a) 
Tia = (M4/2x)(2 cos a + asin a — af (Ic) 
Via = (—M,/xR)(cos a — 1) 


Because of the discontinuity at the load point (a 
m) consider the right and left halves of the ring sepa- 
rately. 


Ma —Mz, To: = To 
Mat Mar E nt — Tne 


*{ MoM» "(Tol 
am far) +d ae) 


so by Eq. (lla) X, = 0 
M, = —M,, = Rsina 
Ty, = Ty = R (cos a — 1) 


= @ 


Now evaluating D, and D3, 


D, = 2D,, = of (4) ds + 2 (2 ) as 
, EI GJ 
D, = (M4R?*/4)([(3/ED) + (7/GJ)] 
*/MoM, (ToT; 
pra ape m2 (Mat) a0 (Ba 


Ds = (M,43R/4)[(1/ED) + (1/GJ)] 


Evaluating Au, Ais, and A3;, 


of Geral (S)« 


Ay = wR*[(1/EI) + (3/GJ)] 


Ay _ 2A 1, 


*/M.M LT, 
Peet ae (? it) de af (7 ‘ ? 
. . uf ase? GJ 
Ais = #R2{(1/EI )+ (1/GJ)] 
M, */T 2 
A = ty = 2 f (% “a z (“(F*) a 
° . , ee Gs)‘ 
As = #R{(1/ED + (1/GJ)] 


Substituting the parameters in Eqs. (10), 


x, — 40D: = AwDs _ —Ma 
o. A33” = A 1A 33 2rR 
yx, = Ams = AyD: _ =Ma 
sg A,;? = AnAgs 4n 


Adding the forces due to the unknowns to those in the 
statically determinate ring and combining the results of- 
all three examples give Eqs. (V) below for the total 
forces in the ring. These equations are valid from 
—¢<a< 9 
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) 
M = PaRo — cos a — 2asin a) + 
4r 
ra (3 = €) cos a — 2a sin «| + 
4nL\EI + GJ 
Matain a + 2a cos a) 
uJ | 
T= PaR 00 — 3sin a + 2a cos a) + 74x | 
T 


Tv 


} 
(4) sin a — 2 sin a + 2a cos a |+ 
FI + GJ 


(V) 


M. ous 
oy (cos act 2a sin a — 2) 


T 


V = Paco sin a — a) + 
29 


V's sin a — Ma 


(2 cos a — 1)! 
T 2a 


/ 


The formulas above have been plotted in Figs. 2, 3, 
and 4, It should be noted that Fig. 3 applies only to 
round tube sections. 
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Letter to the Editor 


Dear Sir: 

Professor Eryk Kosko, in his paper on ‘‘A Simplified Analysis 
of Hollow Beams with Longitudinal Webs Subjected to Tor- 
sional Loads’’ (JOURNAL OF THE AERONAUTICAL SCIENCES, Vol. 
12, No. 1, page 163, January, 1945), has shown how the number 
of equations that must be solved simultaneously in such analyses 
can be decreased. His method appears to be technically sound 
though there may be some question as to the actual amount of 
laborsaving it provides. In his paper, however, he makes certain 
statements that must be challenged. 


THE AERONAUTICAL 


SCIENCES—APRIL, 1945 


Throughout the paper he contends that the “standard” 
method involves the simultaneous solution of m + 1 equations, 
where v is the number of cells into which the shell may be sub. 
divided. He obtains this result by adding to the equation of 
equilibrium an expression for the angle of twist per unit length 
in terms of the properties of each cell. In practice, the deforma. 
tion equations that enter the simultaneous solution are made up 
by equating these expressions for angle of twist, m — 1 inde 
pendent equations being obtained in that manner. Thus the 
true number of equations to be solved simultaneously is 2, not 
n + 1. After these equations have been solved a separate 
computation is made for the angle of twist, if that is desired, in 
much the same manner as that employed in the paper. There. 
fore, the standard method does not call for the use of m +] 
equations any more than that of the paper calls for n. 

The author is also in error in his statement that ‘‘a simple 
tube under torsional load can be considered as a statically deter- 
It is not statically determinate and cannot 
be treated as one if correct results are desired. Furthermore, 
the author, in spite of his statement, does not so treat it. What 
the author does is to use for his included or base structure a 
statically indeterminate structure for which the stresses and de 
formations can be easily computed. As a general procedure, 
this device is not new. It was described as early as 1926! and 
was probably not new even then. The specific application to 
shells is probably new. The practice of claiming that a structure 
is statically determinate simply because a simple procedure can 
be devised for its analysis is entirely too common, and its oc. 
currence should arouse protest. 

The writer’s third criticism of the paper is that the author re 
fers to the Maxwell-Mohr method of writing equations of con- 
tinuity as if it were a less respectable substitute for a more funda- 
mental method of minimum strain energy or “‘least work.’’ This 
is putting the cart before the horse. Castigliano developed the 
method of least work by showing that the deflections required 
in the continuity equations could be obtained by differentiation 
of the strain energy of the loaded structure? and that, if the net 
deflections of the points of application of the redundants were all 
zero, then the strain energy of the structure would be the mini- 
mum consistent with equilibrium. The Maxwell-Mohr method 
is therefore the more fundamental, as well as the more widely 
applicable, of the two, and there is no reason for apologizing for 
its use. Furthermore, it has the advantage that the computer 
can more easily visualize the physical relations expressed by his 


minate structure.” 


equations. 
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The Thermodynamics of the Laminar 


Boundary Layer of a Heated Body 


in a 


High-Speed Gas Flow Field 


ARTHUR N. TIFFORD* 
Lockheed Aircraft Corporation 


SUMMARY 


The thermal boundary-layer equations for a two-dimensional 
shockless gas flow are treated in a manner similar to Falkner 
and Skan’s general solution of the velocity boundary-layer 
equations. When the local velocity outside the boundary layer 
increases aS a power of the distance along the surface, a par- 
ticularly simple solution for the temperature field exists. A 
rather general differential equation defining the effect of the 
generation of heat by friction and shockless compressibility in 
the boundary-layer results. Some numerical integrations of 
this equation are presented, and it is found that the effect of the 
internal heat generation on the rate of heat transfer depends on 
the pressure gradient along the surface, as well as on the Prandtl 
Number of the gas when the latter differs from unity. In the 
absence of this internal heat generation, the difference between 
the gas stagnation temperature and the surface temperature is 
shown to be the temperature difference causing the flow of heat. 
The effect of the internal heat is only that of a correction factor 
on the stagnation temperature as the effective gas temperature. 
When the Prandt! Number of the gas is unity, no correction is 
required. 

An exact solution for the heat transfer from a body of arbi- 
trary shape, obtainable through Taylor séries expansions along 
the surface, is outlined. The tables required for its general 
application remain to be computed from the derived linear 
differential equations. Until these tables are completed, a first 
approximation may be based on solutions for velocity fields of 
the type: u, = cx”. It is shown that these solutions indicate 
an analogy exists between the momentum loss in the boundary 
layer and the rate of heat transfer despite the presence of a 
pressure gradient. This finding is at variance with the common 
belief that skin friction and heat transfer are analogous quan- 
tities. The latter is true only in the absence of a pressure 
gradient. The analogy is applied to the calculation of the varia- 
tion of the local heat transfer coefficient over the front half of a 
circular cylinder, and good agreement with experimental data 
is shown. 


INTRODUCTION 


- PAPER is the second! of a series being prepared 
by the author investigating the flow of heat through 
laminar boundary layers in incompressible and com- 
pressible fluids. The results of these investigations 
should prove useful in many diverse applications. A 
few that come to mind immediately are the deicing of 
aircraft; the performance of hot wires and thermo- 
ee: and the aerodynamic heating of aircraft 
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surfaces. The latter will become more and more im- 
portant as the speed of air travel increases and is al- 
ready today a serious problem in high-speed wind 
tunnels. 

Earlier work on the thermal behavior of laminar 
boundary layers has had to do, for the most part, with 
the performance of a flat plate as a thermometer, as 
well as a heat transfer surface when aligned with the 
free stream. The original paper? on the subject was 
written by Pohlhausen in 1921. His assumptions of 
constant fluid properties have been refined and the 
results extended in later papers by Busemann,* von 
Karman and Tsien,‘ Emmons and Brainerd,*»*® and 
Eckert and Drewitz.’ Eckert and Drewitz have also 
recently published® the solution for the heat transfe1 
from a wedge to an incompressible fluid. This solution 
has been expanded upon and the effect of the frictional 
generation of heat in the boundary layer has been ana- 
lyzed in the first paper' of this series. In the present 
paper, the effect of the compressibility of gases is 
included in a general treatment of the rate of heat 
transfer through a laminar boundary layer subject to 
a pressure gradient. 


SYMBOLS 

Cc, (), Ge, = constants 

Cc, = specific heat of gas at constant pressure, B.t.u. per 
Ib. per °F. 

D = diameter of circular cylinder, ft. 

f = g (u,xv)'/? 

f = Vi(m + Df 

g = acceleration of gravity, ft. per sec.? 

h = heat transfer coefficient, °F., B.t.u. per sec. per 
sq.ft. per °F. 

h. = heat transfer coefficient based on effective tempera- 
ture difference, B.t.u. per sec. per sq.ft per °F. 

1 = constant 

J = mechanical equivalent of heat, 778 ft.lbs. per B.t.u. 

k = thermal conductivity of gas (usually at surface), 
B.t.u. per sec. per sq.ft. per °F./ft. 

m = exponent 

M = pu,26**, momentum loss in boundary layer, lbs. 
per ft. 

p = static pressure, lbs. per sq.ft. 

pi = local static pressure, Ibs. per sq.ft. 

q = stream function of flow in the boundary layer 

7 = gas temperature, °F. 

T; = local temperature of gas in free stream, °F. 

op = stagnation temperature of gas, °F. 

ri = constant temperature of surface, °F. 
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u = gas velocity along surface, ft. per sec. 

uy = local gas velocity outside the boundary layer, ft. 
per sec. 

v = gas velocity perpendicular to surface, ft. per sec. 

x = distance along surface measured from stagnation 
point, ft. 

X = function of & 

y = distance perpendicular to surface, ft. 

ar = function of 7 

exp. = exponential function 

a = constant 

B = 2m/(m + 1), pressure gradient parameter 

5* = So” {1 — (u/u)]dy, displacement thickness of 
boundary layer, ft. 

$** = Sc? (u/u) {1 — (u/u;)]dy, momentum thickness of 
boundary layer, ft. 

n = (u;/xv) Vey, nondimensional boundary layer co- 
ordinate 

7 = V l(m + 1)/2]n, generalized nondimensional 
boundary layer coordinate 

4“ = (T — Tw)/(T; — Tw), temperature field function 

“ = absolute viscosity of gas (usually at surface), slugs 
per sec.-ft. 

uv = kinematic viscosity of gas (usually at surface), 
sq.ft. per sec. 

t = (T; — Tvw)/(u?/gc,J), parameter providing 
measure of temperature equivalent of local 
kinetic energy of gas just outside boundary layer 

p = density of gas (usually at surface), slugs per cu.ft. 

pr = local density of gas in free stream, slugs per cu.ft. 

o = gcpu/k, Prandtl Number of gas 

To = p(du/dy)y =o, surface shearing stress, lbs. per sq.ft. 

¢ = nondimensional temperature field function 

x = (x/t)(du,/dx) 

Xo" = (dx/dx)z=0 

y = nondimensional temperature field function 

¥ =yt+'s, 


ANALYSIS 


The general differential equations governing the 
motion and energy exchange of a compressible fluid 
include terms describing the effect on the structure of 
the velocity and temperature boundary layers of the 
expansion and compression of the fluid in the boundary 
layers. At low speeds these terms may naturally be 
neglected. At the higher speeds of modern flight, 
however, the justification for their neglect is not at all 
obvious. Fortunately, information is available from 
which general conclusions concerning their significance 
may be drawn. ; 

Three effects are produced by the compression and 
expansion of the fluid in the two boundary layers: 
(1) a viscous stress resisting the change in volume of 
the fiuid, (2) a change in the fluid’s temperature or 
enthalpy, and (3) a change in the magnitude of the 
fluid’s physical properties, particularly its density. 
The first effect, the viscous stress, is negligible as com- 
pared with the other stresses occurring in the boundary 
layer. The second, the change in enthalpy of the fluid, 
is of the same order of magnitude as the frictional 
generation of heat in the boundary layer and must 
therefore be considered when, as in this paper, the 
frictional heat is regarded as significant. With regard 
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to the third effect, the change in magnitude of the 


fluid’s properties, Eckert and Drewitz’ have show - 
that, in the case of a compressible fluid flowing along + 
as 


a flat plate, the surface shearing stress and the rate of 
heat transfer derived neglecting the change of fluig 
properties in the boundary layer (i.e., assuming the 
fluid properties at the surface exist throughout the 
boundary layer), agrees within 3 per cent with thei 
values derived with these changes considered, when 
the Mach Number of the flow is less than 2 and the In 
Prandtl Number of the fluid is not very different from |, 
It may be expected that similarly, in the general cag f 4) 
of flow over a surface of arbitrary shape, the effect ff _ 
the variation of the physical properties of the fluid in 
the thermal and velocity boundary layers is negligibk 
(except in the neighborhood of a shock wave) if the 
local Mach Number of the external flow is somewhat 
below 2 and if the fluid’s Prandtl Number is close to | ( 
Since the Prandtl Numbers of most gases are between 
0.6 and 2, this conclusion is generally applicable tp 
gas flows. 

In view of the foregoing analysis, the general bound- 

















ary layer equations for a steady-state two-dimensiond with | 
gas flow at local Mach Numbers below about 2 redueJ 
to Eqs. (1), (2), and (3) when terms of relatively smal a 
order of magnitude are neglected. 
The equation of continuity: 
(Ou/Ox) + (v/dy) = 0 (1 
The Navier-Stokes equations of motion: on 
eld it 
u( 2) + o( 2) pee ot (2)(22) +y O*u (ig betwee 
Ox oy p/\O0x Oy? Numb 
0 = dp/dy (2a lent of 
: the bor 
The equation of energy: x; anc 
oT or oT ou\? layer, j 
rod) +) Se) AS) + 
(3 ’) ‘ THE \ 
u\ — (0) 
ox 
Since, as Eq. (2a) indicates, the pressure gradient aa “a 
across the boundary layer is generally negligible, the peeeit 
pressure gradient along the surface, 0p/ Ox, is the same a | 
in the boundary layer as at its outer edge. Applying ~— 7 
Bernoulli's equation, {(dp/p) + (u?/2) = constant # alzo 
there, the pressure gradient along the surface is ob body, 
tained as Eq. (4): eye 
determi 
Op/Ox = dp,/dx = —pu,(du;/dx) (WB by tang 








Falkner and Skan® have shown that Egs. (1), (2) L€., Mm 











and (4) can be combined and expressed without | rm te 
. = ~a. 
of generality by Eq. (5): ity 
“(2 Ne) ~ ND 4) Beas 
~ L\On/\ 0ndx On?/ \ Ox on and wil 
body 
2 3 ’ 
(x41) 5/2) - med — x =0 (f compre 
On On ity is ¢ 
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le of the with the boundary conditions: » = 0, f = Of/0n = 0 


s shown and » — ©, Of/On = 1, by changing the variables 
ing along as follows: 

1e rate of 

of fluid x = (x/u1)(duy/dx) 

ming the 7 = (ux/xv)”*y 

hout the f = g/(uxv)” 

rith their u = Og/Oy = u,(Of/ On) 

od, when v = —0q/0x 

} and. the In a somewhat similar manner the equation of 
it from |, 


energy, Eq. (3), may be combined with Eqs. (1) and 








eral caseB 4) and, through a transformation of variables, ex- 
pe pressed as Eq. (6): 
negligible § (2a ee ( af) (2¢) 142 
©) if the x on xé(1 + 2£) dn) \dE + xé(1 + 2) X 
omewhat 
lose to |. (24)( 2) _ (: = *) (2) —_ (®)(2) = 
between 0&/\ On 2 Ov ae 
icable to o?f\? re) 

(ay) 45) © 
ul bound. ; 
rensionl # with the boundary conditions: 7 = 0, @ = f = 0 and 
2 reduce 


1— ©, 6 = 1, where the new variables are: 









ely smal 
6 = (T = T~)/(Ti — Tw) 
& = (Ti — Ty)/(u?/gc,J) 
o = gcpu/k 


Eq. (6) states that the shape of the temperature 
field in the boundary layer—i.e., the functional relation 





u between 6 and 7, —depends, in general, on the Prandtl 
yy? Number of the gas, ¢; on the temperature rise equiva- 
(2a lent of the local kinetic energy of the gas just outside 


the boundary layer, 1/£; on the local pressure gradient, 
x; and on the shape of the velocity field in the boundary 
layer, f, Of/O&, Of/On, and O°f/On?. 


THE VELOCITY AND TEMPERATURE FIELDS IN THE 
BOUNDARY LAYER WHEN 4 = cx” 


It is known from potential flow theory that the local 


we < velocity outside the boundary layer increases as a 
ae dill power function of the distance from the leading edge 
opie when an incompressible fluid flows over a wedge. It 
a is also known that, no matter what the shape of the 
oa ob body, the local velocity near the leading edge may 


always be expressed as u; = cx”, where m is a constant 
determined by the central angle of the wedge formed 
by tangent planes on either side of the leading edge— 
Le., m = central angle/2x — central angle. Similarly, 
in a compressible fluid flow, a ‘power law’’ variation 
of local velocity will be found along the surface of a 
body related to the wedge through the ‘‘apparent 
thickening effects’ of compressibility (see Fig.: 1) 
and will also be found close to the leading edge of any 
body, since the flow behaves there as essentially in- 
compressible. This power law variation of local veloc- 
ity is of especial interest because it leads to relatively 





LAMINAR BOUNDARY LAYER 



































Flow fields in which local velocity varies according to 
power law: u, = cx”. 


Fic. 1. 


simple particular solutions of the velocity and thermal 
boundary-layer equations. 


The Velocity Field in the Boundary Layer 


When the local velocity varies according to a power 
law, the parameter, x, reduces to the constant ex- 
ponent, m. As Falkner and Skan® have already shown 
for incompressible fluids, the shape of the velocity 
field in the boundary layer is then the same at all 
points of the surface (for which um = cx”) and is deter- 
mined solely by m. The general velocity boundary- 
layer equation, Eq. (5), simplifies for this case to 
Eq. (7), which has been carefully integrated with the 
aid of a differential analyzer by Hartree." 


(d*f/dy*) + f (d?f/da?) = B[(df/dq)? — 1] (7) 


with the boundary conditions: 4 = 0, f = df/dj = 0 
and 4 — ~, df/dq = 1, where 


B = 2m/(m + 1) 

ine V [(m + 1)/2)n = V[(m + 1)/2)(u,/xv)"*y 
f = V[(m + 1)/2)f 

u = u;(df/di) 

Fig. 2 shows the derived velocity profiles for various 
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Fic. 2. Velocity profiles in the boundary layer. 
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values of the parameter, 8. The profile corresponding 
to 8 = 0 is the well-known Blasius velocity distribution 
for the boundary layer along a flat plate. The some- 
what less known Blasius-Heimenz boundary-layer 
velocity distribution for a forward stagnation region is 
represented by the profile labeled 8 = 1. The lowest 
profile marked 6 = —0.1988 is of special interest, for 
it represents the velocity distribution in a boundary 
layer about to separate from the surface. In any event, 
it is seen that the shape of the velocity profile in the 
boundary layer is very much dependent on the pressure 
gradient, even when the pressure decreases in the 
direction of the flow (positive values of 8). 


The Temperature Field in the Boundary Layer 


When the local velocity varies according to a power 
law, the equation for the temperature field in the 
boundary layer, Eq. (6), is also simplified and may be 
expressed as Eq. (8), in which f is no longer a function 


of &. 


cnfremas + (02) (2) u(2)- 
(2) = (2) -=(2) © 


By assuming a solution of the form 
6 = $(n, &) + ¥(n)/E (9) 


a partial separation of variables is effected. 


-on() v +(22¢2) (4) + (312) + 
(21) u( $f) == — [af Eo+ mt 20 x 


1) (2) + (2) u(%) + (Q(29)] 0 


where 7 is a constant. The boundary conditions at the 
outer edge of the boundary layer require the constant, 
i, to be zero. Thus, the homogeneous equation, Eq. 
(11), is obtained for the function, ¢. 


m()o-+ mec + 29(2)(2) + 
3")  ($) + se) - 9 a 


Separating variables by assuming a solution of the 
type: 











= DicX (é) V(x) 
Eq. (12) is found. 


_X + &(1 + 28)X" 
EX 


=-a= 





(1/0) Y" + [(m + 1)/2]fY’ 
mf’ Y 





(12) 
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where the primes indicate total derivatives and a is 
constant. From the left-hand side of this equation, 
the solution, X = (1 + 2¢'~”)/é is readily estab. 
lished; while from the right-hand side, it is found 
that in order to satisfy the boundary conditions at the 
outer edge of the boundary layer—i.e., Y’’(o) = 
and Y(~) + 0 in general—the constant, a, must be 
zero. It follows that the X function is (1 + 2¢)/¢ 
or simply 2(7; — Ty)/(T1 — Tx). Therefore, not only 
the shape of the velocity field in the boundary layer 
but also the shape of the temperature field due to the 
¢@ term—the term neglecting the effect of the internal 
generation of heat—is the same for all points of the 
surface for which the local velocity varies according to 
a power law, u, = cx”. 

After transformation of the right-hand side of Eq 
(12) to the 4 coordinate, the equation for the Y function 
becomes 


(d?Y/di*) + of(dY/dq) = 0 (13) 
The general solution of Eq. (13) is 
Yn aJS,exp. (—o J,*f dada + & 
and therefore the complete expression for ¢ is 
TE latex. (— 0 Li didi + a 


The arbitrary constants, c, and @, may be evaluated 
by referring back to Eq. (9) and substituting the 


o = 





boundary conditions given with Eq. (6). Thus, at 
n=0, 
o=0= (FF) a0 +o + ¥O) 
T, — T. g 


Therefore the constant, ¢2, is zero and one of the bound- 
ary conditions for the function, y, is: 7 = 0, yy = 0. 
Aty— o, 








T, — Ty (o) 
@ =m 1 mt ® [en frenp. (<0 fYdada] + Oe 
= E 
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Fic. 3. Temperature profiles in the boundary layer. 
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and that another boundary condition for y is: 








g7o, p= —'/, d 
The ¢ term now simplifies to 1 se = 
ye T, — Tul Jc*exp. <A (14) 
Ti — Te Sc exp. (—o Sef dada T Wa 


The fraction in the bracket describes the shape of the 
temperature profile in the boundary layer when the 
generation of heat by friction and compressibility is 
negligible. Fig. 3 shows such profiles for Prandtl 











Numbers of 0.7 and 1 when 8 = 0, as on a flat plate, = a ee - ar vartare: OF 
d when 8 = 1, as in a forward stagnation region ? ; fee yh , . 
ig : én Pat PE FA 9 
It is seen that the pressure gradient, represented by 
Fic. 4. Temperature profiles in the boundary layer at ¢ = 0.7. 


3, has the same relative effect on the temperature 


distribution in the boundary layer, independent of the 
Prandtl Number. In Fig. 4 is shown the effect of profiles of Fig. 2 reveals that the effect of a pressure 


yarious pressure gradients when the Prandtl Number gradient on the temperature profile is much smalier 
is0.7. A comparison of these curves with the velocity than its effect on the velocity profile. 


The local rate of heat transfer per unit surface may be obtained from Eqs. (9) and (14) as 


WF (E) [42 fon (-2 fm) nS), ay - 7 
2 rm 2+ 2 j exp. o ‘. n n di $=0 2ge,J : iy 


oT 06 2 4 
of S* = (= — T.) = k————_ __> $$ 
& Ba , (Saat sali Se® exp. (—o {yf da)da 


~ 





(15) 


It is seen that the only effect of the function, ¥, accounting for the generation of heat inside the boundary layer 
isa change in the effective temperature difference causing the heat flow. In the hypothetic case where the internal 
generation of heat is negligible—i.e., hypothetic because a significant variation in local temperatures due to com- 
pressibility outside the boundary layer implies a significant magnitude for the internal heat generation—this 
temperature difference is simply the difference between the stagnation temperature of the gas and the temperature 
of the surface. The internal generation of heat because of its distortion of the temperature field near the surface 
requires a correction to the stagnation temperature in general in order to obtain the true effective gas temperature 


A local Nusselt Number based on the difference 
between the effective gas temperature and the tem- 
perature of the surface may be found from Eg. (15) 


TABLE 1 


The Effect of the Prandtl Number on the Nusselt Number. 
The Value of [1/f,° exp.(—of,7f dn)dn)] for Several Prandtl 








as: 
Numbers 

et Fi(ut) ag 2a es ee 
k S, exp. (—o fi} dy)da 2 v etenteroell 

Just as in the case of incompressible fluids,’ the local r ae Pigott 

Nusselt Number increases as the square root of the ~~ mp: — 

leal Reynolds Number, mx/v. The magnitude of 0.8 0.434 0.521 

the infinite integral in Eq. (16) depends mainly on the 0.9 0.452 0.546 

Prandtl Number, o, and to a small extent on the 1.0 0.469 0.570 

exponent, m. Table 1 lists its value for Prandth = !:! 0.485 fas 0. 502 

Numbers from 0.6 to 1.1 for a flat plate (m = 0) and 

lor a forward stagnation region (m = 1). (4)(S*) + (at) - 2a(\y ¥ -(y4 a(Z) 
Returning now to the evaluation of the function, y, o/ \di? “\da a dij di? dij 

the total differential Eq. (17) is obtained from the (17) 


kft-hand side of Eq. (10) after a transformation to the 


i coordinate. with the boundary conditions 
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Eq. (17) has been numerically integrated by an adapta- 
tion of the Milne method for several Prandtl Numbers 
when the local velocity increases linearly along the 
surface (8 = 1). Fig. 5 compares these results with 
an evaluation of y for flow along a flat plate when the 
Prandtl Number is unity. It is seen that the pressure 
gradient markedly affects the distortion of the tem- 
perature field caused by the generation of heat inside 
‘the boundary layer. It is also seen that the initial 
slope of the y profile, (dy/d);-,, is governed mainly 
by the Prandtl Number of the gas. When the Prandtl 
Number is unity, the initial slope is zero, or, in other 
words, when o = 1, the temperature field near the sur- 
face is unaffected by the internal generation of heat. 
Therefore, the effective gas temperature is the same as 
if there were no generation of heat in the boundary 
layer—namely, the stagnation temperature of the gas. 
This result also follows directly from Eq. (15), since, 
as is well known, when o = 1, the surface of an insulated 
body acquires the stagnation temperature of the gas. 
The difference between the effective gas tempera- 
ture and the stagnation temperature is given as a 
function of the Prandtl Number in Table 2 for flow 
along a flat plate and in a forward stagnation region. 
As Eckert and Drewitz have shown,’ the effective gas 
temperature for a flat plate is the same as the tempera- 
ture indicated by a plate thermometer. Therefore, 
Pohlhausen’s square root law’ takes care of the Prandtl 
Number effect in this case. When a pressure gradient 
exists, however, the square root law no longer applies. 
Thus, in Table 2, when 8 = 1, the difference between 
the effective and stagnation gas temperature is much 
greater at a given Prandtl Number than in flow along 
a flat plate (except, of course, when o = 1). In fact 
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TABLE 2 


The Temperature Correction, (Te — Ts)/(u:?/2gcpJ), as 
Function of the Prandtl Number and the Pressure Gradient 











Forward 
, Stagnation 

———-Flat Plate— Region 

go B =0 gli. B=1 
0.6 —0.230 —0.225 —0.395 
0.8 —0.105 —0.105 —0.181 

1.0 0 0 0 
2.0 +0.414 +0. 681 


no simple power law adequately describes the effect 
of the Prandtl Number on the effective gas temperature 
when 6 = 1. 

Before leaving the subject of the effect of the internal 
generation of heat on the thermal performance of the 
boundary layer, it should be observed that the total 
differential Eq. (17) for y is of fundamental importance, 
For by changing the dependent variable from y to 
¥ + '/. = y, Eg. (18) is obtained, and Eq. (18) is 
identical with the equation obtained for incompressible 
fluid flow,' with that obtained for compressible flow 
over insulated surfaces,* and with that similarly ob- 
tainable for incompressible flow over insulated sur- 
faces. 


2 7, f 2f\2 
9) (8) ade = (2 
a/ \d7 dij dq di’ 


Only the boundary conditions differ for these several 
cases. They are, in the order of mention: 
(1) Compressible flow with heat transfer— 


4=0,J=+'/2; 70,7 =0 


(2) Incompressible flow with heat transfer— 
4=0,2 =0; 77%,P~=0 
(3) Compressible flow over insulated surface— 
i = 0, dJ/dj = 0; 47”, P =0 
(4) Incompressible flow over insulated surface— 


4 = 0, d)/d4 = 0; 4-7 >, Y=0 


Furthermore, the solutions for these cases serve 4s 
good approximations to the solutions for surfaces of 
arbitrary shape when the local value of 8 at any point 
on the surfaces is evaluated as 2x/(xX + 1). This 
follows from Falkner and Skan’s finding® that a similar 
handling of the general velocity boundary layer equa- 
tions resulted in fairly good approximations to the 
velocity profiles in the boundary layer of bodies of 
arbitrary shape. 


THE VELOCITY AND TEMPERATURE FIELDS IN THE BOUNDARY LAYER OF BODIES OF ARBITRARY SHAPE 


As Falkner has shown, for incompressible fluids,'! an exact general solution for the velocity field in the boundary 
layer of any body may be obtained through Taylor series expansions with 7 constant: / 
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f= Coon + (3) + FSS). 
“ia v. (Benet ap aches + HB a) 


% 2 8 = 
to (ux a) (22) ( o*f ) ( otf ) 
= v ) (33 n=0 On? Se r On? Ox/n=0 2=0 > 2!\ On? Ox? ee — 


Since the local velocity always varies as a power law near a leading edge, the values of (f),=0, (Of/ Om), =o, and 
)'f/ On), =o, 2=0 are determined by the solution described in the preceding section. These values depend only 
om the shape of the body near the leading edge. The remaining terms of Eq. (19) may be evaluated by suc- 
essive differentiations of Eq. (5) with respect to x, substituting x = 0 into each of the derived equa- 

















tions. 
In a similar manner the somewhat more involved general solution for the thermal boundary layer of any body 


may be expressed as Taylor series expansions involving the sum of two series with 7 constant: 


orbit o( rE) tt fiir), (8) 
j= o ie (¢)z=0 +x ee + - Dx? +. (W)z=0 + % set A + Dx? +. a 
ee cena Mint Td | Se 
On/n=0 On beds Ot On Ox/n =o, 2=0 i 2!\ On Ox? bake Le eae 


(T, — Ty) gpurcy 
: a4) ( wy) =f ary JN ] a 
aL(3 Deese?? On Ox n=02=0 + 9! On Ox? en tos (4 ) 


Because of the power-law variation of the local velocity near a leading edge, the values of (¢),20, (W)r—0 
0¢/On), =o, 2=0, and (Oy/0n),=0,z-0are those found in the preceding section and are determined solely by the 
shape of the body near the leading edge. 

To evaluate (0¢/0x), =o, (076/07 Ox), 20,2=0, (OW/OX)-20, and (0°y/On Ox), 0,20, Substitute 6 = ¢@ + y/é 
ito the general thermal boundary-layer Eq. (6) and differentiate with respect to x. Putting x = 0 iftto the re- 
ulting equation, several terms drop out and Eq. (21) is obtained. 


we sof 22)/02) + (NED) +40 af NE) - CON - Q)- 
6S 2109 + (22)]- CED IE - (CR) + 20) 
eof) +— OD] +A) * + HC] - ENN + 
(2E)] + OE) ~ (2189 ~ (NEE) = ENGR) ARE)» 


where x’ represents dx/dx. In order to avoid infinities, the sum of terms in each of the braces must be zero 
then x = 0. The first brace yields the relation, 

[(m + 1)/2]f(0g/0n) + (1/c)(0°b/ On’) = 0 

which has been shown to apply at a leading edge. The second brace yields Eq. (22): 


0 = aml (22 (24)-(22 (22) (E22) 4 22H )A2)-CM)=0 


(22) 





Uv 























ln this equation the values of f, Of/On, and 0¢/0n are known from the solutions of the velocity and thermal 
boundary-layer equations for a leading edge, and the value of Of/0x is known from Falkner’s general solution" 
ifthe velocity boundary-layer equations. Therefore, the equation can be numerically integrated with respect to 
rand the values of 0¢/O0x and 0°¢/0ndx found. (The boundary conditions are: » = 0, 0¢/0x = 0; 97> &, 
¥$/0n0x = 0.) This procedure is analogous to the general treatment of the velocity boundary-layer equa- 
tions. 

A simpler, more direct method of finding the values of (0¢/0x),.. and (0°$/0n Ox),.o, as well as the values of 
%4/Ox*),-, and (0°¢/0n Ox?),~o, results from an evaluation of the indeterminate groups of terms of Eq. (21) 
through the application of L’Hospital’s rule. Thus, 
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{20 + 20f(4)0(%) + (2) ]h.- 
aE MSN) +1 (SMT « CS) + CEE) 


(1 + 2x)(u1?/2gc,J) iis LN 
Since the denominator of Eq. (23) is still zero, the numerator must also be zero, and therefore Eq. (24) is established, 


ol © 





(23) 


[(m + 1)/2][(Of/ Ox) (Op/ On) + f(076/On Ox)] + (x',/2)f(OG/On) + (1/0)(0%G/On? Ox) = 0 (24) 
A comparison of Eq. (24) with Eq. (22) shows that when x = 0, 
(Of/On)(O¢/Ox) — (Of/Ox)(Op/On) = O or (0G/Ox),20 = { (Of/Ix)[(OG/O)/(Of/An)]} 2 <0 (25) 


It follows that , 
é oa Cm ( ay \(O8/b) 4 (2f\(o'e/dx) _ (af) 20/an(o4/ 2) PS 
On Ox/z=0 On Ox/(Of/ On) ( Of/ On) ox/ ( Of/ On)? ro Bes 
All the terms on the right-hand side of Eqs. (25) and (26) are known, and therefore the values of (O0¢/0x),_, and 


(0°p/0n Ox), can be computed directly. Higher derivatives with respect to 7 may be similarly found. 
To evaluate (07¢/0x?),., and (0°¢/0n Ox?),.o, apply L’Hospital’s rule again to Eq. (23) as well as to Eq. (27), 


Ve Pic, ~0L (S)(5) a (S3*) } - f fet ied ee) e 
(5)(35) - Clare)#)...75 ® 


The denominators of the resulting ratios are zero. Therefore, the numerators and their difference, Eq. (28), are 


om 2f(2(2) - (OCR) -m( (2S) -O-2 


2% Of) (06/00) , (af) (0%4/ ands) _ (2f) (06/09) 0/00») 
( jets L(¢ ‘) 7 (2) a) (Of/ On)? r= . 


(Of/ On) (Of/ On) 
2x0’ _[(2e\ _ (of 2¢/en) | ona) 
1— | (22) Gia 


All the terms on the right-hand side of Eq. (28a) are known and so 0°¢/0x? may be computed. The derivative, 
0°¢/On Ox’, and all higher derivatives with respect to 7 may be obtained by successive differentiations of Eq. (28a). 

Another application of L’Hospital’s rule to Eqs. (23) and (27) results in denominators which are not zero. The 
resultant ratios may be substituted back into Eq. (21), and (Ov/0x),., and (Oy/0n Ox)... can be found by nw 
merical integration. The derivative, 0°¢/0n* Ox*, occurring in the revised version of Eq. (21), is evaluated by 
a second differentiation with respect to x of the general thermal boundary-layer Eq. (6). In a similar manner, 
the values of higher derivatives with renee to x of both ¢ and y are obtained by successive differentiations of 
Eq. (6). 

It has been meant only to outljne here the method whereby an exact general solution to the thermal boundary- 
layer equations may be obtained. The details of its derivation, as well as its application, will be the subject ofa 
later paper. For the present, we will be concerned with a first approximation to the general solution, which has 
broad implications and is rather convenient to use. 
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First APPROXIMATION TO GENERAL SOLUTION OF THERMAL BOUNDARY LAYER EQUATIONS 


The similarity of form of the velocity boundary-layer Eqs. (7) and (13) for Y or (T — T,,)/(T; — Tw) (neglecting 
for the time being the generation of heat in the boundary layer) suggests that some similarity must exist between 
their solutions. That this is so may be shown by changing the dependent variable of Eq. (7) from f to the velocity 
ratio, u/m, thus obtaining Eq. (29): 


[d?(u/uy)/dq?) + f[d(u/u)/dq) = B[(df/dq)? — 1) (29) 
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with the boundary conditions 4 = 0, u/u: = 0 and 4— ©, u/m = 1, where the remaining functions, f and df/dj, 
are regarded as known functions. The complete solution, Eq. (30), is found by the application of the method of 
“the variation of constants”’ to the solution of the related homogeneous equation. 


fei (oe (- fm) fT" 

“<7 Texp. CS f dy) da F Vial faa n Ft 
ae da Sorexp. (— ff anes 
‘it (+ we , tan fa | fest (— fr¥ da)da 1g 


sf yon (— 74) {1 ~ (+f) on 


The portion of the velocity profile given by the first term of Eq. (30) is seen to be identical with the ‘‘effective’’ 
temperature profile in the boundary layer, Eq. (14), when the Prandtl Number is unity. The remaining terms 
describe the deviation of the velocity field from the temperature field caused by the prevailing pressure gradient. 
In flow along a flat plate, the pressure gradient, or 8, is zero and these disturbing terms disappear. This is 
the only case in which the velocity field and the “‘effective’’ temperature field in the boundary layer are the 





same. 


The surface shearing stress, 7, is obtained from the velocity profile, Eq. (30), as: 


To | Stef Im re OG 1 
~ ae lad eee -¥ M \ a. dr oa — ae al ie ne <a 
My dy v=o 2 \x _ exp. (— J,"f dada 


fetes (= SF da) SU(GF/da)* — 1) exp. (+ SF ‘ase (31) 
S,rexp. (— Sif dada 

But the shearing stress at any surface has been defined by the momentum equation of the boundary layer as the 

sum of two stresses: one due to the gradient of the ‘‘momentum loss” in the boundary layer, and the other due to 

the unbalance of stress caused by the local pressure gradient acting on the displacement thickness of the boundary 


layer. 





to/uy = (1/m)(dM/dx) — (1/us)(dp/dx)6* 


or 
To/Uy = (1/m) [d(puy?6**)/dx] + pi(du,/dx)6* (32) 


where M is the “‘momentum loss’’ of the boundary layer, 6* is the displacement thickness of the boundary layer, 
and 6** is the momentum thickness of the boundary layer. 


Since the first term of Eq. (31) does not involve a pr 
pressure gradient, or 8, directly, it must correspond to L 
the “momentum loss’’ gradient term of the momentum 
Eq. (32). Furthermore, a comparison of this term 
with Eq. (15) for the thermal boundary-layer equations 24 eins 24; 2 <3 
shows that, when the Prandtl Number of a gas is unity, i Mencienbin ims nee De x 
the momentum loss and heat transfer are simply t spat re 
related. © 20 . Abthausent 4-power lar’ 


h,./Cpg = (1/m) (dM, ‘dx) RN a Gor mao) 


or, in dimensionless form, 
h,/ouseeg = (1/pty2)(dM/dx) (33) ae 


This result might have been anticipated by assuming 
the mechanisms of momentum loss and heat transfer 
to be similar. Its independent derivation establishes 
the analogy between the two phenomena. 

The question now arises as to how the Prandtl Num- eee tt ty 
ber affects the analogy. An evaluation of the effect ‘i , ~ r bs 
has been obtained in the first paper! of this series from Fic. 6. Effect of Prandtl Number on Nusselt Number. 
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TABLE 3 


Comparison of (h,/puic,¢) (ux/v) 44 Evaluation by Analogy Method, Eq. (34), with Values Obtained from Eq. (16) for Several Wedge 
Angles When o = 0.7 


—_— 











Central ts Ms 
Angle of (4 \ (“) (*- \“) from Eq. (16) Difference, 
Wedge m B pu,?/\ dx v puyCpg v Q 
0° 0 0 0.417 0.417 0 
36 0.111 0.2 0.459 0.473 —3.0 
90 0.333 0.5 0.539 0.544 —0.9 
1.0 0.734 0.709 +3.4 
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1.000 





a reconsideration of the dependence on the Prandtl 
Number of the heat transfer from a flat plate and from 
a forward, stagnation region. Fig. 6 compares the 
recommended 0.36-power law with the Pohlhausen? 
'/;- and the Squire'? 0.4-power laws. It is seen that 
the 0.36-power law is the best average representation 
of the variation of the Nusselt Number with the Prandtl 
Number. 

In order to obtain the heat transfer number, h,/pucpg, 
of Eq. (33) from the Nusselt Number, 1,«/k, the latter 
is divided by the product of the Reynold’s Number, 
ux/v, and the Prandtl Number, gc,u/k. It follows 
that the heat transfer number varies according to the 
—0.64 power of the Prandtl Number. Therefore the 
analogy between momentum loss and heat transfer 
may be generalized as Eq. (34). 

h./purcpg = (1/pu*)(dM/dx)o— -* 
Table 3 compares, for several wedge angles, the value 
of (h,/purcpg)(mx/v)'* as calculated from Eq. (34) 


with the value obtained from Eq. (16) when ¢ = 
0.7. The agreement is within better than 3.5 per 


cent. 


(34) 


Heat Transfer from the Front Half of a Circular Cylinder 


A convenient method of applying the analogy be- 
tween momentum loss and heat transfer to a body of 
arbitrary shape will now be described and will be used 
in the derivation of the variation of the local heat 
transfer coefficient over the front half of a circular 
cylinder. 


a 
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Fic. 7. Curve for determining momentum thickness of boundary 


layer. 


The analogy’s usefulness depends on how readily 
the gradient of the momentum loss, dM/dx or 
d(pu;6**)/dx, may be evaluated. The variation along 
the surface of the local velocity, “, is, of course, known 
from the measured pressure distribution about the 
body. The momentum thickness of the boundary 
layer, 5**, remains to be found. But Falkner’* has 
already shown that 6** is determined by the value of 
the integral, (1/u:°x) f,’m%dx, through the relation 
plotted in Fig. 7. Therefore, 5** is easily evaluated, 
The product, pu76**, is next plotted against x. The 
slope of the resultant curve enables the local heat trans- 
fer coefficients to be calculated from Eq. (34). 

Fig. 8 compares the curve of local heat transfer 
coefficients calculated in this manner for air flowing over 
the front half of a circular cylinder with some averaged 
data obtained by Schmidt and Wenner.‘ The agree- 
ment is fairly good. 











7 7 7 % 
Argle from formard stegnchen pont, degrees 


Heat transfer coefficients for front half of circular 


Fic. 8. 
cylinder. 


CONCLUSIONS 


It may be concluded from the foregoing that the 
same degree of refinement that has been reached in 
the analysis of laminar velocity boundary layers can 
be attained in the treatment of laminar thermal 
boundary layers. 

The basic thermodynamics of the compressible flow 
of a gas requires the stagnation temperature to be the 
effective gas temperature causing heat flow in the 
absence of heat generation by friction and compressi- 
bility in the boundary layer. The presence of internal 
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heat generation requires a correction factor, dependent 
on the local pressure gradient, as well as on the Prandtl 
Number of the gas, to be applied to the stagnation 
temperature to obtain the effective gas temperature. 
When the Prandtl Number is unity, no correction is 
required no matter what the pressure gradient. 

As a first approximation, an analogy exists between 
the momentum loss in the boundary layer and the rate 
of heat transfer despite the presence of a pressure 
gradient. Accordingly, the common belief that skin 
friction and heat transfer are analogous quantities is 
incorrect except when the local pressure gradient is 


zero. 
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Letters to the Editor 


Dear Sir: 

In my paper entitled ‘‘Buckling Loads of Beams or Plates on 
Continuous Supports’? which appeared in the October, 1944, 
issue of the JOURNAL OF THE AERONAUTICAL SCIENCES, it has been 
called to my attention that the condition given by Eq. (33) holds 
only for one point along the line x = c. Consequently, the con- 
clusions drawn just following Eq. (33) and in the examples given 
in the right-hand column of page 402 are unwarranted. The 
characteristic equations given in the examples yield the buckling 
loads for a rectangular plate simply supported around the edges 
and further restrained from deflecting at the single point (c, 9) 
or (x;, d), respectively. 

EDWARD SAIBEL 
Associate Professor of Mechanics 
Carnegie Institute of Technology 


Dear Sir: 

In his paper, ‘A Note on Bending Beyond the Proportional 
Limit” (JouRNAL OF THE AERONAUTICAL SCIENCES, Vol. 12, No. 
1,p. 21, January, 1945), M. Yachter has presented a new solution 
to the problem of plastic bending. The author’s use of a ‘‘modi- 


fied stress-strain’? curve makes his solution unnecessarily com- 
plicated; the strain energy will be a minimum when the stress 
distribution is such that S/E,7* varies linearly across the depth of 
the cross section. (E,7* is the tangent modulus of the original 
stress-strain curve.) 

In the following proof of the linearity of S/E7* all symbols used 
have the same meaning as that defined by the author. 

It is required to find the stress distribution S = S(z) such that: 


SSdA =P 
JS SsdA = M 


W = fenergy = fA, dA is a minimum (3) 
By the principles of the calculus of variations, 
5W + r»36P + ASM = 0 (4) 


where ); and dy, are constants. 
Since S is the only independent variable, Eq. (4) becomes 


dA. 
i |(¢ ‘) 8S dA + 6S dA + rbS2 aa | = 0 


(Continued on page 252) 
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sary to determine the ‘‘modified stress-strain” curve, Eg, Ey, ay 
c (S).° 
JS ((GA./d5) + Xs + Ms|6S dA = 0 Beskin! has pointed out that the assumption of a rectang 
Since 4S is arbitrary, Eq. (5) requires that stress distribution based on a stress equal to the. ultimate streg 
gives predicted ultimate moments that are in better agreeme 
(dA./dS) + 3 + Ae = O with the test results of Cozzone? than the moments predictg 
from the assumption of linear strain distribution. For materi 
such as X-4130 steel, or 14ST aluminum alloy, whose tangeg 
modulus approaches zero at the ultimate strength, the ratig 
arte ’ aia: S/E7* approaches infinity, and the corresponding stress distrib 
and examination of Fig. 1 indicates that tion approaches uniformity from the neutral axis to the extreme 
dA,/de = Sand de/dS =~ 1/Ey* fiber. This justifies theoretically Beskin’s assumption noted 
above, and the better check of Cozzone’s test results using 
assumption provides experimental verification of the author 


Factoring 5S dA gives 


dA,/dS = (dA,/de)(de/dS) 


therefore 
dA,/dS = S/Ep* theory. 
; ’ Pre ’ REFERENCES 
Substituting Eq. (7) into Eq. (6) gives the result ! Beskin, L., Letter to the Editor, Journal of the Aeronautical Sciences, Vj 
: , ° vos 

S/Er* a — Os + rz) " corded ag aye ae epee in the Plastic Range, Journal of # 
Since rs and \, are constants Eq. (8) states that S/Ep Aeronautical Sciences, Vol. 10, No. 5, p. 137, May, 1943. 
linearly across the depth of the cross section. Jacos Karon | 

The use of Eq. (8) instead of the author’s Eq. (11) will give Head, Stress Analysis Us 
results that are identical to those obtained by the author. How- LENARD A. GORAN® 
ever, the amount of calculation required will be considerably less Structures Engine 
than that required by the author’s procedure, since it is unneces- Curtiss-Wright Corporation, Airplane Divisi 


* varies 
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